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[Npearosop

Mprno3m cy HeKa o4, MojuUx NPUBATHWUX M3padyHaBarba Koja cam ob6assbao npunpemajyhu ogrosope Ha
(3amuwbeHa nam cteapHa) nuTarba Mu o (yri1aBHOM Mojoj) , Teopuju nHdopmaumje”, a Koja cam noTom
opraHusosao y baory (http://rvukovic.net/blog/ ). Aytop, maja 2022.

MoyeTak jyHa je 2022. 1 TeK cam CTUrao A0 Hacnosa ,,29. 3aKoH oAaprKarba“, a ymuL/bao cam aa he cnmcu
00 AaHac 6uTK 3aBpLueHU. Huje 0BO Kawkere 360r Moje 1eH0oCcTH (He KaXkem 4a je Hema), HUTU je OHO
y (MHauye cnopujem) oTKpMBakby HOBUX 3aKOHa, jep 3a caga nuwem no cehawby, ca nanupuha, npumenbm
M onmnca us 4onucusBara, Hero cy pasnosun y obumy Koju me je nsHeHagmo. 1o Kpaja jyHa cTMrao cam ga
CaKynuMm TeKCTOBa [0 HacnoBsa ,41. MpeHoc KaHana”.

Mocneatom Hacnos oBae ,,43. YcnoBHe BepoBaTtHohe” nncao cam novyeTkom jyna 2022. rogmHe. Ma Kako
ce TpyAMO Aa 3rycHem Te popMysie U KpaTKa objallberba, MCNOCTAaBUIO Ce Aa ce NPEeTXOAHUX roAnHa
TOra HaroMu1ano0 NPeBULLIE 33 CAMO jeAHY CKpUNTYy 1 Aa he joj, 0BOj, MOXKAa ycneaAnTU HacTaBak.

AyTop, 2022.
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| leo: KaHanu

JInHeapHe onepartope, HUXOBE MATPULE, CUCTEME IMHEAHUX jeiHAUYMHA, KO M CBE BPCTE MPEHOCHWUKA
nHdopmaLmja oBae jeAHOCTaBHO HAa3MBAMO ,KaHannma“. Tume octaB/bamo MoryhHOCT fa ce npeHoc
nojaTtaka MoXe 04BWjaTh U HeIMHeapHUM KaHaiMma, Kojuma ce 3a caga Hehemo 6aBuTy.

Ha mHoro mecta Hahu heTe cMcTemMaTCKM Pa3Boj NO3HATMX NOjMOBa IMHeapHe anrebpe, na Uy Mojum
TEKCTOBMMaA, Of, CKPUMTM 33 FTMMHA3M|CKY HAaCTaBy A0 KBaHTHE MexaHUKe au Teopuje nipopmaumje
(MpocTop-Bpeme). 3aTo Te Aenose oBAe npeckayem. buam 6m rybsberse BpemMeHa 3a YMTaoUe Koju Te
061acTM MaTeMaTuKe No3Hajy n cafa bu xTenn BUAETU HELUTO HOBO.

AKO CTe HaBWK/AM YMTaTu yBOAE Yy anrebpy, Hansrnes 6 Bam oBa morna usrnegati 3bpaa-3fona nucawa,
a 3anpaBo je ypeAHO NocsaraHa Kako b1x ce morao Ha AenoBe No3MBaTH y OAroBOPUMa Ha eBEHTYaHa
MU NuTama. He 61 Ty Tpebano 6MTK NpeTeLLKMX CTBAapU — 3a MaKap KaKBor MO3HaBaoLa iMHeapHe
anrebpe — jep Ty cy fa Takee nojacHe. Kao wTo je jegHOM NpuANMKOM AjHLUTAjH HABOAHO PEKAo, ako He
ymeLw HewTo 06jacHNTM jeHOCTaBHO, OHAA TO MOXKAa U He pasymell. He 3Ham konunko hete Hahu ga
cam y TOMe ycneo, anv n3beraBao cam OHO LUITO HUCAM pPa3ymeo.

Enem, 3a Teopujy nHdopmauuje 3a Kojy cy OBU TEKCTOBM, CBE je Y HABOAHUM KaHa/iMMa npeHoca
nogataka. Mnu je To TaKo MM ce camo NpaBMMO Aa Tako 6MBa AOK He YTBPAUMO CynpoTHO. 3aTo oBa
npuya pusnkyje ga byae npeonwmpHa, jep ce He Hagam KOHTpaauKumMjama. Takohe, jep je MHpopmaumja
TKMBO NPOCTOPa, BPEMeHA U MaTepuje, 3 HEM3BECHOCT HeHa CYLITMHA, Na je rpaheBMHa OBUX KaHana Ha
BepoBaTHohama. Mo3HaTe Teopuje o Mma he Ham Takohe TpebaTn, a nocebHo pacnogene, jep HU OKO
TakBUx Hehemo rybutu speme.

[akne, He nogy4yaBamo, Beh npoaybsbyjemo 3Harba. CurypaH cam ga Ao 2020. HUCTe NPUMETUAM Aa
3aMeHOM , TayHO” ca ,,HeTayHO” N 0BpHYTO Yy popMynama anrebpe norvke Aobujamo ekBMBaeHTHe
cucTeme ,,CBETA NIaXKN“ 1 ,,CBETA UCTMHA®, HA HAYMH fa CY KOHTPAAMKLMja NPBOT M TayToorja Apyror
3amerbuBe Bapujabne. Mnu, Aa ce TONONOWKM MOXKe AO0KA3MBaTK €r3UCTeHLMja A04aTHUX BPEMEHCKUX
AMMeH3Mja, 3aTUM [@ U3 CKOHOCTU Npupoae Yelwhoj peannsaumju BepoBaTHUjUX UCXO4a CAean HeHa
CK/JIOHOCT pa3Bojy y Marbe MHGOPMATMBHA CTakba, Ma M NPUHLMN Hajmakber AejcTea.

domeTtn anre6pe MaTpuLla Cexy Aa/be HEro WToO MOXKEMO 3aMUCTTUTHN. 3aTo he npuye o I-bOj Kao o
KaHa/MMa nNpeHoCa NnoaaTaka, 4Hak N HAKOH OBaKBUX, YBEK OCTajaTM nocebHe 1 BaKHe.
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01. HekBaapaTHa maTpuLa KaHana K

Mumarse: Ha nutarwe ,Mopa M maTpuua npecavMkaBatba 6UTK KBagpaTHA?”, ogroBapate og4pUYHO U
HaBoauTe Npumep ca cemadopom (Semaphore) ca HEKBAAPATHOM MATPULLOM KaHana U fofajete Aa
,HEMa UHBep3He MaTpuue”. MoxeTe M mu 0Baj AogaTak enabopupatun?

0O0dz080p: Mory, peummo ca mano anrebpe. Heka je maTpuLa KaHana Heka K= ﬂkij]], nonyT OHe 13
nomeHyTOr Npunora o cemadopy. Tuna je 2 X 3, Tako ga je § = Kp, rae je p ynasHu 3-KOMNOHEHTHM
BEKTOP, @  M3/1a3HM 2-KOMMOHEHTHU. Y3MUMO Aa jO je ,MHBEep3Ha" maTpuua K' = ﬂk’ij]], TMna 3 X 2,
opHocHo p = K'q, unu petasshuje:

k' k'
0 [kn ks ks P1 P1 ~ ,11 ,12 0
(qz)— k k k P2 ’ p2 = k21 k22 (qz)
21 22 23 p3 p3 kl31 kl32

CmeHoM npse y Apyry jeaHaumnHy, aobujamo p = K'q = K'(Kp) = (K'K)p = Ap, raeje A = [a;j]
KBagpaTHa MaTpuua, pega 3. Jakne K'K = A, unu y passujeHom o6auky:

k' K a a a
w2 [ku ks k13]= G ar an
21 22 kZl kZZ k23 '

,31 klgz asq az,; dass

MpeTnocTaBuMo N Aa je maTpuua A jeAMHUYHA, Aa Ha gujaroHanu uma jeguHuue (a; = 1), a ga cy cam
ocTanu reHn enemeHTH Hyne (a;; = 0, Kaga [ # j), oHAa tbeH NpBM pes Aaje cMCTeM jegHaunHa:

k'yiky + K2k =1 =ay,
k'y1kip + K12k = 0 = ay,
k'y1kys + K'2kp3 = 0 = ay3

a aHanorHo apyrv u Tpehu pea. Koeduuujentn k'y; v k'y, matpuue K’ Hucy Hyne, ako Mma 610 Kakeor
npeHoca nogartaka. [leTepMnHaHTa cMCcTema A0He [Be 0Z, OBE TPU jeiHauMHe je Hyna, Aa b1 noctojano
N HeTpPUBMjaNHO pellerse (PasnMunTo og Hyne). Otyaa kqz: ki3 = kyy: k3. NOHOBMMO 1M UCTO 3a Apyru
n Tpehu pea, Hanasumo: kq1: kiz = ko kos ki1 kin = korikop, Teje kqiqikqai kiz = kyq:kooi kys. TO
3HauM Aa cy KoedULMjeHTU NPBOT 1 Apyror peaa K nponopLmMOHanHu 1 Aa je CUCTEM Y KOHTPAAMKLMIM.
Haume, Huje moryha jeanHuua y npsoj jegHaunHn (a;; = 1) a Hyne y octane gge (a1, = a3 = 0).

MpeTnocTaBMmo fasbe Aa MaTpuua A Huje jeaMHUYHA, HEro 4@ UMa M BaH AnjaroHanHe koedpuumnjeHTe
pasnunuute oa Hyne (6ap Hekm a;; # 0, Kaga i # j). MpeTxoam cucTem NOCMaTPajMo Tako Aa je x = ki1,
y =k'1, mz =1, na je gecHo og jeaHakocTm aq;z, pepom 3a j = 1,2, 3. Mpebaummo koeduupmjeHTe a,
Ca AecHe Ha NneBy CTpaHy jeaHaKocTU. lobnamM cMo XOMOreH cUCTEM:

kllx + klzy —QAq11Z = 0
klzx + kzzy — Aq3Z = 0
k13x + k23y — Aq3Z = 0

a aHaNorHo 3a gpyru 1 Tpehu peg MHOXKera NPeTXoAHMX maTpuua. [a 6u oBaj cuctem Mmao
HEeTPMBMjaNIHO peLlerbe (Pa3nnYmnTo o4 Hyne), a MHaye Beh je z = 1, OH He morKe BUTU perynapaH.

Hberosa aetepmuHaHTa mopa 6utn Hyna. OTyAaa:
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ki1 kiz agy
kiz kaz ag2| =0,
kiz ks ag3
kiz ko kis ka3 ki1 kiz
= 0.
Mk kosl m M2 lkyy kol T B key Ky

YpaanMo aHanorHo 3a apyrv 1 Tpehu pes mHokerba matpuua (K'K = A) v yBeanmo ckpaheHe o3Hake
33 OBe AeTepMUHaHTe Apyror peaa. PopMmUpamo CUCTEM, MO HEMO3HATUMA TUM AeTepMUHAHTaMa:

a21D1 + azzDz + a23D3 =0

{allDl + a12D2 + a13D3 =0
a31D1 + a32D2 + a33D3 =0

Taj je cMCTeM XOMOreH 1 He MOKe MMaTK Camo jeiHO, Taga HyATo pewwekre (D; = D, = D3 = 0), jep 6u
TO 3HAYMJ/IO 43 NO ropHKUM MaTpuLama Hema 6110 KakBor npeHoca. [Jakne, mopa 6uTu:

aij; Qq2 Qi3
az1 Gz Qs
az; Qs Qaszs

detA= =0

a To je KOHTpaAuKLmja ca npetnoctaskom (K'K = A) na matpuue KaHana HUCY HyATe, Aa 6ap HewTo
npeHoce.

Hema moryhHoctn sa matpuua A = K'K 6yae makap Heka 6nara ,uHBep3Ha“, Aa 6yae 610 WTa ocum
Hyna-maTpuLe. TOMMKO O OBOM pefociedy MHOXeHa — Kaga ce 4o6uja maTpuua 3 X 3, Kaga je Buwe
jeaHauymHa (9) og HenosHaTux (6).

CacBuM je apyraumja cuTyaumja HaKOH MHOXeHA APYIMM peaocneom, Kaja ce Aobuja maTtpuua 2 X 2,
a 6poj Heno3HaTux (6) je Behu og 6poja jeaHaumHa (4). JacHo je ga Taga o4eKyjemo nojaBy pellerba U To
He CaMo jegHor.

[akne, npetnoctasbeHy matpuuy K’ n dopmyny p = K'q caga yspwrasamoy ¢ = Kp, na fobujamo:

Otyaa:
k' k'
. N k k k 11 12
AI — KKI= 11 12 13] kl kl —
k21 k22 k23 k121 klzz
31 32

_ kiik'1n + kigk'sy + kisk'sy  kigk'iz + kigk's + kizk's,
kop1k'11 +kook'sy +kazk'sy  kaik'in + kosksn +kozk's;

_ [E1 'P1 E1 P2]
EZIPI EZIFZ'

roe je crasmeno k; = (kip, kg, ki3), X,y = Pj = (k’lj, k's;, k’3j), 3ai,j=1,2.AT0je jow jegHa
3aHMM/bMBA CWUTyaLMja Kojy Tpeba Nask/bMBO aHaM3MPaTh, HEKOM APYTOM NPUANKOM.
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02. KoopanHaTtHa BepoBaTHoha

NMocmaTtpajmo BeKTop U = ov y [lekapToBOM NpaBoyriom cuctemy koopguHata OXY, Ha camum.

YrNI0BM Koje BEKTOP ¥ rpaaym ca ancumcom (X-0com) v opanHaTom (y-ocom) cy am B, na cy npojekuuje
Ha tbux OA = OV cos a u OB = OV cos 3. OK yrnosu cy komnaementHu (@ + f = 90°) 1 Ha ocHoBy
TPUFOHOMETPMJCKMX naeHTUTEeTa Aobujamo cos?a + cos?S = 1. Haume, 361p KBagpaTa cuHyca 1
KOCUHYCA UCTOT yrAa je jeAaH, a CUHYC Yra je KOCMHYC KomnaemeHTa. Kaga je fatm BEKTOp je4UHUYHN,
nHTeHsuTeta OV = 1, 0HAa cy rerose (OKOMUTE) NpojeKLmje Ha KOOPANHATHE 0Ce KOCUHYCM YINoBa
KOje BEKTOp 3aK/iana ca ocama, a 36up KBagpaTa NpojeKumja je jeaaH.

AHaI0rHO BaXkM yonLITe 3a BULLIE AMMEH3MOHaNHK [lekapToB npasoyrin cuctem (0x;x; ... Xp,). AKo cy
YI/10BM Koje jeanHunuHm BekTop, |v| = 1, 3aknana ca ocama a, = <(xy, V), pegom3sa k = 1,2,...,n,
Taja Cy NpojeKuumje Tor BeKTopa Ha 0ce KOCUHYCK OBMX YrN0Ba, a 36Mp KBaapaTa TUX KOcuHyca je 1.
Haume, U = (Vq, Vg, ..., Vx), @ Vi = COS Q, Na KBaZApaT Ay*uHe Bektopa |12 = v + v3 + -+ + v2 =
nocraje cos?a; + cos?a, + -+ + cos?a, = 1.

PenpeseHTalujy 0Be KoopAnHaTHe 0cobKHe NPeHOCMMO Ha BepoBaTHohe. ToMeHyTH jeaAnHNYHM
BEKTOp, U, NpeACTaB/ba CyyajHu aorahaj ca moryhum ncxoauma (wq, w,, ..., wy) Koje Cy NpuKasaHe
KOOPAMHATHMM ocama. Y ciyyajy pacnogene seposaTHoha, KOMNAETHOT CKyNa AUCjyHKTHMX UCX0Aa,
nojeauHe cy seposatHohe P(wy) = pj KBaApaTh KOCMHyca yrnosa nsmehy Tor BekTopa 1 oca, Aakne
pr = cos’apm |[V]> =p; +py + - +pp = 1.

HocnegHo pegedurHMLIEMO M MATPULLY KaHana npeHoca nopyka (Channel):

a1 ki1 kiz ki3] [P1 kip ki ki) [cos?ay
Q2| = |ka1 ka2 ka3||P2| = ka1 K2z Ka3|costa,|=

k31 k32 k33 k31 k32 k33 COS asz
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(k11 kiz ki3] /[cos ay 0 0 7[coS ay
= ka1 kaz ka3 <[ 0 cos a, 0 ]cosa2>

k31 ksz k33 0 0  cosasllcosas]
(ki1 kiz  kqz][cos a; 0 0 "COS Q4]

= < ka1 kaz ka3 [ 0 COS a; 0 D cos ay| =
k3 ksz kszdl 0 0  cosasl/ lcos as]

= |k, cos @y kyp cosay  ky3 cos az||COS ap

[kn cosa; kqpcosa, kqzcos a3] [cos all
k3; cosay k3 cosa, ki cos azllcosas

ky, cos?a; + ki, cos?ay + ki3 cos?az
= |kyq cos?a; + ky, cos?a, + ky3 cos?az).
k3, cos?a; + ksp cos?a, + kss cos?as

Ca Apyre CTpaHe v BEKTOP  MOeMO NOCMaTpaTh Kao Aa je U3BeAeH U3 HEKOT jeAMHNYHOT U Ynju
yrnosm npema Uctum ocama cy By, B2 v 3, Tako aaje |ul? = q; + g, + - + g, = 1, a KBagpaT
HEroBMX NpojeKuyja cy seposaTHohe g = cos?fy (k = 1,2, ...,n). Al NnoAceTMMO ce NpPBO LTa Cy TO
,ANCJYHKTHKM gorahaju” n wra cy ,ycnosHe BepoBaTHohe”.

Deduvnuumja 1. lorahaju cy ancjyHkTHU (AB = @) Kaga ce He mory oba gecuTn uctoBpemeHo. Ako je Ay
NOTMYH CKYN AUCJYHKTHUX Aorahaja oHAa je npecek naposa, uav npoussoa A;A; = @ kaga i # j, a yHwja
nnm 36up ceux Uy Ax = Q. Taga P(Ay) = pi 4mHu jeaHy pacnogeny seposatHoha (X, pix = 1) Koje
KOPUCTMMO Y OBMM 3aZaLMma.

Dedvnnumja 2. YcnosHa BeposatHoha gorahaja A ako ce gecwo gorahaj B je P(A|B) = P(AB)/P(B).
Ha npumep, n3 wnwuna og 52 KapTe, HeKa cy gorahaju A u B nocebHo aa cy ciyyajHo nsabpaHe KapTe
»ac’ n ,nuk”. NMpowussog (npecek) osux AB je norahaj aa je nsabpaHa Kapta ,nuk ac”. Taga je P(AB) =
1/52, 3atum P(B) = 13/52, na je ycnosHa seposatHoha P(A|B) = 1/13, aa je usabpana kapta ,ac”
aKo 3Hamo aa je ,nuk”. UHave je P(A|B) = 0, P(Q|B) = 1, rae je Q curypaH gorahaj — ckyn cBux
moryhHocTu.

Dedvnnumja 3. Norahaju A n B He3asucHm cy Kaga je P(AB) = P(A)P(B). NpoussosbaH 1 Hemoryh
porahaj cy HesaBucHW. AKo cy gorahaju HesasucHM 1 6ap jeaaH of Hux je Hemoryh, oHAa cy OHM
OVCjYHKTHU. AKO cy gorahaju AUCjyHKTHM, @ HU jeaH o4 hux H1je Hemoryh oHu cy Taga 3aBucHU. Kaga
cy A v B HesasucHv gorahaju, oHaa cy A u B HesasucHu, Takohe A v B, unn A v B. [lorahaj B je
cynpoTaH, KoMnaemeHTapaH ca B, wTo 3Haun Aa he ce NpBu AecUTH ako M Camo aKo ce Apyru Hehe
[ecuTu.

Capa d)OpMMpajMO npucturne CurHane Ha cimt4aH Ha4mH Kako CMO TO ypaauan ca noCnatmm:

cos?p; cos By 0 0 cos B4
] cos?p,| = [ 0 cos B, 0 ] [cos ,82] =

cos?p, 0 cos B34 Lcos B3

cos By cos B (cos? a; + cos? a; + cos? as)
= [ 0 cos [32 ] cos B, (cos? a; + cos? a, + cos? as)
0 0 cos B3l [cos B3(cos? a; + cos? a, + cos? as)
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[cos [ 0 0 [cos 81 cos @y cos 81 cos a, €os ff1 COS a3] [COS A

= 0 cos f3, 0 cos S, cosa; cos B, cosa, cos 3, cos az||cos a;

L 0 0 cos 331 \Lcos B3 cos @y cos ff3 cos @, cos B3 cos azl LCOS a3
cos 34 0 0 [cos 81 cos @y cos fB; cos a, €os ff1 €OS a3\ [COS &q]
= 0 cos f3, 0 cos 5 cosa; cos B, cosa, cos B, cos as| |[cos a;
0 0 cos 31 lcos 3 cos @y cos ff3 cosa; cos 3 cos azl/ LCOS a3

cos?f; cos a,
cos?f3, cos a,
cos?f; cos a,

cos?; cos a;
= |cos?p, cos a;
cos? 3 cos a;

cos?p, cos as | |cos az|.

cos?p; cos az [cos a
cos?f; cos ag] L€OS 43

M3 oBora MoXKemo U3BECTU CYyNCTUTYLMjY

cos f3, cos B, (cos? a; + cos? ay + cos? az)| =

Uy cos By cos B (cos? a; + cos? a, + cos? a3)
e H _ [ ] _
Us cos fi3 cos PB3(cos? a; + cos? a, + cos? a3)

cos f; cos a; cos B, cos a, cos 31 CoS a3][COS @y
= |cos B, cosa; cos f, cosa, cosf, cos as||cos az|,
cos 53 cosa; cos B3 cos @, cos ff3 cos azlLCOS as

onHocHo W = QU, rae je ,maTpuua KaHana“ caga

cos 51 cos a;
0 = [cos B, cos a;
cos 33 cos a;

cos 51 cos a,
cos 35 cos a,
cos 53 cos a,

cos f31 cos a3
cos 35 cos as |,
cos 33 cos a3

a YN1a3HU U N3N1a3HU BEKTOPU, peaom:

cos @y cos By
v=|CosSaz| u w=|cospf;|.
COoS as cos 3

KoeduuujeHtn q;; = cos B; cos a; matpuue @ = (g;;) Hucy ycnosHe BeposaTHohe P(w;|w;) y
yobuuajeHom cMUcAy, anu NPUMETUMO Aa Hu ,ycnoBHe BepoBaTHohe” k;; maTpuue kaHana K = (k;;) To
Hucy 6une obaBesHo. HujeaHa oa HUX He Mopa BUTU KNacuYHa ,,CToXacTUYKa maTpuua“.

MHaue, cToxacTMyka maTpuua je KBaApaTHa mMaTpumLa 3a onncKBarbe JlaHaua MapKoBa Ynjm
KoeduMLMjeHTM MOTy NpeacTaB/baTn BepoBaTHohe. Takohe ce HasuBa M maTpuua BepoBaTHohe, maTpuua
npenasa, CyncTuTyLMoHa maTtpuua, uam MaTpuua Mapkosa. Mima ux Tpu BpcTe:

1. JecHa cToxacTMyKa MaTpumua je npaBa KBagpaTHa MaTpMLLa, Ca CBaKMM pesom Koju ce cabupa Ha 1.
2. /leBa cTOXaCTUYKa MATPMLA je MpaBa KBagpaTHA MaTPMLA, Ca CBAKMM CTYNLEeM yKynHor 36upa 1.

3. 1BOCTPYKO CTOXaCTMUYKa MaTpu1La je KBaZpaTHA MaTpuMLa HEHEraTUBHUX peanHnX 6pojeBa ca CBakum
penom u CTynuem Koju ce 36paja Ha 1.

Npumep 1. [leTepmuHanTa matpuue Q je Hyna, Haume:
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cos i cosay cos By cosa, cosf cos as
det Q = |cos B, cos a; cos B, cOs @, COS P, COS ag| =
cos f3 cos aq; cos 3 cos @, Cos B3 Cos a3

cosff; cospfB; cospBy
= COS @4 COS a3 COS A3 |cOS i, cos B, cosfr| =0

cos 3 cos 3 cos f3

3ajeaHn4ku dakTop KonoHe (cos a;) moxe ce ussyhu ucnpes aetepmuHaHTe. 3aTum, Kaga cy

KoeduMLMjeHTM A,Ba PETKa NPONOpUMOHaHM (cos ;) AeTepMUHaHTa je Hyna.

Matpuua Q, fakne, Hema MHBEP3HY MaTpHLYy. CUCTEM MHEaPHUX jeaHaunHa Y = QX HUje perynapaH,
HeMa jeANHCTBEHO pellerbe. TakBU CUCTEMU WM HEMAJY peLlerba YOonLITe, UAn UX uMmajy 6eckoHa4yHo
MHOTO (4y»K HEKe NpaBe, YHYTap paBHU U CIMYHO). Y OBOM C/ly4Yajy TO je CUCTEM TPU 04, jeHEe jeaHauuHe
n nma:

e  6eCcKOHaYHO MHOTO pellersa, ako je y = 0;
e Hema pellera, ako je y # 0.

Mpumep 2. MOKAXKNMO Aa CUCTEM:

cos 34 cos ay x; + cos B cos a, x, + cos f1 €OSs a3 X3 = ¢4
cos 3, cos a1 x1 + €os S5 €os &y X, + €os B3 COS a3 X3 = Cy
cos B3 cos a1 x1 + €os ff3 €os a, X, + €os B3 COS a3 X3 = C3

MMa 6eCKOHaYHO MHOTO pellera ako ¢; = ¢, = ¢3 = 0. Tafa cy nponopuMoHanHe cBake age (o4 Tpu)
AaTuX jegHaumHa. MoOMHOXMMO NpPBY ca cos S5 a Apyry ca cos B, Na UX 04y3MUMO:

cos 5, y1 —cos 81 ¥y, = 0,a0Tyaa y,:y, = cos f$;:cos 5.
CAnyHO MOXKeMO ypaguTu ca gpyrom n tpehom, nam tpehom n npsom. Hanasmmo
Y1:Y2: Y3 = €0S f$1:c0S ff5:cos 3.
OBe jeiHauMHe cy 3anpaBo je4Ha jeaHauYMHa NMcaHa Ha TPW HadyurHa.

TpaHcdhopmaumja Q : X — Y HEe NaMTU OPUIMHAE M 3aTO HWje TUNKYHa ,dU3nuKa“, jep He onoHawa
»3aKOH ogprKarba“. Mpe Hero wTo npehemo Ha gpyraunju mogen ,maTpuue KaHana“, norneaajmo jow
HeKe ocobuHe oBe.
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03. MaTpuua KaHana Q

NetepmuHanTta matpuue Q je Hyna [02. Mpumep 1] 1, npema TomMe, OHa Hema UHBep3HY MaTpuLy (Q~1).
Ann, oHa 3aTo UMa Heke Apyre, jeiHaKo 3aHMM/bMBE, ocobuHe. Paan jegHOCTaBHOCTH, MOCMaTPajmo je y
jenHoj paBHU, maTpuLy Q TMna 2 X 2:

cos 1 cosa; cos B cos az] (COS a1) _ (cos ,81> W
~ \cos B,

DD = —
Q [cos B, cos @y cos ff1 cos a,] \COS a3

jep je cos?ay + cos?a, = 1. TpaHCMOHYjeMO M OBY MaTPULLY U MHOXKMUMO je APYrMM BEKTOPOM:

A [cos B1cosa; cos f, cos al] (cos ﬁl) _ (cos al)

Qi =
cos ;1 cosa, cos fB, cos a,| \cos S, Cos a;

jep je cos?B; + cos?B, = 1. [lakne, TpaHcnoHoBaHa maTpuua QF matpuue Q noHala ce Kao MHBEP3Ha
H0j, MAKO OHa TO Huje.

Mpumep 1. Hanasmmo nponssoge matpuue Q M H0j TPAHCNOHOBAHE:

Q)

o7 = [cos B1cosa; cos f cos az] [cos Bicosa; cosf, cos al] _
" [cos B, cosa; cos By cos ay | lcos By cos a, cos B, cosay|
2
cos“ By cos f5; cos BZ] (A ANT
= =(0%0Q) .

cos B cos 3, cos?f3,

OBO HUje jeAnHMYHaA MmaTpumLa 3a 61no Koje yrnose.

Ha canum pecHo je ekaptos npasoyraun cuctem OXY ca y
jeAMHUYHOM KPYXHULOM UeHTpa y ncxoamwty O. Ha Kpy»KHUUM

cy ABe Tauke A v B Koje aeduHULLY BeKTope U = OAww = OB.
BekTopu ca (je4MHUYHUM) BEKTOPMMa ancumce X v opauHaTe y
saknanajy yrnose: a; = <(%,d), B, = <(%,b). Yrnosu osuma
KOMMNIEMEHTHU cy: @y = 90° — a; n B, = 90° — 4.

JedburHnumje oBmx BekTopa nomohy npojekuuja Ha KoopguHaTHe

oce cy: U = (cos a;,cos ay) uw = (cos By, cos ;). Npsa un o %

Apyra KoopAnHaTa peLoMm 03Ha4yaBajy ancucy U opanHary. —T

N3 npeTxoaHor 3Hamo ga matpuua Q npsu TpaHchopmuwe y apyrv (Q: U — W), a koj TpaHCNOHOBaHa
pagu 06pHyTO, TpaHchopmuLue apyrv BekTop y Npau (Q7: W — ¥). MehyTum, ns anre6pe 3Hamo aa
MoCTOju M poTaLMja OKo ucxoauwTa y pasHu OXY, 3a yrao ¢ = §; — @;. MaTpuua poTauuje u kbeHa
TPaAHCMOHOBAHa Cy:

~ cos —sin
R e

cos @ sin(p]
sing cos@

ogHocHo R*(¢) = [— singp cosg

Mpsa, R = ﬁ((p), Takohe npecnnKasa Npsu BeKTop y Apyru (R: ¥ — 1), a Apyra, Hoj TpaHCNOHOBaHa
MaTpM1LUA jeaHaKa je MHBEP3HO] (ﬁ’ = ﬁ‘l). 3aucra:

ﬁﬁr_[coqu —sinq)”cosq) sing _[1 0
“[sing cose [[—sing cose] 0 1
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LUTO je NPOU3BOA, KOjU Aaje jeAnHUYHY MaTpuLLy, jeaHaKo Kao npoussog RR™! = [. TpaHcnoHosarbem
oBe f,06Mjamo 1 KomyTupaHy jegHakocT R~1R = [. O uemy ce osae pagu nojacHuhe cneaehu npumep,
Hagam ce.

Mpumep 2. Pa3noxmnmo matpumuy poTaumje Ha 4Ba cabypKa ca OCHOBHMM Yr/I0BMMa:

f= [cosqo —sin qo] _ [cos(ﬁ1 —ay) —sin(f; —ay)] _
~Ising  cose | Isin(B; —a;)  cos(By—ay) |

_ [cos Bicosay +sinf;sina; —sin By cos a; + cos f; sin al]
sin §; cosa; — cos By sina;  cos ff; cos ay + sin S sina,

_ [cos B cosa; + cos B, cosa, —cos B, cosay + cos B cos az]
cos B, cos @y — cos By cosa,  cos 3, cOS aq + Cos 3, COS Ay

_ [cos Bicosay; cos By cos az] + [ cosf,cosa, —cosf3, cos al]
cos B, cosa; cos B, cos a, —cosflycosa,  €os S, cosa,

=Q + Qo.
Matpuua Q, Huje HynTa, anu aenyje (Q,v = 0) kao aa jecte.

Jakne umamo gBe HeobuYHe nojase, MaTpULy KaHana (Q:ﬁ — W) unja je AeTepMUHaHTa HyNa U, Npema
TOMe, OHa HUje peryiapHa, Hema MHBEP3HY MATPULLY, aan HeHa TPAHCMOHOBaHA Paan UHBEP3HY
TpaHchopmauujy (QT: W — ¥). Jpyro, UMamo He-HyATy MaTpULLy KOja OBE BEKTOPE NPeBOAM Y Hy/a
BekTope (Qgv = 0 u ng = 0). leTepmuHaHTe 06€jy 0BMX MaTpuULa Cy Hye.

MehyTtum:

A= cos By cosa; cosf;cos az] COS a4
TQv = (cos cos [ ( )
wrQP = (cos B2) | o B cosa;, cosf,cosa,\cosa,

cos al)

= (cos?p; cos a; + cos?B, cosa; cos?P; cosa, + cos? P, cos ay) (cos o

= (cos?picos?a; + cos?P,cos?ay) + (cos? P cos?a, + cos?B,cos?ay)
_ 2 2 2 2 2 2
= (cos*B; + cos?B,)cos*ay + (cos?B; + cos*B,)cos*a,
= cos?a, + cos?a, = 1.

Takohe je: 57 Q%w = (W Qv =1
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04. MNospwnHe

Ha cavum je jeanHUYHA KPyXXHULA Ca ABa BEKTOpa, 4 = OAwnb = O—B, yrna usmehy rux ¢ = x(a, E).
Mpojekumja Tauke A Ha ancuucy (x-ocy) je A’, a Tauke

Y
,/~———<>x\ Bje B'. Yrao <(A'0A) = a4, na 360r ycknahumsara
ca npetxoaHum Tekctom X(A'OB) = a; + ¢ = ;.
B" B o .
s NI (I BekTopu a v b pasanumy jegMHUYHN pomb. Hberosa
: je NoBpLWMHA NPOMN3BOA, AYKMHA CYCEAHUX CTPaHMLA
: \ W cuHyca yrna 3axeaheHor brma, gakne:
: | \ u(a,b) = lal|b|singp =
e . & = sing = sin(B; — a;)
! : = sin 8, cos @; — cos By sin a;
) | ‘ = cos 8, cos a; — CoS 31 COS Ay
| | A
| | \ = byay — bya, = [a,b],
o i 1L ARt rae [@, b] = ayby, — bya, = |al|b|sin ¢ seh opasHo

I Ha3MBam KOMYTAaTOPOM BEKTOPA U, Ko LUTO MOXeTe
BMAETW, OH NPeACTaB/ba NOBPLUMHY Napanesorpama Kojer 4ati Bektopu geduxuwy. Hasmsahemo ra
nceyzo cKasapHUM npoussoaom. [locnegHo NpeTxofHOM TekeTy, aq + a, = B + [, = 90°.

[yxunHe BekTopa o3Ha4asamomcaa = |alu b = |5|, Kaja To He oBoAM A0 3abyHe, a NpojeKumja:
a, = 0A' = |a|cosa; = acosa; = cosa;
ay, = 0A" = |a|cos a, = a cos a, = cos a;
W aHanorHo 3a b. O6MUHM M NCEYAO CKaNaPHN NPON3BOAN, CaAa 3HAMO, Cy:
@b = achy +a,b, = |dl|b| cos ¢ = abcos @ = cos ¢
|7; X _I;T = ayby, —ayb, = |&||B|sincp = absing = sing
Mpumep 1. U3Beamumo maTpuuy poTaumje R = R(@), KOpUWTeHY y NPeTXoAHOM HacnoBY:
by = (a2 + a%)b, + aya,b, — a,a,by, =
= (acby + ayby)ax - (axby - aybx)ay
= (cos p)a, — (sing)a,
v aHanorHo by, = (sing)a, + (cos @)a,. MatpuuHo fo6rcmo
(bx> _ [cos<p —sing (ax)
by,) " Ising cose |\ay
wnm kpahe b = Rad, a To je TpaxeHa dpopmyna potaumje. O

To je 3aHMM/bMBa ynoTpeba oBe ,,meToge NoBplmHa“, Kao u cneaeha. O6MYHM M NCeyao CKanapHu
Npou13BOoA, BEKTOPA reHepanmwmnmo nomohy dyHKLMje ,,KocUHYC 1 cMHyC” cis x = cos x + i sin x.

Mpumetnmo, cis x = e'* = exp ix, rae 3a UMarMHapHy jeanHuLy Baxu i2 = —1. Tapa cy KopucHe
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TpuroHometpujcke ,xunepbontHe dyHkumnie” coshx = (e* + e™)/2 nsinhx = (e* — e™*)/2, nocebHo
360r Be3a ca 06UYHUM:

cosix = coshx u sinix = isinhx.

OTyaa, Ha npumep cis i@ = cosh ¢ — i sinh @, n na/be focnegHa NPUMEHA Y aHAIMTUYKO] FEOMETPUIM
Tpoyrna, uan nocebHo oBae y maTpuuama potaumje

5 cosigp —sinig coshg —isinhg
R(ip) = sini =1 .
@ cosip isinhgp cosho
Y xunepbosHOj reomeTpumju NOCToju U ogroeapajyha ,jeanHuYHa KpyxKHMLA". [IBOCTPYKO o4 wpadupaHe
nospLuMHe 3axBaheHe yrnom t Ha xunepboan neso oarosapajyha je Ha Kpy»HuUUM aecHo (Hiperbolic).

(cos(t),sin(t))

MpumeTMMO Aa Yy 0BOj, MHaYe NO3HATOj UHTEpPNpPeTaumjm, yrao t = 24 y pagujaHuma npeacras/ba
[OBOCTPYKY NoBpLlumMHY (Area) KpyKHOT UceyKa aecHo (wpadupaHo) 1 aa oHa nocTaje ogrosapajyha
NpPoMeH/bMBa XMnepboaHnx ¢yHKLMja neBo. Harnawasam, A4BOCTPYKMM noBeharbem WpadpupaHe
nospLUMHe NeBo Hehe ce yABOCTPYUUTH ,,yrao” y CMUCAY YII0BA HA CAMuM AecHo, Beh ocTajy camo
aHanoruvje ose ABe reomeTtpuje. [leTa/bHuje 0 oBOMe MoKeTe Hahu U Y M0ojoj CKpMNTU TpUroHoMeTpuja —
paBHa, cpepHa u xnunepbonHa, nnucaHoj 2016. roanHe 3a 6osbe hake NMmHasuje barba Jlyka.

HaBMKAM CMO fia Y KNacMYHOj TPUFOHOMETPMjM Yrao y paanjaHuma cMaTpamo ,AyKUHOM” NyKa
jeAMHUYHE KPYXKHMLE KOjW Ce U3 LLeHTpa BUAM NoA AaTUM YI/I0M, ann ce Ta uaeja He NpeHocu Ha
xunep6ony. [lBema TPUroHOMETPUjama 3ajeJHUYKO je TyMmadyetrbe yraa NoBpWUHOM M Ty cada HacTyna
,Teopuja nHbopmauuje”.

PacTko Bykosuh


https://en.wikipedia.org/wiki/Hyperbolic_functions
https://www.academia.edu/35762753/
http://www.ilectureonline.com/lectures/subject/MATH/21/314
https://math.stackexchange.com/questions/2803102/what-are-hyperbolic-trig-functions-functions-of
http://rvukovic.net/knjige/Trigonometrija.pdf

05. XapTanjeBa nHpopmaLuja

Teopuja pmsnuke nHbopmaumje Tpeba Aa MMma ynopuLITE y OHOME LUITO CMaTPamo HallMM onaxajuma
(Senses), 3aTnm y 3aKoHY ogpxKarba (Conservation), a KOHa4YHO M Yy MaTeMaTUYKUM ancTpakuujama.
OBum Tpehuma jou yBeK je A06po nonasuwTe Xaptanjesa (1928) aednHuumja nHpopmaumje
(Information).

BuHapHo npeTpaxumearbe n = 1,2, 3, ... paBHONPABHMX eleMeHaTa CBOAM Ce Ha NOCTaB/bakbe NUTaka
Koja noumnmy ca ,[a v ...7"“ a Ha Koje UCNMTMBAHM oaroBapa jeaHum og ,[a“ wnm ,,He”. Ha npumep,
3amMuLL/bEH je jeaaH oa n = 8 6pojesa, peunmo 6poj 7 y NnoYeTKy HenosHaT ucnutmneady. MNpso og h = 3
HEroBUX NUTara 6uno 6u. ,[la nn ce TpaxkeHu 6Poj Hanasm y NpBoj N0N0BUHKU cBUX Moryhunx?“. Kako oH
Huje y ckyny 6pojesa {1, 2, 3, 4}, ogrosop he 6utn , He".

Cnegu ppyro nutare: ,[la v ce TpaxkKeHu 6poj Hanasm y NpBoj N0JI0OBUHM NpeocTaamx moryhux?“. OH
Huje H1 y Tom ckyny, jep 7 &€ {5, 6}, na je ogrosop onet , He". Tpehe 1 y oBom cnyyajy nocnegte nutarbe
6uno 6u ,[a N1 je TpaxkeHun 6poj 7?“ n ogrosop je ,[a“. buna cy notpebHa Tpu (buHapHa) NUTamba, 3a
23 = 8 moryhHocTH, na Kaxemo (XapTaunjesa) HGoMaLMja 8 jeHaKO BEPOBATHMX MCXOAa U3HOCH

log, 8 = 3. Yonuwre, 3a n = 2 pasHonpasHUx ucxoaa Ta je MHpopmaumja h = log, n.

[ybuHy TeyHe xpaHe onaxamo Ha OCHOBY JIOFrapuUTaMCcKuX cTumyyca (Logarithmic Perception), Ha

C/IMYaH HAYMH Ha KOju NepLMnMpamo BU3yeaHe uam caywHe nidopmaumje (Weber—Fechner law).
YKpaTKO, MOXXeMo cMaTpaTv Aa XapTavjesa nHdopmaumja f0BO/bLHO NPUBAMKHO O4r0BaPa HaLWUM

onaajuma. Mopeg Tora, NoTpeba KOMyHMLMpParba NyTEM rPaHMLA, Ca OBE U OHe CTpaHe cybjeKkTa
0AHOCHO 0bjeKTa, roBOpY 0 Ba*KHOCTU MOBPLUMHA Y TUM NpoLecMma 1 nocebHo o Be3u NpeHoca
MHpopmaLmje n pusmykor aejctea. KoHayHoO, 3aKOH oaprKatba MHGOPMaumje BULLE MyTa cam

pacnpas/bao N Haa3no ra onpasaaHMM.

BuHapHo nucaHux 6pojesa ca net umdapa je 32 (oa 0 ao 31). Y cuctemy bpojesa 6ase Tpu (b = 3) go
HajBuLe neTouudpeHnx 6pojesa je 243 243 = 3°, 6ase 10 je 10 000, a yonwTe n = b” je h-undpeHux
6pojeBa cuctema 6ase b. Basku 1 06pHYTO, CKYN 1 jeaHaKo M3rneaHuUX onuuja uma XapTtavjesy
uHdopmaumjy h = log, n y jeanHmuama nHdopmaumje gedvHnucaHum 6asom b noraputma. Ca b = 2 1a
jeanHnua je ,,6ut”, ca b = 10 jeanHnua nnpopmaumje je ,aeunt”, a3a (e =~ 2,71828) 6asy npupoaHor
noraputma Ta je jeguHuua ,Hat” (ckpaheHo: natural).

Ca oBum 6asama moxkemo nhu 0 Kpajreux rpaHnua NpupoAHux 6pojesa, kapga h — X, Taga n — b%o, 3a
npousBosbHy 6asy b € {2,3,4, ... } Kojum ce MHaye MmoKe ONUCMBATK UCTU CKyN NpupoaHuX Bpojesa N.

Aned Hyna je o3HaKa 3a ,,NpebpojusBy BECKOHAYHOCT" NPUPOAHMX, LENNX M paLMOoHanHMX 6pojesa, a 2%
3a Behy 6eCKOHa4YHOCT, peLuymMo UPaLLMOHAHUX U peanHnX bpojeBa, Kojy HasMBamo ,,KOHTUHYYM”.

Ca reHepanuszaumjom XapTtavjese nHbopmaLmje nae ce n aaswe, ca 6pojem moryhHocT 6110 Kojum
no3nTUBHMM peanHum 6pojem (n € R), jeaHocTaBHO 3aTo WTO TO A03BO/bABA HeHa dopma h = logn. Y
MOjoj Teopujn MHGOPMaLIMje UNHU Ce N KOPAK fasbe Y reHepanmsaumjn Xaptanjese popmyse Ha
KomnnekcHe bpojese (n € C), a u To jeaHOCTaBHO A03BO/baBa UcTa bopma h = log n, Kao M MHBeEpP3Ha
n=eh

MpumeTnmo fa ctasmajyhu h = i@ n npuxsaTajyhu naejy ,,yrna“ kao nosplnHe, camy MHbopmaumjy
pa3yMemo Kao NospLUMHY, a 360r NepMoANYHOCTM IOrapUTMa KOMMIEKCHOT Bpoja, Kao nepnoguyHy
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nojasy. MocebHo, KaAa TaKaBs yrao CXBaTMMO Kao ,,[1ejcTBO” (NponsBoa Mmnyca u nyta, OAHOCHO
eHepruje 1 BpemeHa), eTo Hac y KBaHTHO MeXaHUYKOM Tymadetby TasacHe GyHKUMje Kao nHpopmaumje
(Schrédinger equation). Taga je oBa XapTavjeBa MHoOpMaumMja eKBUBaAeHTHA peuumo kx — wt.

063upom fia ce y EKCNOHEHTY 0BU NojeauHu daktopn —px/h, ogHocHo —Et/h, mory cabupaTu u
dbopmupaTh Uspase NonyT CKasapHoOr npoussoaa (xp, + ypy +2p; — tE), reHepanusaumje Xaptamnjese
nHdopmauumje posectn he Hac n fo ,MHbopmaumie nepuenumje”. Tako nomohy Teopuje nHdopmauymje
noburjamo HOBM yBUA, Y KBaHTHe npolece, a 3a y3Bpat (Ema Hetep) aobujamo jeaaH o AoKasa 3aKoHa
oApxKara XapT/imjese, Hausriea YMcTo maTtemaTndke popme nHpopmaumje. Takohe, aHannsmupajyhm

pa3matparbe JlaHaayepa (1961) Ha HauMH y ,,KBaHTHMOM padyHy” npumeTrhemo ga Hema Kpeauuje,
eMuncuje, NpeHoca, Uam Konmpamwa nHdopmaumje 6e3 noTpoLHe, O4HOCHO pasmMeHe eHepruje.

[a Hucy camo ,KBaHTHa cTakba“, am yectTuue-Tanacu, gakae penpeseHTaumje Bektopa Xmnbeprose
anrebpe, Heke nHPopmauuje, Beh cy To U ,,KBaHTHM NpoLLECU” Koju Cy penpeseHTalmje TMHeapHUX
onepaTopa, BUAUMO NpBO M3 came aeduHuLMje BEKTOPA, OAHOCHO BEKTOPCKMX NpocTopa (KBaHTHa
MexaHuKa). MehyTum, NCTO pasymemo U UHTYUTUBHO. ENEKTPOH y MHTEPAKLMjM Ca OKOJIMHOM MPOo/asu
Kpo3 cebu cBOjCTBEHE NpoLece, Koju ra AepUHULLY M MO YeMY 3HAMO Aa je YNpPaBo pey O eIeKTPOHY,
YyMme 3anpPaBo OTKPUBAMO Aya/IM3aM CTakba W NpoLeca MHaye AeTasbHuje NO3HaT y 04HOCY BEKTOPA U
oprosapajyhux onepatopa Koju Ha Te BEKTOpe Aenyjy.

Tume gonasnMmo 4o Aasbe NpupogHe reHepanmsaumje Xaptavjese nHpopmaumje. Caga Ao came Herose
noonwTeHe ,MHbopmaumje nepuenumje”“S = A1B; + A,B, + A3B; + -+ y Kojoj he Ay v By (pegom 3a
uHaekce k = 1,2, 3, ...) bUTM nMHeapHK onepaTtopw, a He NyKM BekTopu. MocebHo, KBagpaTHe bopme cy
BpcTe HGopmaumje nepuenyuje.

MNocebHa npuya Te reHepanunsaumje je agantaumja. To je CNOHTaHW, oNwWTK anu 6naru npouec ,6uparba
nakwer nyta“ (metadopuyKM, Kao ga Nnpuposa Mma ,,CBecT” u HewTo ,,6Mpa“), Koju y eKCTpeMHoM
C/Nly4Yajy Npeno3HajemMmo Ha MpPTBOj TBapH, y 061Ky pU3MYKOTr MPUHLMMA HajMakber 4ejcTBa, a Koju Tek
Tpebamo pasymeTu Ha cuctemmma Behe akomynmpaHe nHbopmalmje, NonyT KMenux 6uha, Koju 3aTo
umajy sehe nsbope.

JeauvHKe ce yapyKyjy y Konektmee npeaajyhu ceoje cnoboge (KonnumnHe onumja) a4pywuTsy, npatehu
,IPUHUMN Make Hbopmauuje”, ogHocHo ,,npuHuMn Behe BepoBaTHohe” peanunsyjyhu vewhe
BepOBaTHMja cTatba. OHe To Nokywasajyhu HecBecHo yyecTByjy Takohe y rpahery CNoKeHUjUX KUBUX
6uha Ha OCHOBY jegHOCTaBHMjUX, MOpes NoKyLwaja Aa cnoboay npeaajy M HenocpeaHo MPTBOj TBapM.
Haume, Xaptamjesa nudbopmaumja je marba Kaga je BeposaTtHoha Beha, cneam us h = logn = — log% =
—log P(n), jep je BepoBatHoha nojeguHor P(n) oa, n jeAHaKo BEpPOBaTHUX MCXOAA TO Makba LUTO je TUX
ncxopa BuLLe.

MehyTum, npouecu cy Takohe cTarba (BEKTOPU M 0MepaTopu Koju ux TpaHchopmuLLy AyasHe cy nojase),
na hemo ucTy aganTaumjy NnpenosHaBaTi U cCamumM NPoLECMMa, PELMMO Y AedopmMaLnjn curHana
NPOAacKOM Kpo3 HM3 KaHana (MapKoB/beBM laHLM) Koja YyrNaBHOM KOHBEPrMpa Ka COMNCTBEHO]

BPEAHOCTU MYATUNNINLUPAHE MaTpULe KaHana.
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06. ConcTBeHe Benn4vmnHe matpuue Q

CsojctBeHe BpeaHocTu (1) 1 cBOjcTBEHE BEKTOpE (X), 33 KOje BaXKu MaTpUYHa jeaHaunHa Mx = Ax,
KPaTKO Ha3MBaMO KapaKTePUCTUYHUM, NN COMCTBEHUM BENYMHAMA.

Mpumep 1. Y cryyajy onwre matpuue 2 X 2 HaNasumo:
[ alG)=2G)
2" 2 G =0
g 74,210
(a= M=) —bc=0

A2 —(a+c)A+ad—bc=0.

CBojcTBeHe BpeaHocTH (eigenvalue) cy pellerba 0Be KBagpaTHe jegHaunHe no A, a nosHajyhu ux
OTKpMBamo M NpunagHe cBojcTBeHe BeKTope (eigenvector). 1

Waeja je Aa ce Hahe cTatbe (CBOjCTBEHM BEKTOP X) Koju npoLec (Matpuua M) He merba, OCUM LUTO ra
NOMHOXMU cBojcTBeHOM BpeaHowhy A. To je no3HaTo, anu oHo 13 cnegeha Asa npumepa Huje.

MNpumep 2. Hahumo concrTeeHe BpeaAHOCTM MaTpuLe Q:

cos 1 cosa; — A cos f31 cos a,

0 =det(Q — Al) = cos B, COS@;  COS By COS ay — A

= (cos B cos a; — A)(cos B, cos a, — A) — cos By cos ff, COS a1 COS a5
= 1% — (cos B, cos ay + cos B, cos az) A
= 2% — (cos B, cos a; + sin By sina;) A
= 2% —cos(B; — a;)A
= A(1— cos ),
a 0TyAa rnaBHa CBOJCTBEHA BPEAHOCT A; = COS ¢, AOK Apyro pewere A, = 0 ogbauyjemo.
Mpumep 3. KBagpuparbem maTtpumue Q nobujamo:

0% = [cos B1cosa; cos f3; cos az]z _
" lcosB,cosa; cospPBycosaz]

_ [cos2 31 cos? a; + cos 31 cos B, cOSs @y cOS @, cos? By €Os ay cos a, + cos B cos B, cos? az]
cos f3; cos f3, cos? a; + cos? B, cos @y cosa, cos By cos B, COS ay COs a, + cos? B, cos? a,

_ [cos B cos a; (cos By cos ay + cos B, cos a;) cos Py cos a, (cos By cos ay + cos B, cos az)]
"~ lcos B, cos @y (cos By cos ay + cos B, cosa,)  cos By cos ay (cos By cos ay + cos B, cos ay)
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cos ffy cosa, Cos ff1 COSay
cos 3, cosa; C€os 55 COS ay

] = cos(By — 1) Q.

= (cos ; cos a; + cos B, cos a,) [

Nakne, Q? = cosp Q,asatumsan = 1,2,3, ... aobujamo Q™ = cos™ 1 ¢ §. 1
Ha ocHoBY 0BMX NpUMepa 1 AeduHuLpje concTBeHux BennunHa (Qx = Ax u A = cos @) Hanasumo:
Q"x = Q" Y(Qx) = Q" t(Ax) = A(Q"'x) = -+ = A"x,
Q™x = cos™ g x.
CBojcTBEHA BPeAHOCT N-TOr CTEMNeHa maTpuue Q je cos™ @. Kapa je 0 < |cos ¢| < 1, ayrnasHom je, Taga

CTeneHoBakbeM 0Ba CBOjCTBEHA BPEAHOCT TeXM Hy/m, lim cos™ ¢ = 0.
n—-oo

Kaaa 61 nopyKa CBOjCTBEHMM BEKTOPOM Npo/iasnaa KOMMNO3uLMjom KaHana matpuue Q nsnasuna 6u cse
cnabuja. Takea 6u 6una o63epBabsa, O4HOCHO LWAHCA ONa*kakba gaTte MepsbuBe pU3NYKe BeIMYUHE,
KOjy CONCTBEHA BPeAHOCT NpeacTaBs/ba. [orneaajmo cafa WTa je CBOjCTBEHM BEKTOP KOjU 04roBapa Toj
CBOjCTBEHO] Bpe4HOCTW.

Mpumep 4. PewaBarbem MaTpUYHe jegHaunHe (Q — fcos (p)x = (0 HanasMmo 1 NpoBepaBamo:

{(cos B1cos a; — cos @)xq + cos By cosa, x, =0
cos 3, cos @y x1 + (cos B cosa, — cos @)x, =0

{(cos B cos a; — cos(B; — ay))xy + cos Py cosa,x, =0
cos B, cos @y x; + (cos B, cosay — cos(By — a1))x, =0

{(cos B1 cos a; — cos By cos @y — sin By sinay)x; + cos By cosay x, =0
cos B, cos ay x; + (cos B, cos a, — cos By cos a; — sin By sinay)x, =0

{— sin 8, sinaq x; + cos S cosay, x, =0
cos B, cosay x; —cosficosayx, =0

{— cosf, xq +cosf1x, =0
cosf,x; —cosf1x, =0

cos 3, X1 = cos 1 X,

X, = cos 1, X, = cos B,
cos
x=( 51).
cos f,

To je CBOjCTBEHWM BEKTOP MaTpuLe Q KOju oAroBapa CBOjCTBEHO] BpegHocTh A = cos ¢.
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07. MaTtpuua kaHana K

Teopuja HPopmaLmje padyyHa ca cnperom cybjekta n objekTa. Tako je KaHan Q = @(a, B) ocmMuwbeH
KaKo 6y jeamHn4HM BekTop U(a) Harmba @ npema NpBoj OCK NPOMEHMO Taj CBOj yrao y 5 1 NocTao
jeamHnunm sektop u(B). Mpouecy 3aBuce oa CTakba Ha Koja aenyjy u o6pHyTo. To je npupoaHo.

CTatba, flakNe BPCTe KBAaHTHUX YeCTULa-Tasaca NpenosHajeMo y eKCepuMeHTIMa ynpaBso npema
TparosMma (YMT. NpoLiecuma) Koje crege. CTatba cy NPobupsbUBa NPema npoLecuma u obpHyTo; Hehe ce
CBAKO CTakbe NOABPrHYTU CBAKOM MPOLLECY. 3aAPKMUMO Ce Maso Ha OBOM 3anasKatby Ha npumepy
matpuue Q.

Npumep 1. Mpumenumo matpuuy Q (@, B) Ha jeanHnanmn BekTop u(y):

cos By cosa; cos 31 cos az] (cos yl)
cos 3, cosa; cos 8, cos a,] \COSY>

0@ p) utn) = |

_ [cos Bcosa cosfsin a] (cos y)
"~ IsinBcosa sinfsinaf\siny

_ [cosﬁ cosacosy + cos sina siny
~ |sinB cosacosy + sinf sina siny

cos
= (cosacosy + sinasiny) [sin ﬁ]

= cos(a —y) u(B).
Pesyntar je Bektop u(B) ymareH cos(a — y) nyta.

N3 npumepa B1anmo aa matpuua Q Huje maTpuua KaHana K y KnacuaHom cmucay (Koja 61 cBakm
BEKTOpP pacnogene BepoBaTHoha NpeBoamMna y HEKM BEKTop pacnogene), cnegehy y pacnpasu. 3a caga
NPUMETUMO camo Aa Koz, ose (Q) H1je HeOoNXoAHO HOPMMpatLe Pe3yaTaTa, Koje 61 pesyaTaty
npecavKkasarba HhoMe Aasano sektopy u(fB) ysek uctu Harnb 3, 063mpa Ha ynasHu yrao y noyetHom. To
61, nak, 61Mo yoburuajeHn NnocTynak ca BEKTOPUMa KBAaHTHE MeXaHuKe ().

MoTpeba HopMuMpakba pesyaTaTta yKkasyje Ham Ha HemoryhHOCT NpumeHe AaTor npoueca Ha NPOW3BO/bHA
CTahba, @ 04CYCTBO KOMMJIEKCHUX BpojeBa Ha UTHOpWCakbe NapaneHux peanHocTu. MomeHyTe aBe BpcTe
,MaTpuLia KaHana“, Koje cy peasHe 1 He Mopajy 6UTK KBaapaTHe, Tpeba PasnnKoBaTh 0 yHUTapHUX, U,
KBaHTHe MeXaHMKe. Y OBOM Hac/0By 6aBUMO ce Aa/be KNaCUYHOM MaTpULLOM KaHana K = (kij), ynjm cy
KoeduLMjeHTH ycnoBHe BepoBaTHohe, a y1asHM U M3/1a3HM BEKTOPM pacnogene sepoBaTtHoha.

Heka je Q = {wq, W5, ..., W, } NOTAYHMU cKyn Hekux n = 1, 2, 3, ... cayyajHmx gorahaja Koju umHe jegHy
pacnogeny seposaTHoha. Tasa je BepoBaTHOha Npon3BoAa, Npeceka PasanymUTUX P(wi N wj) =0,a
36up ceux Y, P(wy) = 1. BeposaTHoha cnarba j-TOr curHana je pj = P(wj), a q; BepoBaTHoha npujema

i-TOr CcMrHana Ha M3/1a3y, HaKoH NpoJsiacka KaHanom matpuue K. BeposatHoha Aa je nocnart j-T1 a
npuM/beH [-Tn curHan je k; ;. 36upose (yHuje), nam npoussoae (npeceke) oBux enemeHTapHux gorahaja

(wy) o3HauaBahemo Bennkum cnosuma A, B, C 1 CAMYHUM.

dopmyna noTnyHe BepoBaTHOhe KaKe, Kao LWTO je No3HaTo, Aa je q; = Z}l:l kij p;, van matpuuHo
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MHaye je ycnosHa seposatHoha P(A|B) = P(AB)/P(B), Tj. seposaTtHoha aa he ce gecutun ucxog A ako
ce gecvio B. YBek je P(A|B) = 0, nakne sepoBaTHoha je HeHeratueaH peasaH 6poj 3a Npon3Bo/bHE
porahaje A, B — (). BeposaTHoha 6ap HeKora o, cBuX, aKo ce gecuno 6uno Koje B, curypaH je gorahaj,
P(Q|B) = 1. To cy nocneamue npse u apyre akcmome Teopuje seposaTHohe. M3 Tpehe n nocnearbe
akcuome, Aa je BeposaTtHoha 36upa (yHuje) aucjyHkTHUX gorahaja A; (jeaHor uam Buwe w;) jeaHaka

q=Kp=

y cnydajy n = 3 (Channel).

36upy HUxoBMx BepoBaTHoha, cneam 3a ycnosHe BeposaTHohe P[(Zj Aj)|B] =2 P(Aj|B).

Teopema 1. Kagajep = [[pj]] BEKTOP NPOM3BO/bHE pacnogene sepoBaTHoha (AMCjYHKTHMX MCxoaa u
nsBecHux Aa he ce jeaaH og, kUx Aecuth), oHga je ¢ = Kp Takohe BeKTOp Heke pacnogene.

[okas: Kako cy cBu KoepuLMjeHTH k;j p; HEHETaTUBHM TO je 1 HNXOBa IMHeapHa KOMBUHaLM]a
— n .
HeHeraTusHa. [lasbe 360r q; = Y71 k;j pj umamo:

g =2 N kijpy = Xjopy (B kij) = Xiapy =1,
T N g = Z;;l pj = 1, WTO UX YNHYM pacnosenama. m

Y pokasy oBe TeopemMe NPUMETMMO 43 je MaTpuLa KaHana K TMna m X n v ga KaHan He mopa 6uTu
KBagpaTHU. NMpumep Takeux je ,Cemacdop”. OBa Teopema ce KOPUCTU 1 3a J0KA3MBatbE ersucTeHumje
KaHana.

OBO je T3B. XOpM30OHTa/IHa MaTpPULA KaHana, jep teH pesak (BPCTy) MHOXKMMO ca KOJIOHOM pacnogene,
KOja je KOHTpaBapKujaHTM BEKTOP. AKO je BEKTOP p pacnogese (n-KOMNOHEeHTHWN) KoBapWjaHTaH,
npeacTas/beH BPCTOM (XOPU3OHTaNHO), OHAa je ogrosapajyha maTpuua KaHana ,BepTMKanHa“ (taga
TMNa n X m), a pesyntupajyhum sektop q (m-4naH HU3) XoOpM3oHTaNaH.

Teopema 2. MaTpMyHM NPOU3BOA NPOMN3BO/bHUX XOPU3OHTAIHMX MaTPML,A KaHana, ako nocToju, je
XOPW30HTa/IHA MaTpMLLA KaHana.

Joka3s: la 61 maTpuuHM npomnsBog 6mo moryh, npea maTpumLa Mopa MMaTK OHOJIMKO KOJIOHA (') KONMKO
Apyra nma BpcTa. Kako je cBaku KoepuumjeHT AaTUx maTpuLa HEHeraTMBaH, Taksa je U hUXoBa
NIMHeapHa KombuHauwja, Cij = Z£=1 ik bkj, nasaceakoi =1,2,..,mje:

Z?:l Cij = Z;l:l Z£=1 aikbkj = Z;:l ik Z?:l bkj = 22:1 aj = 1.

[Jakne, cBaku i-T1 pegak npomssoga Matpnua (Crixn = AmxrBrxn) YAHW HERY pacnoaeny. |
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08. AganTtaumja KaHanom

KaHan KaKaB rog ga je (I?, Q, unm [7) MOXe MeHaTU ynasHe NoAaTke, NpoLecynpaTm nx, KBaputm mam
aganTupaTi 1 NpeTBapaTh y nsnasHe. HEKOHTPOIMCAHO OMeTake, pacuname U rybuTak nogataka je
CMeTHa Uan ,Lym”“, a KOHBepreHumja Ka HeKom ogpeheHom TUNy usnasa je ,agantaumja“. Y npownom
Hacnosy [07. Mpumep 1] BUAenM cMo jeaaH rpaHuYHu npumep. To cnabbere CBUX M31a3HUX CUTHANa
n3mehy je HeTUNUYHe aganTaumje U NPaBor Wyma.

Lpyrv npymep NOKyLWajMo pasymeTn Ha HauMH KakKo je objallrbaBaH ,,HayeHM MUHMManmn3am”
nHbopmaumje (Minimalism). Morneaajmo To ncto nomohy ,,uHbopmaumje nepuenumje”, peummo obmka
S = aby + -+ a,b,, roe cy HU30BM pacnogene BeposaTHoha. Heka je:

m, = min a, my, = min b,, M, = max a,, M, = max b
@7 ckssn TP T ckeen K AT qeken TP T fckin K

m = max{mg, my}, M = min{M,, M, },

na npumetTumo gajem < S < M. Y nomeHyTOM NpUAory, 0 MUHMMANN3MY, OBO je A0Ka3aHo 1
KOPULLTEHO 33 3anarkare Aa ce pacnoH BepoBaTHoha pacnoaene cmakbyje HAaKOH NPoJIacka KaHaioMm,
OCKUM Y Cyyajy Kaga ceaku pea matpuue (K) uma jeauHuuy v, npema Tome, cBe octane Hyne. [pyrum
peyrma, MaKo je perynapHa (4eTepMmnHaHTa joj Huje Hyna), maTpuua KaHana umahe MHBEP3HY Camo aKo
Cy tbeHe BpCTe (KosoHe) nepmyTaumje jeAnHnYHe maTpuue.

Jare, oBge npumehyjemo, maTpuL,a KaHasna Koja HWje HacTasa nepmyTalmjama jeANHUYHE, CMatbyje
oncer (gucnep3ujy) BeposaTtHoha ynasHe pacnogene, Koja he 3aTo BULLECTPYKMM NOHAB/baHEM
npoJsiacka KpPo3 UCTU KaHan KoHBeprupaTtu. Huje Tewko npeno3Haty KoLwuvjes HWM3 1 KOHBEPreHumjy y Tom
C/ly4yajy umnja je rpaHUYHa BPEAHOCT CBOjCTBEHM BeKTOP. To je ,aganTtauuja KaHaaom".

ApanTaumja KaHanoMm je NnosHaTa nojasa n3 MapkossbeBmx NaHaua. OHa je TamMo Ha Apyrayvmjm HAYmH
[OKa3nBaHa, a MHTepnpeTMpaHa je A0CAeHO KNaCUYHOj Teopuju nHpopmaumje n KOMyHuUKaumje.
MehyTum, candHe je dopme U 3ajeaHUYKNX Ay6/bUX Y3POKa Ca OHMMA U3 OBe ,Teopuje MHbopmaumje”,
Kao CNMOHTaHa TeXHa CTOXAaCTUYKMX CUCTEMA Ka Pa3Bojy Y Makbe MHGOPMATMBHeE.

CnunyHo ce goraha ca cybjekTMma 1M 06jeKTMMa onarkakba y OKBMpPY came nHbopmaumje nepuenumnje. OHn
ce jegHu Apyrvma npunarohasajy Tako 4a je Taj CKafapHW Npou3Bog, BeKTopa (S = a * b) wto marby,
063MpPOM Ha 334aTe HUXOBE UHTEH3UTETE, LTO 3HaYM adanTaunjy ¢aktTopa y cabupumma Tako Aa Marbu
nae ca sehum n obpHyTO, Behu ca marbum. [loHeKkne ce cAn4YHO ,,npunarohaBakbe” goraha u ca Konujom
BEKTOpPA Y O4HOCY Ha peTKe (XOpM3OHTaIHE) MaTpULLE KaHana.

M3 onwTe maTpuue apyror peaa [06. Mpumep 1] Hanasmmo cpeapby cBojcTBEHY BpegHocT A = (a +
€)/2, a oHAa 32 KOMMNOHEHTE CBOjCTBEHOT BeKTOpa X1: X, = b: (a — A) = (1 — d): c. Bugnmo aa
KOOpAMHATEe CBOjCTBEHOT BEKTOPA TEXKE PACTU Ca CYNPOTHUM KoeduumnjeHTMMa KonoHa. Mp.a (x;) ca
apyrvm (b), a gpyra (x,) ca npsum (c). OBe TeHAEHLMjE KOMIMIMKY]Y Ce ca OCTanum, 360r Yyera je oBy
06 pHYTY pasmepy CBOjCTBEHWUX BEKTOPA BMI0 TaKo TELLKO NPUMETUTU M HEHArNaLWaBaTH ¥ IMTEPaTypMU.

HenpumeheHa je, nnu je bapem HeHarnaweHa, octajana u 61ara anm onwwTa TeXHba PUINYKUX cUcTeMA
[a eBONYMpPajy Ka Mmatbe MHGOPMaTUBHMMA. Hby KOjy KOMNMKYje CBEMNPUCYTHOCT MHPOPMALMjE U HeH
3aKOH oAp:Katba, Takohe TeK o4 HegaBHO (aKo M Taga) npumeheHun y ,,Teopujn nHbopmaumje”.
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NHPOPMATUYKA TEOPUIA

CnnyHoct usmehy cybjekata yuecHuKa aganTtaumje uHpopmaumje nepuenumje (S) n apantaumje sektopa
pacnogene kaHanuma nperoca (K) je ysajamHo npunarohasarse cy6jekata v objekata KOMyHMKaLMje.
Mwu 6upajyhu onumje meramo n byayhe csoje 6opasuwTe, 0AHOCHO BUPAMO NPOLECE KOjUMA MOMXKEMO
pacnonaratu. Pasnvka oBux agantauunja je y sehoj 06jeKTMBHOCTM KaHana NpeHoca Hacnpam NpocTux
CaroBOpPHUKa, Y HemoryhHOCTM Aa came KaHa/ie Tako JIako MeraMo KOJIMKO Aa Ux oabalyjemo.

Ha onucaHu HauMH ce MoXKe NPUMETUTU jeAHOT Apyrayujer Havena uHGopmavmje, og NoMeHyTor
MUHMManu3ama. To je notpeba 3a pasHoBpcHowhy, TexHa NPUPOLE Ka pasamymTocTuma. Kaga 6u ce
CaM KaHa/ NpeHoca BULIECTPYKOM MPUMEHOM MEHA0 TaKOo Aa My Ce pacnoH BeposaTHoha y peTuuma
(konoHama) cmamsyje, To 61 ybp3aBano NpoLec KOHBEPreHLMje NoasHUX CUTHAA Ka CBOjCTBEHOM
BeKTOpy. Y6p3aHo b1 ce cmatbuBane gucnepsuje oBor ceeTa.

Ca ppyre cTpaHe, Kao CynpOTHOCT OBOM TyLlEeHy Pa3IMYUTOCTU CTOje MaTpuLLe KaHasla Ynje cy BpcTe
(konoHe) nepmyTaumje jegUHUYHE MATPULLE U YNje CY AeTePMUHAHTE jeAnHNYHe. [eTepMUHaHTe
AMCcnep3snBHUX KaHana, Koje y BpcTama Hemajy no je4Hy jeauHuLy 1 cBe ocTase Hyne, Takohe cy
pas3nnuuTe o4 Hye, anu cy Makbe of jeauHuLE M 3aTo onucyjy jeaHocMmepHe npouece (Minimalism).
Haunme, cyrkaBarbem pacnoHa BepoBaTHOha pacnoesie HakoOH HbeHOT NPOJIAacKa KaHA/IOM, hEHO
Bpahatbe Ha3ag MHBEP3HOM MaTPULOM (Koja NOCToju, jep joj je AeTepMUHaHTa pasanymTa o Hyne)
Hehe 6uTK moryhe, Hehe foBecTM 40 UCTOr OpUrMHana.

3aTo cy yHMTapHe MaTpuLe (Yvje 4eTepMUHAHTE Cy jeUHUYHE) TOJIMKO BaXKHE, Npe CBera y CBeTy MUKPO
du3mMKe, raoe cy BaxkHe M BepoBaTHohe. Y MaKpo cBeTy LJOMUHMPAjy 3aKOHU BEIMKMX BpojeBa Teopuje
BepoBaTHohe, y KBAHTHOj MeXaHMLM He TO/IMKO, Na cy noBehaHe u WwaHce npebera cTarba U3
,CTBapHOCTU BehunHe" y 33 WX HEKY ,Mceyao peanHocT”. 3aTo cy YyHUTapHe MaTpuLe KBaHTHe dusnke
TaKo NMpenyHe KOMMNJAEKCHUX KoeduLmjeHaTa, Ymje NpUCcycTBO yKasyje Ha MmoryhHocTu ,3a06unarkera”.

YKpaTKo peyeHo, nopes NPUHLMNA HajMakber 4ejCTBa, AaKne MUHMMaAM3am MHoopmaLmje, Npuposom
BNagajy v notpebe 3a pasnvMKkama. Mpsu je nocneamnua, TauHUje eKBUBAJIEHT ,,MaKCUMaIM3Ma
BepoBaTHohe” (Behoj BepoBaTHOhM ogroBapa mara MHbOpMaLMja), a 4pyru je nocnegmua
,HecTanHoctM uHdopmauuje” (noHoss/beHa ,BecT” BULLIE HKUje BecT). OBe ABe acnupalmje NPoTUBHE Cy
jeaHa apyroj u ypaBHOTEKYjy ce. M3 oBe apyre HacTaje u notpeba 3a sehom ,,06jekTnBHowhy” (4mT.
HenpomeH/buBowhy) HEKNX yYeCHMKa KOMYHMKaumMje, a 3aTUM U OTNOop yjegHayaBakby CBEra 1 cBavera,
Te PasIMYUTOCTH.
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09. PasnnynTOCT 1 3aKOH O4p*Kara

Buaenu cmo [08. AganTaumja] Kako noTpeba 3a pazanuuntowhy n NPUHLMA MUHUMANU3MA KOHTPUPAjY
jeaHo apyrome, a caga hemo nornesaTv Bese Te NpUHyAHE Pas/IMYUTOCTM U 3aKOHA O prKatba. YBEK ce
paau o MHPOPMATUYKOj OCHOBMU.

Mpe csera NPUMETUMO A3 NPOMeHa aucnepsunje pacnogene seposatHohe merba MHpopmaumjy. Ha
npuMmep, y Mojoj Kkbnsn ,,Punsmyka nidopmaumja”
Hahu heTte rpad ¢yHKUMje

/ y(x) = —xlog, x — (1 - x) log, (1 — x)

Kao Ha canum neso. To je LleHoHoBa buHapHa

/ \ nHdopmaumja, rae je x € (0,1) seposaTHoha aa
/ he ce HeKku cnyyajaH gorahaj pecutn,a 1 — x je

/ BeposaTHoha Ja ce uctu Hehe gecutn. OpauHaTa

o [ y = y(x) npeacrassba uHGopmauujy y butnma.

nUma (buHapHK) gorahaj BeposatHohe x = 1/2.
\ To je cuTyaumja jegHakux BepoBaTHoha ucxoaa,
oi \ [a ce AaTv Aecu 1 fa ce He gecu.

! L

o1 O 91 02 ) 3 04 0e 06 03 0s 09 I ¥

/ \ Kao wrto ce Bugu, Hajsehy nudopmaumjy, y = 1,

Y cnoxeHunjem cnyvajy, n € N, moryhux ncxoga seposatHoha pq, Py, ..., Pn, KOje Cy NO3UTUBHM Bpojesn
(px > 0,3a cBako k = 1, 2, ..., n) jeanHnyHor 36upa (p; + p, + - + p, = 1), LWeHoHoBa nndpopmauuja

je S(p1, P2, -+, Pn) = —p1108p P1 — P2108p P2 — - — P 108y, Pn, rAE je 6a3a noraputma nponssosbaH
6poj b > 0 Koju geduHULLEe jeamHMLY Mepe UHbOopMaLuje.

Y jeaHom nuTarby Ha 6aory (Emergence |l: MoKeTe nm mu jow jeaHOM 06jacHUTM HacTajarbe CBOjcTaBa
€HTUTETa KOjUX Herosun AeN0BM caMu No cebun Hemajy?), 0Ka3MBaO Cam Aa NPOU3BOA, HNU30BA, CKANaHU
Nnpou3Bo/, BEKTOPA, Kao je 1 LLleHoHOBa MHpopmaumja, Mera BPeAHOCT 3aBUCHO 0J, y3ajaMHOTr NopeTKa.
Kaga ce cabupum, a TMUMe 1 GaKTOpU y bUMa, MOry NnopeaaTh Tako Aa cy ob6a H1M3a UCTE MOHOTOHOCTHU
(oba pactyha, unmn oba onagajyha), oHaa je UXOB 36MpP MaKcMmanaH, a y obpHyToOM c/yyajy, Kaga je
jenaH on Hu3oBa pactyhu a gpyrv onagajyhu, oHAaa je 36Mp MHOXKEHUX NapoBa MUHMUMANAH.

Ca Behom BepoBaTHohom p, Makba je MHpopmaumja — log p, na je LleHoHoBa MHPOpPMaLMja Hajmarba Te
BpcTe. BeposaTtHohe gate pacnogene (py) MHOXeHe norapuTmmMma BeposatHoha gpyre pacnogene (qg)
He 61 morne 6uTM marbe og, LeHoHose (— ) py log px < — ). px log qx). NocebHo, cTaBumo in Aa je Ta
Apyra pacnogena yHuoopmHa (q, = 1/n,3a ceako k = 1, 2, ..., n) Baxkuhe ucro. lakne, LLleHoHoBa
MHbOpMaLMja NOCTUKE MAKCMMYM KaJa Cy CBM MCXOAM jeHAKO BEPOBATHM.

Y nomeHyTOj (M0joj) KHK3K, paspahmBaHe cy jow HeKe BpcTe geduHUUMja MHGopmauuje. OHe cy bauncke
LLleHOHOBOj, anu cy AedmrHMCAHE TaKo A3 3a WX BaXKM 3aKOH O4PKatba U Takohe pacTy yjeaHavyaBartbem
BepoBaTHoha ucxoaa. M3 Tora n3saavymMmo NoyKy Aa Npuposa He MOXKe 4,03BOIUTU NPeBULLE jefHAKOCTU
Aa He 61 HapyLlMna 3aKoH oaprKatrba. LUTasuwe, y jeaHom oarosopy y 6s0ory (Channel, Teopema) Hahu
heTe goKas Aa je (anconyTHa) BPeAHOCT CBAKOT AMjaroHaHOT enemMeHTa NPon3Bo/bHe MaTpuue Beha
(nnm aa je cBaka marba) og, 36Mpa 0CTaNMX 40BO/bAH YC/I0B Aa AeTEPMUHAHTA TE MaTpULE HUje Hyna.

MpMMeHEHO Ha MaTpULLE KaHana, Taj CTaB 3HaYM 43 je PasIMYNTOCT A0BO/baH YC/I0B 3aKOHA 040Kakba
nHpopmaumje. Ca NPUHLMNOM MUHMUMANIN3MA, KOjU NaKo NPon3Mnasun 13 HadenHo Yewher goraharba
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BEPOBATHUjUX UCXOAa, 3aTUM Marbe MHPOPMaLMje BEPOBATHMjMX, Te 0BjeKTMBHOCTU CYYajHOCTH, Ca
MmHoro Behom ybeasbmsowhy HasnasnMmo ga Nnpupoaa He BoAW jeAHaKOoCT. Taj cTaB 3aTo He M3HeHahyje
Hac y Teopuju nHpopmaumje.

ANU OH je NpUANYHO YyaHo oTKpuhe 3a dpnno3odujy n caBpemeHy HaykKy. MNoTepae MNak HaNasnMMo y
MHOTOCTPYKOCTMMA CBETA KOjWU HAaC OKPYXKYje, a jaue HheroBo ynopuiLTe Morin 6Ucmo npenosHatm y
MNaynvjeBom NpUHLMNIY UCK/byYersa (1925). Mpema Tom ,HUKOja ABa UAeHTUYHa pepMMUOHa He Mory Aa
ce Hanase y UCTOM KBaHTHOM CTakby CUMYATaHO”. PepMMUOHM cy YecTULe CyNcTaHLe, 3a PasanKy o4,

6030Ha Koju 4,03B0O/baBAjy C/larakbe UCTUX Ha UCTOM MecTy (monyT npoctopa). MehyTum, reHepanusaumja
MaynunjeBor UCK/byderba Ha LWMPY CYMNCTaHLY YUHUAA Ce NPeaaNekUM Lu/bem.

MNocebHo 61 Ham morna 6UTK nsHeHahyjyha geaykumja, fAa U3 PasANYUCTOCTU CieaM 3aKOH o4 pXKatba.
AKO je TaKo, oHAa NPeTnocTaB/baM Aa MMamo TelwKohe y pasymeBakby TEpMOANHAMUYKe eHTponuje. U3
yobuuajeHor cxBaTama ,eHTponuje” Kao ,Hepeaa”, WTo Ham A40/1a3m nocMmaTpajyhum yaly Koja nagHe ca
cTona v pasbuje ce npasehun Hepes no noay, y3 nosehare cBOje eHTponuje, 40/1a3n HaM NorpeLuHa
naeja ga nopactom eHTponuje pacte MHGopmaLmja 4aTor TEPMOLUHAMUYKOT CUCTEMA.

MpeTnocTaBMMO /M ga je ngeja o pacty uHbopmaumje 3ajegHo ca eHTPONMjoM, HaL/IM BMCMO 3aK/bydak
Aa ce TepMOAMHAMUYKM CUCTEMM CNOHTAHO pa3Bujajy y cTarba Behe nHdopmaumje, a To 61
NPOTUBPEYMIO0 HAYETHOM MUHUMANN3MY MHPOoPMaLMje, NPUHLMNY AejcTBa PusmKe (MHOpmaLMja je
€KBMBA/IEHTHA AejCTBY), Na U OYEeKUBakKbY Aa Cy BepoBaTHUjU ncxoam yewhu (BepoBaTHUje je marbe
MHPOPMATUBHO).

[ounm, nopacTom eHTponuje racy nocyam ce X1aaun, heroBe MosieKky/e Makbe OCUuuYjy, caapKe Matbe
HEM3BECHOCTUN Y CBOM KpeTakby, Matbe nHdopmMaumje. AKo Bam OBO HUje J0BO/bHO ybea/buBo,
NMPMMETMMO U Aa Te MoJsieKy/e, ca Behom eHTponunjom, NocTajy paBHomepHuje ypeheHe. MonyT BojHMKa
MOCTPOjeHNX Ha CMOTPU, OHe NocTajy 6e3nnyHe, matbe MHbOoPMaLmje Ham emuTyjy o cebu, 3anpaso,
3aTO WTO cy Mmare nHbopmaTtmeHe — pehn hemo caga — 3aTo cy jegHoAMYHO ypeheHe, ga 6u
nHOpPMaUMjy Kojy cy ncujanu n usrybuam HagoKHaauAn pasHomepHowhy.

OBgae ce fasbe yK/bydyje rope nomeHyTa Teopema o Behoj nHdopmaumju jegHonukor pacnopehmsarba,
capa 360r KONMKO-TONIMKO 04PMKakba KOIMYMHE. AIM YMECTO Tora, NPUMETUMO 4a ,,FoBop AenduHa“
MOXEeMO NPenocTaBMTM Ha OCHOBY AWCNepP3nje CUrHasa, 3ByKOBa Koje ,,pasmersyjy”, Yak 1 He 3Hajyhu o
YyemMy OHM ,,pUYajy”. YonwTe, NPEHOC CMUCAEHMX MOPYKA, je€3MK HENO3HATUX CTBOPEH-A, HaLle TEKCTOBE
WM Pa3roBop yonwTe KapaKTePULLY U3pasuTe HejeaHaAKOCTM pacnogene PasnunTix c0Ba, Peun u
yonuwTe curHana. To je 3aTo WTO je pa3IMYMTOCT HEONXOAHa 3@ PAa3roBETHOCT, a TEK NMOTOHY MMa CMUC/A
MEPUTU, UM KOH3EPBUPATU HEHY KOUUMHY.
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NHPOPMATUYKA TEOPUIA

10. Ctoxactunyke matpuue
Moce6Ha BpcTa MaTpuLe KaHana je cToxacTUyka matpuua. To je KBagpaTHa maTpuua, S = [[Sij]]r pepan
M HEHeraTUBHWX peanHux koepuupmjenara (s;; = 0,3acse ,j = 1,2, ..., n) umju ce cBakmn pes, nm csaka

KOJIOHA, cacToju og, BepoBaTHoha HEKUX pacriogena. AKo cy pacnogene BeposaTHoha y BpcTama,
XOPU30HTA/IHE, Ha3MBaMO je ,,4eCHOM” 360r MHOMKeHa BEPTUKAIHUM BEKTOPOM (KOHTpaBapujaHTHUM)
34€ecHa U jeANHUYHOT 36Mpa CBaKor peTka (Zj sij =1).

AKo cy pacnogene sepoBaTHoha y CTynuuma, BepTUKaIHE, CTOXAaCTUYKY MaTpULy HasuBamo ,iesom”
360r MHOXeHa XOPWM30HTA/IHUM BEKTOPOM (KOBapmjaHTHUM) C/ieBa U jeaMHUYHOT 36Mpa CBAKe KOJIOHE
(Zisij = 1). CToxacCTM4Ka maTpuLa je ,ABOCTPYKA”, aKo je KBagpaTHa MaTpuLLa HEHEraTUBHUX peasHnX
6pojeBa ca CBaKMM peaoM U KOJIOHOM jeAMHUYHOT 36upa.

Pasmatpajyhu agantaumje KaHanom [08.] npumeTnan cMo Aa perynapHa (aetepMmnHaHTa joj Huje Hyna)
MaTpuLa KaHana MMa MHBEP3HY CaMO aKO Cy CBE HeHe BPCTe (MM CBU CTYNLM) NnepmyTaumje jeanHuYHe
maTpuue. To ce MoKe CTPOXKMje MCKA3aTu U A0Ka3aTu.

Teopema 1. CToxacTuyka matpumua A= [[aij]] pefa n uma MHBEP3HY CTOXAaCTUYKY MaTpULLy B = [[bij]]
aKo 1 CaMo aKo je fo6ujeHa nepmyTaLmjama KosoHa (peaosa) jeanHnuHe matpuue [ = [[Sij]], roe je

6;j=1kapajei =j,aakoi # joHaaje §;; = 0. MuBep3Ha maTpuua (B) Taga je TpaHcnoHosaHa AaTa
(A), pakne B = A1 = A%, 1j. AA* = ATA = 1.

Jokas3s: NpeTnocTtaBMmMo ga nocTojm B takso haje BA=1, Tj.

n
z bikakj = 5ij
k=1

Mo npeTnocTaBumM Teopeme cy matpuue A n B ctoxacTUuKe, WTO 3HAYM Aa Cy UM CBU KoedpuumjeHTH
HeHeraTuBHM, Na je cBaku nojeanHu (3a ceako k = 1, 2, ..., n) cabupak bikakj =03ai#j.Kakoje B
CTOXaCTMYKa, UMahe y cBakom peTKy bap jegaH KoepuuMjeHT pasnmuntm o Hyne. Heka je To i-Tn pea u
b;; # 0, Na NoAennMO roptby jeaHaKocT 0BUM KoeduunjeHTom. [lobrjamo

- {1, jFI

ki=\o, j=i

rae je agj = 1, jep je matTpuua A ctoxactnuka. Npema Tome, cBaka BpCTa OBE MaTpuLe MMa Mo jeaHy
jeauHuuy n cee octane KoeduumjeHTe Hyna.

OBux jeanHuua maTpmua A uma TauyHo n. Kaga 61 HeKa teHa KooHa Mmana cee KoepuumjeHTe Hyne,
oHZa npoussog BA He 61 fao jeAMHUYHY MaTpuLy. 3aTO M CBaKa KOJIoHa maTpuue A nma no jegnHy
jeanHuuy. NMpema Tome, OHa je A06MjeHa NepmMyTaLMjomM KONOHa (BpCTa) jeAuHNYHE MaTpuLE.

KoHauHo, nonasehu og roprbe jeiHaKoCTH, 3a i = j obujamo X, bimam; = 1,7e byay; = 1 3a csako
nojeaunHo k, jep cy ceun octanm cabupum (3a m + k) Hyna. OTyaa jeaHakocT ay; = ¢ gaje by, = ¢, rae je
c KoHcTaHTa 0 uam 1, WwTo je no aeduHULMjM TpaHCNOHOBake. TUMe CMO [,0Kasanu 1 Aa je matpuua B
TpaHcnoHoBaHa 4, Te fa cy o6e fo6ujeHe NnepmyTaLMjama KONOHa jeauHNYHE MaTpuLe. |
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Jasbe ce moxe A0Ka3MBaTU Aa CBaka maTpuua KaHana K= [[kij]] HacTana nepmyTauuvjama jeguHu4He,
MMA MHBEP3HY CTOXAaCTUYKY MaTpuLLy.

Haume, Heka je ki]- = 1. Taga cy CBM OCTa/NIn e/1IeMEHTUN BPCTE U KOJIOHE Hyne. TpaHCNOHOBakbeM, Taj ce
efleMeHar, i-Te BpCTe U j-Te KONOHe, Hahe y i-Toj KoNoHM 1 j-Toj BpcTu. MHoxehu KK, i-Ty BpcTy npse
ca [-Tom KosioHoM apyre gobujamo 1+ 1 = 1, AOK y CBUM OCTa/IMM KOJIOHAMA Apyre MaTpuLLe Ha J-TOM
mecty umamo 1 -0 = 0.

Ynopehyjyhu oBo ca octasiMm matpuuama KaHana [01.], npumeTumo Aa y cnydajy HekBagpaTHe maTpuue
K w3 npetnocraske K'K = I, kao y Teopemu 1, He MO3Ke M3BeCTM 3ak/byyak aa cy matpuue K n K’
pobunjeHe nepmyTaumMjama KosioHa jeaAnHUYHe maTpuue. To ce jacHuje Buan ns cnegeher npumepa.

Npumep 1. Mpoun3BoA HEKBaAPATHWUX MATPULA KaHana je jeanHuura matpuua (K'K = I):

1 0
| KRR

a/iv OHe caMe HUCy NepmyTaumje jeanHudHe,

Mpumep 2. MNocToje ABe CTOXaCTUUYKE MaTpuULEe APYror pega Koje cy came cebu MHBep3He:

1 0] 0 1]

0 1 11 ol
OHe cy n cumeTtpuyHe. To cy jeanHe KBagpaTHe MaTpuue ApYyror peaa Koje uMajy MHBEepP3HY CTOXaCTUYKY
maTpuuy.

Npumep 3. MNoctoju 3! = 3 -2 -1 = 6 maTpuua pega n = 3 Koje MMajy MHBEP3HY CTOXAaCTUYKY MaTpULLY:

1 0 0] [0 1 0] [0 0 1 1 0 0] [0 1 0] [0 O 1
0 1 0f 2 0 O}, )0 1 0 |0 O 1,10 0 1|, |1 0 O}
0 0 1f 10 0 1112 0 0f LO1T of 11 0 o0 Lo 10

peLnmo o3HaueHe pegom Sy. Mocneatbe ABe HUCY CUMETPUYHE, Na je HNp. SsSg = 1. 10

MHore Teopeme 1 NpMMepe y3nmam oBZe U3 Moje Kibure ,,MaTtemaTuyka Teopuja MHGopMaLmje un
KOMyHUKaunje'", y nsgary [pywtea matematmyapa Penybamnke Cpncke, barba Jlyka 1995. roguHe.
Hemam je y gurutanHom usgamy (nnucaHa je paHmx 80-mx 20. BeKa, anu je 360r Mor okneBatba, Ayrmx
peLeH3nja, a Ha Kpajy 1 rpahaHcKor paTta WTamnaHa 15-ak roanHa KacHKuje), na KopUcTUM Npuanke ga
NMOHELLTO M3 Te KbMre U3BYYEM HA MHTEPHET.

360r nperycror mateMaTUyKor cTuia (aebuHuumja, Teopema, 40Kasa, WTypPUX Npumepa) Ta je Kkbura
npoLuna He3anaXeHo, HeYnTaHo, a MMCANM Aa b1 ce UCTO MOHOBMAO Y CAYYajy PenpuUHTa, aan MU je
WHTepPeCcaHTHO oBae ynopehnBaTh HeKe Tajalltbe CTaBKe ca HOBMMA, Te caga Beh ,KnacudyHe Teopuje”
MHpOPMaLMje U KOMYHMKaLMje ca HOBMMA, MOjOM CaZallHOM.
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11. AganTaymja CTOXaCTUYKOM MATPULLOM

Buaenu cmo [10.Teopema 1] ga cToxacTMyka matpuua ga 61 Mmana MHBEP3HY MOPa Y CBaKOM PETKY U
KONOHM MMATU MO jegHY jeaMHuLy M cBe ocTane Hyne. Takea je nepMmyTaumja jeamHuyHe u genyjyhu Ha
BEKTOp pacrnofesne camo nepmyTupa (3amerbyje Mecta) heroBux koepuumjeHata. OHa TUME He Mekba

aucnepsunje [09.] ynasHux pacrnogena U He BpLIM aganTalnjy BEKTopa Koje npecsmkasa. Pasnory [08.]

aganTauuje BeKTopa MaTpMLUOoM A04ajeMO jow jeaHy, cneaehy Teopemy.

Teopema 1. Heka cy X = (X1, ..., X)) U Y = (J1,..., V) BEKTOPU [1BE NPOU3BOJbHE, aNM TaKBE pacnogene
pajey = S%,raeje S = [s;;] mynna croxactuuka matpuLa ca concTeeHUM BEKTOPOM P = (D1, ..., Pn)-
Tapa je

— < C— X
max [pi — il < max [p; — x|

rfie BaXKM jelHAKOCT aKO M Camo aKo U3 p; — X; < max|pj - xj| cnean s;j = 03acsakoi = 1,...,n.
j

[lokaz: Opy3umatrbem gobujamo p —y = S(p — X). Y TOM cucTeMy yOuMMo m-Ty jeHauMHy rae je
ancoNyTHa pasnuKa |py, — ym | Makcumanna, Tj. jeaHaunHy pp — ym = Zk(Px — xi)ckj. Kako je
Yk Ckj = 1 pobujamo pasve:

mI?X|Pk — Vil = 1pm — Y| < Xk cilpr — x| < mlle|Pk — xl
WTo je 1 Tpebano AoKasaTh. M

To je CKOPO UCTK NPETXOAHM A0Ka3s oBae [08. AganTaumje KaHana)l, uam y 6nory (Minimalism), anu u
Hberose Bapujauuje Bpese. Cee oBAe pedyeHo 0 MaTpULama KaHana, Yuju cy KoeduumnjeHTU peanHu
6pojesn namehy 0 u 1, nako ce NpeHocU Ha KomnaekcHe matpuue. CTaBoBM Taga BaXke 3a moayne
KoeduumjeHaTa, 0 AHOCHO KBagpaTe moayna (peummo, KBaHTHO MexaHUUYKMX MHTepnpeTaumja).

OHo wTto cmo Beh gobuaum, nnn bUcmo reHepannsaumjama Ha KomnaekcHe 6pojese Moram 2o6uTH,
roBOpM 0 ,,MIPUHLMUNY MUHUMaANU3Ma nHbopmaumje” jesukom anrebpe matpuua. Kako BeKTopu (cTama)
TAKO U HbMXOBU IMHEAPHW OnepaTopu (MpouecKn) KoOHBEPTUpajy pacnogenama ,,MUPHUjUX" amcnepsuja,
Makbe pacyTuX BpegHOCTU BepoBaTHONha Mcxoaa, KaXkemo ,,adantupajy” ce.

CBOjCTBEHM BEKTOPM CYy Te ,TayKe HaroMunaaBarba“ Nnpec/iMkasarba, na hemo gonyHutn [06.] o touma.
Beh cmo BUAenu ga maTtpuua KaHana K = [[kij] Koja ponywrTa 6ap jeaHy rpewky (0 < k;; < 1) Hema
nHBep3Hy matpuuy. Y komnosuumju (K - K --- K)Xx = K™X — Ap, Kajgan — oo, rae je p CBOjCTBEHM
BEKTOpP maTpuLe K KOju oArosapa CBOjCTBEHOj BpeaHOCTU A Tako Aa je kﬁ = Ap.

NHTYUTMBHO MOXKEeMO pasymMeTu ga rybrMmo nogaTtke y KaHany ako 6ap jeaaH KoeduumjeHT Huje 0 HUTK
je 1,anm 1o je camo rpy6o , pasymeBarbe”, He40BO/LHO M 3aMPABO HETaYHO. Hanme, AeTepmMUHaHTa Te
maTpuue He mopa buTtn Hyna (Channel), wTo je anrebapcku A0BO/bAH YCAOB 33 UHBEPTUOMAHOCT.
MaTpuue ,,KaHana ca CMeTHOM”, KoedpuunjeHTom pasanuntum og, 0 M oa 1, namTe opurnHane, ann He
[03B0/baBajy Npec/nKkaBakbe yHasas,. OHe cy penpeseHTaumje jeAHOCMEepPHMX NPoLLeca: CNOHTAHOr pacTa
eHTponuje, pa3Boja cuctema y Marbe MHPOPMaTUBHE, MHAUYE BPEMEHCKOT TOKa.

MaTpuLe KaHana ca CMeTHOM [03B0/baBajy AellMppoBarbe yaa3a Ha OCHOBY M3/1a3a, a/iv He U CTBapHO
Bpaharbe Konuje Hasag, y opurnHan. OHe 003BO/baBajy ,,NCceyA0 MHBEP3Ujy“ 1 TpeTupajy came npouece
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NHPOPMATUYKA TEOPUIA

C/INYHO CTarbMMa pPeasiHOCTU M nceyao peanHoctu (Dimensions), 0AHOCHO UCKa3nMa KOju CY Ta4HU U
HeTauyHu (The Truth). 3a pa3anky og onwTnX concTeeHnx BeandmHa [06.], Apyraunja orpaHuyersa
CTOXaCTUYKMX MaTpULA Aajy 1 Apyravvje KOHKpeTHuje pesyaTare.

Teopema 2. CojcTBEHA jefiHAUMHA ABOCTPYKE CTOXAaCTUYKE MATPULLE MMA CaMO jeZiHY CBOjCTBEHY
BpPenHOCT.

/[lokas: U3 cBojcTeeHe jegHaunHe Sp = Ap pobujamo:

S11P1 + =+ S1nPn = D1

SpiP1 + -+ SpnPn = APn

Cabuparbem cBuX jeaHaumHa, 36or Y7, Skj = 13acBako j = 1,...,n, Ma camo jeiHy CBOjCTBEHY
BpegHocTA=1. m

3Hajyhu oBY CBOjCTBEHY BPEeAHOCT ABOCTPYKE CTOXACTUUYKE MATpULLE, HA YobuyajeHe HaumMHe TPaxKnumo
CBOjCTBEHE BEKTOpE.

Npumep 1. 3a 4BOCTPYKY CTOXAaCTUUKY MaTpULY S ApYror peAa TPasKMMO CBOjCTBEHM BEKTOP, BUHAPHY
pacnogeny p = (p1,p2), TAe je p1 + p, = 1,apy,p1 = 0, Tako aa je:
$p=p
s 1—a]l(P1\ _ (P1
[1 —s S ] (Pz) - (P1)
{5P1 + (1 =9s)p, =ps
(1= 9s)p1 + sp2 =p,
1
pP1=pP2=73

Mpema Tome, CBOjCTBEHM BEKTOP je nonyT 6auarba dpep Hosunha.

Mpumep noTBphyje Halla oYeKMBaHba KOZ, CNOHTAHOT pacTa eHTponuje, Kaga onaga UHGopmaumja gator
cucTeMa Ymme oH noctaje 6e3nnyaH. CNoHTaHM pacT eHTponuje AaTor cucTema pesyaTaT je HayenHor
MWHUMANN3Ma KOMyHMKaLMje (NpUHLMNA Hajmakber AejCcTBa), @ KOMNPOMMC Ca 3aKOHOM OAP*Kakba
nHdopmauumje yjegHayasa BepoBaTHohe ncxoga. To cmo seh sBuaenu y (HoBoj) Teopujn Hpopmaumje,
Kao NOOMNLWTEHE FOPHEr NPUMEPA Ha Ha N-4/aHe BEKTOPE, pPacnogene ca YKYNHo 1 AUCjyHKTHUX Ucxoaa.
Cnepehu cTaB MOXKEMO CMATPATU Ha Taj HAYMH AOKA3aHUM.

Teopema 3. Bektop p = (py, ..., Pn) j€ CBOjCTBEHM BEKTOP AyN/e CTOXaCTUYKe MaTpuLe S= [[sij]] aKo 1

camo ako (pi — pj)sij =03acBei,j=1,..,n.m

Yucro anrebapcku L0Ka3 0BOr CTaBa OTKPWUjTE CaMM, MU Fa MOTPAKUTE Y MOMEHYTOj KHM3M
,MaTemaTnuKa Teopuja MHbOpMaLMje U KOMYHMKaLmje”.
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12. EkcTpemu

Kaga mano 6osbe nornegamo, nomeHyTe Gopme YECTO ce CBOAE Ha AiBa BEKTOPA, HM3a, a = (a4, ..., ay)
nb = (by,...,by), ca ckanapHum npoussogom S = a-b = a;b; + -+ + a, b,,. 3a cabuparbe BaKu 3aKoH
KOMyTaLMje, Nna yBeK MOXKEeMO NpemecTUTH oBe cabupKe 1 NpeHymMmepucaTh HM30Be TaKo A3 je PeLumo
NPBU MHOHOTOHO Hepactyhu, Tj. a; = a; = -+ = a,. To He yMmatbyje ONWTOCT HapeAHUX pazmaTparba.

[Jecv nu ce aa je v apyrv Taga Hepactyhu by, = b, = -+ = b, oHaa he ckanapHu npoussoa S =a- b
6MTU MmaKkcumanaH (M) y oaHocy Ha 6uno Koju nopeaak KoeduumnjeHaTa HU3a b, y3 UCTU nopenak HU3a
a. Y obpHyTOM Cny4ajy, Kaga cy 0OBM HU30BU CYNPOTHE MOHOTOHOCTH, NpBu pacTtyhu a apyrmn onaaajyhu,
OoHZa je 36up NpounsBoaa HUX0BMX oarosapajyhux naposa MMHUManaH (m). JocnegHo osome, 6uno
KaKo NepmMyTMpaam YnaHOBe TUX HM30Ba M NPEHYMEPUCANN UM UHAEKce, AobujaTn hemo 361p naposa
oprosapajyhux ¢aktopa S = a; by + -+ + a,, b, Koju je yBek orpaHuyeH, m < § < M, Tafila KOHCTaHTHUM
MOMEHYTUM eKcTpemunma (m < M).

M3 HeHeraTMBHKX NpupawTaja Aa = a; —a, = 0un Ab = by — b, = 0, kKaga je Aa Ab = 0, useogmmo
HejegHaKkocT a, b, + a,b, = a,b, + a,b,. To je jegaH on gokasa (Emergence |l) aa ce nepmyToBarbem
¢dakTOpa ABajy cabupakKa uxos 36up yeeha, ako gobujemo aa ce sehu MHOXM BehMM a Marby MakbUM.
CBaKMM TaKBMM KOPaKOM, YHYTap Ay»Ker HM3a cabupaka S Takohe, nosehasa ce BpefHOCT 36upa 3a HeKo
Aa Ab. OBe 3ameHe pegocnesna BepoBaTtHoha cnabuje yTuyy Ha aucnepsuje pacnogena a v b, anv v oHe
Mekbajy BpeaHocT nHdopmaumje nepuenumje S = a - b.

[pyraumju HaumMH fa NPMMETUMO UCTe NPOMeHe BUAN Cy CKaNapHU Npou3BoAM BekTopa. Taga je Takohe
S = |al|b| cos ¢, rae je caga ¢ = <(a, b) yrao usmehy aga sektopa. MHTeH3UTETM BeKTOPa, |a| v |b|,
nepmMmyTaumMjaMa KOMNOHEHTU He Metbajy ce, Beh ce merba Camo Taj Yrao ¢ Koju OHM 3aKknanajy. Mpwu
CMarbMBatby yrna (Ka Hynu), KocuHyc pacte. Kaga je yrao ¢ cBe marbu, pacTe CKaflapHM Npouseog, ABa
Cy BeKTopa cBe 61urKa, 6osbe ,aganTupaHa” jeaaH Apyrome, NOCTajy UCTe MOHOTOHOCTY.

AHaNI0rHO cKanapHom npoussoay sektopa (a - b = |al|b| cos @), ysoannm cmo u ,nceyao ckanapHm”
npoussog, BekTopa a u b, nomohy unje spegHoctu (|a X b| = |a||b| sin ¢) cmo nssenn dopmyny 3a
poTauujy BekTopa [04. Mpumep 1]. Kaga ce npeu og Ta ABa npounssoga nosehasa, g4pyru ce cmakbyje u
06pHyTO. OHM Cce NoHaLwajy NnonyT BepoBaTHOhe U MHPOPMaLMje, Kao ABe 0OPHYTO CPOAHE BEINUYMHE.
MosHaTo je aa Behoj BepoBaTHoOhM oaroBapa Matba MHboOpmauuja. Ha npumep, Kaga 3Hamo Aa je
forahaj nssectaH, Aa he ce CMrypHoO AecUTH, a TaKkaB Ce AEeCU, OHAA OH U HUje HeKa BECT.

CsejeaHO 0 Kojoj ce pagu, 6uno npomeHu BepoBaTHohe namM MHPopmaumje, UMaMo HacuHy Nojasy.
Cune cy Te Koje Mmemajy BepoBaTHohe —y (Mojoj) Teopuju nHdopmauuje. 3a came nepmyTaumje ucxoaa
notpebHe cy Takse ,cuae”, na v perynapHa gynaa ctoxactuyka matpuua [10. Teopema 1] npesacrasba
Heku Hanop. U3 [10. Mpumep 2] cneam Aa je nAeHTUYHA MaTpULA TaKBa, Te je MAEHTUYHO Npec/iMKaBakbe
BPCTa, MOXAa MUHUManNHor, Hanopa. OTyaa naeja teopuje MHpopmaumje Aa je CBaKM NPoOLEC HEKM TOK
nHpopmaumja n aejcTeo, Aa je cama MHGopmaumja eKBMBANEHT AejcTBY. A Taj CMO 3aK/by4aK U3BOAUAM U
Ha gpyre HauuHe (Action).

Kako je pu3MuKo AejcTBO NPon3BOL pasmereHe eHepruje 1 NPoTEK/Or BpeMEHa, UAN MMMY/Ca U
no/oxaja, To NpousBogHa MHbopMaLUmMje, Na M CamMo KONMpakbe, Ma KaKBUM padyHapuma, Hucy moryhu
6e3 Tpowera eHepruje. He 36or cammnx malmHa Koje eHepruja nokpehe, seh 1 3aTo WTO Npounsawna
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nHdopmaumja H1je nonyT Ayxa, 6e3 eHepruje, MMnysaca, MecTa Unu Tpajama, Beh je tHpopmaymja
eKBMBasieHTHa PpM3NUYKOM aejcTay. Y3 Besy MHPopmaLmje 1 AejcTBa A0/1a3U U 3aKOH OApKakba.

Kako je u camo npucycTso MHPopMaLnje HeKM ,Hanop” (ceTMMo ce, CTakba U NPOLLECH Cy AyanHe
nojase), GM3nNUKM cuctemn Texknuhe Ka marbe MHGOPMaTUBHUM CTakbMMa (Nopes YnkbeHULe Aa cy Ta
BepoBaTHWja 1, Npema Tome, u3rneaHuja). Ca gpyre ctpaHe, TOj ce TeXKHbM CyNnpPOTCTaB/ba 3aKOH
O/ip’Katba, Ma OHe yNase y KANHY U MHpopMallMja Lypy TaMo rae moske. He aa ce yHUWTUTU nonyT
eHepruje. Cucteme Koje je moryhe nocmaTtpaTt y jeAHaKMM BPEMEHCKUM UHTepBananma (a yrnaBHom cy
Taksu), He BUAMMO Kao MHopmaTmeHe Beh Kao eHepreTcke. Kako roa, o6a nmajy 3akoHe ofipKakba.

[asba nocneamnua 3akoHa ogpykarba MHbopMauumje (Na Tako U eHepruje) je HaM3MeHUYHO CMeHUBakbe
NPUBAAYHUX U 0AOOJHUX ,CUNa“, KAaKO Y NPOMEHU CKane BEIMUYUHA, TAKO Y BAMKUM U Aa/bUM aTOMUMA
AWM MONIEKy1aMa, Y Hanpe3akby M OTNyLITakby eN1acTuYHMX Tena. OBae ce UCTO 04YUTYje Y KoMMneH3aumju,
Y }Kesbu npupose (MeTadopuryKkm) 3aycTaB/barba rybutka nHdopmaumje npuankom npoLieca CnoHTaHor
HeHOr onagatba. 3aTo ce xnaherem Tena, npu noseharwy eHTponuje U rydbuTky MHGopmauuje Herosmx
MOJIEKYIA (HMNP. Matbe HEOYEKMBAHMX KUXOBUX BUBpauuja), BepoBaTHohe Ucxoma cMuUpyjy, aucnepsuje
pacnofena ce cMakbyjy — Kao fa Herosa yKynHa nHdopmavmja HacToju octatm sehom.

Tpeha ,,cuna“ Koja ce oBAe NojaBsbyje je TeXHa Ka MHOTrocTpyKKowhy. JeaBa je NpUMeTHa M NOTLLEHEHA,
anv je Beoma 3HauajHa. To je Beh pacnpassbaHo y Hacnosy [09.], unn y 6nory (Channel, Teopema). Ako
cy ABa peTKa (ABe KoMoHe) HeKe KBaapaTHe maTpuue M nponopuuoHanHe, JeTepMUHaHTa joj je Hyna
(det M = 0), cucTem MHeapHUX jeaHauMHa Koje OHa NPeaCcTaB/ba (y= Mx) HeperynapaH je, WTO 3Hauu
[a HemMa jeAMHCTBEHOT peLlera Uan HeMa pellera yonwTe, Te 4a HeEMa HWM MHBEP3HOT Npec/iMKaBakba
(x = 1\71_1)7). CnnyHo he BaXKMUTU 1 32 NPUBAUKHO NpONopLUMOHanHe peaose maTtpuue. To je cagprKaj
NOMeHyTe Teopeme.

Kako cy pefioBn maTpuue KaHana pacnogene sepoBaTtHoha, oHM 6e31nyHK (yjegHavyeHWx BepoBaTHoha)
Hehe npeHocUTM NopyKe. U3 buxoBmx Konuja (y) Huje moryhe aewndposarbe (X), HUTU UHBEP3HO
npecnnKkasame (moryhe je gewndposare 6e3 MHBEP3HOT NpecankaBarba [11.]). Nocneanue gucnepsuje
(paznnunTocTn) BepoBaTHOha cy: MHBEPTUOMAHOCT NpoLeca, 3aTum moryhHocT aewndpoBarba Nopyke
Ha OCHOBY Npujema, Na 1 3aKoH oapikatba. CMarberbem 6e3/1MYHOCTU, AaKe NOjaBOM Pa3IMYUTOCTH
npenasu ce Npar HaKoH Kojer je To Npeno3HaBakbe NOPEK/a CBe jaCHUje A0 NpaBe peBep3MbUIHOCTH.

Mopes NO3HaTUX AMCNep3nja CTaTUCTUKE, ropkek ekcTpemn (m < S < M) cy mepa HeHUx rpaHunua. bpoj
|M — m| 3aBucu oa ancnepsuje seposaTHoha, og 6poja moryhux ncxoaa, na n og edMKacHOCTM cucTema
Kojer npeacTass/ba. OBO NOC/AEHE BUANMO Ha MOAENY ,,CN060AHNX Mpexka“. AKO cy NoOBE3HULLE jeAHAKO
BEPOBaTHE, OHAA Ce MpPEeXKa Pa3BMja Ka Manom H6pojy YBOpPOBa Ca MHOIO MOBE3HMLLA HAacnpamM MHOTO
FbMX Ca Mano NOBE3HWULA, MONYT coboAHOr TPXKMLWTA poba M HOoBLA Ca BAAaCHUUMMA Yy YBOopoBuMa. To
nosehasa epUKACHOCT TOKa UHPOpMaLUmja cnobogHe mpeke Ha yWTpP6 paBHOMPaBHOCTM YBOPOBa.
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13. MHorocTpyKkocT

Y npeTxo4HOM Hac10By NOMEHYTO je Aa NOCToje TPpM BPCTe CNOHTaHMX ,,cuna’ Koje nokpehy ceet
MHpopmaLMja: MUHMMaNU3aM, OAPXKaHe M Pa3INYUTOCT. 3aTO LWTO BU ce cyyYajHM ucxoam paaumje
peann3oBann y BEpPOBATHUje, OHM BM UWAKN Y Matbe MHPOPMATUBHE, anu Y3 OA4PKaHe KOIMYMHE
HeunsBecHocTu. CBa Ta Ko/MuMHa npe bauama Kouke (log 6) npeTBapa ce y ncxon, HAKOH, aiv Yy MHOTUM
APYrMM Cly4ajeBMMa MMaMo 3a4,pLLKy. YecTo camo jegaH f4eo HEM3BECHOCTM 04/1a3M Yy UCXOA, TaKo Aa
NMOHELUTO Of, Hera OCTaje Kao HemsjalbeHa MHpopmaumja.

3Hajyhu fa BaXKu 3aKOH ogpKatba MHPopMaLmje oBe ,3a4pLKe” ymemMo npeno3HaBaTu. Mickakare
yecTuua U3 nNpasHor npocTopa (Bakyyma) je jegHa TakBa nojaBa, Apyra je HacTajakbe CBOjCTaBa eHTUTETa
KOjUX HeroBu Aenosu camum no cebu Hemajy (Emergence 1), Tpeha je nojasa epuracHoctu ,,cnobogHUx
MpeXKa“, a UMa UX HeorpaHUYeHo.

Mpumep 1. MaTpuua KaHana, cuctema b= Ma, ne Mopa BUTU CTOXAaCTUYKA
0,73 0,73 0,73
<0,23> = [0,23 0,23] (82)
0,04 0,04 0,041 ™
nako BeKTopu @ 1 b npepcTasbajy pacnogene. Houxose LLleHoHoBe MHGOPMALMe cy:
u(a) = —a, log, a; — a,log, a, = —0,5-log, 0,5—0,5-log, 0,5 =1
u(b) = —b; log, by — b, log, b, — by log, b =
= —0,73 -log, 0,73 — 0,23 - log, 0,23 — 0,04 - log, 0,04 ~ 1.
Nakne, u(@) = p(b), nbopmauuje oBako pasnmunTiX pacnogena mory 6uth jearake. [

Mpumep aemoHcTpupa moryhHOCT Nojase ,,HEOYEKNBAHOCTU paau oap:Kakba KonnunHe (MHGopmaumje)
y3 pa3Boj paznnumtoctu. MpMMeTMMO fa ynasHa 2-KOMMNOHEHTHa pacnogena a uma Hajsehy cpearby

nHoopmaumjy (LLleHoHOBY) KOjy TakBa MOKe MMaTH, a Aa MU3/1a3Ha E, Aa 6u 6una 3-KoMMNoHeHTHa U aa
61 ouyBana ykynHy nHdopmaumjy, noctaje nspas sehe epmkacHocTH, Tj. marbe 3amyheHoCTU Ucxoaa.
Cpeptpba BPeAHOCT U joj ocTaje uUcTa, ann joj je amcnepsuja je seha. MaTtpuua M, ca uctum YUYUHKOM,
MOMKE MMATU U Apyre KoeduumjeHTe.

MpoceyHa nHpopmauymja cuctema, nonyt LLleHoHOBE, mepa je canyHa cneuMPUYHOj ryCTUHM CYNCTaHLE U
Kao TaKBa UMa cBojy ynory y (Mojoj) Teopuju nipopmaumje, nopes Prsmyke nibopmaumje. Oap>kaBarse
oBe ,cneunduyHe nHbopmaumje”, Kaksa je U y npumepy, moryhe je noctMhn 1 pacTom MHOFOCTPYKOCTH,
anu no ueHy sehe onpeaesmbeHocTn. MHave he, noHaB/bam, yjeaHavyaBareM BepoBaTHOha oHa nopacTu.

Teopema 1. Ako 3a ABe BepoBaTHOhe HeKe pacnogene BaXu HejeAHaKocT py < p, Taja je
u(py + &,p2 — &,p3, ) > p(P1, P2, D3, )
3a f0BO/bHO mano € > 0.

Zoka3: NoTpaXKknmo MHOUHUTE3MMAHY MPOMEHY CpeaHe BpegHOCTU MHbOopMaLMje, Kaaa ce NpBa o4
BepoBaTHoha pacnogene noseha, a gpyra cmarbu. ToTanHu gudepeHumjan je
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. o
du(p) = Za—dpk
= Pk

roejedp, = ¢€,dp, = —¢,dp3; =0, .. aa—”=—logpk logeTOJedy—elog >OJepJe >1

wTo je n Tpebano AoKasaTn. W

To je cacBMm oueKkuMBaH pe3ynTarT, fa yjeAHavyaBarem BepoBaTHoha pacnogesne, cpeata BpegHocCT
nHbopmauumje (LLeHoHoBe) pacTe. O6pHYTO, HapyLLlaBakeM jegHAKoCTN BepoBaTHoha, MHPopmauuja
onaza, na je 3a oAprKkaBatbe HeHe KOHCTAHTHOCTM NoTpebHo nosehaTtn 6poj ncxoaa pacnoaene, Kao
LITO je TO yunreHo y npumepy 1. OBa Teopema je, Aak/e, NoonwTere NpUmepa nonyT HaBeAeHor.

—_
AA

Npumep 2. Cuctem jegHaumHa b = M

075\ [L36 0
0,55
<0 20) ! 0 44] (0'45)

0,05 0,05 0,05
rae cy BekTopu @ u b pacniogene. tbuxose cpegrbe MHpopmaLmje cy:
u(a) = —0,55 -log, 0,55 — 0,45 - log, 0,45 = 0,99
y(l;) = —0,75-log, 0,75 — 0,20 - log, 0,20 — 0,05 - log, 0,05 = 0,99
Aakne (NpubamxKHo) jeaHake.

OBo je Takohe npumep ,,6exarba y MHOTOCTPYyKOCT” Aa 61 ce nsberna pasHomepHoCT. Pacnogena a
Aobuja Tpehy komnoHeHTy (0,05) aa 6u nosehana pasamky (0,55 — 0,45) — (0,75 — 0,20) Bogehux
BeposaTHoha. MehyTum, aKo je Ta noyeTHa pasnuka mano seha, peyumo a = (0,6; 0,4) nam (0,7; 0,3),
unu jow Beha, oHAa ce 0BaKBO ,6exKarbe” He moxKe aecutu. Npupoga He BOAW jefHAKoCTH, anun Hehe
npetepuBaTy.

Kapa He npeTepyje ca MCTOM MeTOZ0M, NPUPOAa MOXKe ,, U3 pyKaBa“ nasyhu HoBy meToay M oneT Hac
W3HEeHagMTH CBojoM MHorocTpyKowhy. MeToze Kao U NPoLecH, Uam CTakba, NOANOMKHMU CY CIMYHUM
dopmama 1 ,uyauma“. Mpumep TaKkBor jeaHOTr U3HEHahera je AeNMMUYHM 04N1a3aK CONCTBEHOT
nocmarpaua y nceyzo peaaHocT, y 04HOCY Ha pPeNaTUBHOT, Y jayem rpaBUTaLMOHOM MOoJbY, AN NPK
penaTMBHOM KpeTakby.

Henpeasna/bMocT je 06jeKT1BHA NojaBa 3a CBaKOr NojeAMHOr y4ecHMKa OBOr CBeTa (Y4ecTuue, Tena, Hac).
OHa je oo Te Mmepe peanHa Aa je UNak cnosHaT/buBa, y3 ogpeheHe Hanope (npomeHe BeposaTHoNa). To
Aenyje napagoKcanHo, aan 4a HUje KOHTPaANKTOPHO CBeA04YM NPMMEP N0BLA Koju 61 XBaTao AnB/bay
cBojom nyKkasoLwhy 1 KNONKOM, Koja y laTOM TPEHYTKY HUje CNO3HAT/bMBa HeroBom naeHy. CnojeButocT
W penaTMBHOCTU MHPOPMaLMje Noanora cy 06jeKTUBHOCTM HOj NoTpebHe HEM3BECHOCTM.
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14. Xvinep matpunua KaHana

MaTpvua KaHana K = [[kij]] TMNa m X n MMa HeHeraTusHe KoeduumjeHTe, k;; = 0, pacnopeherHe y m
pefoBa (MHAeKca i) U n KonoHa (j). OHM He mopajy buUTK pacnogene BeposaTHOhe, Na HU HUXOB YKYMHU
361p He mopa 6uTK LleHoHoBa MHdopmaumja (— X; X k;; log k;j), HUTW Heka apyra cpestba BpeAHOCT.

Heka je aaT Takas cucTem jesHaunHa Kp = G, unm getasbHuje:
{ ki1py + -+ kinpn = q1

kmip1 + -+ Kmnbn = dm

OH aeduHMLEe jeaHY NMHeapHy TpaHchopMaLwjy BeposaTHoha pacnogene p y pacnogeny q. O6patnmo
na)kry Ha 0BWUX mn cabupaka h;; = k;;p; n $opmmnpajmo ruxosy maTpuLy

!k11p1 klnpn]
kmlpl kmnpn
Ha3oBMMO je ,,xMnep MaTpULLOM KaHana“. OHa NpeacTas/ba oba BeKTOpa, na uma v osHaky H(p, ).

Csaku, i-Tv, peq, maTtpuue K Heku je Hu3, BekTop Kj., a aHanorHo je u ca kosioHama K, ;. Kaga osakas

YMHW HEKRY pacnogeny BepoBaTHOha MOXKEMO roBOPUTU O Cpea UM BPeLHOCTMMa MHbOopMaLMja peTKa
W KOJIOHE:

u(Ki) = Kiu = —Xiq kijlogkj, u(K.;) = Koj = = X1 kyjlogky;.

OHe cy Taga 3anpaso LLleHoHoBe MHPopmaLmje. MehyTum

m mn
i=1 i,j

HUWje y NpaBoOM CMUCAY cpeatba BPeAHOCT, Tj. HUje LeHoHoBa nHpopmaumja. Anu cnegeha jecte
LLleHoHoBa nHpopmaumja (jep h;; jecte pacnogena):

m n
#(hij) = —Zz hij log hij
i=1j=1

[docnegHo NpeTXxo4HOM MOXKEMO NncaTtu u(hij) = u(p, q). To je cpeara BpeAHOCT MHPOPMaLLMje camor
OB/le Ha3BaHOr ,XxMNep KaHana“ Kojy Tpeba pasIMKoBaTK O YNa3HUX U U3NA3HUX:

up) = —-Xj-1pjlogp;, w(@) =—-XiZ1qilogq = — X2 Xj-s hijlog Xt hy
cpenHux BpeaHoCTU MHbopMaLMja opurMHana 1 Konuje.

Kaga je K;, LeHoHoBa nHdopmaLmja i-Tor peTka (HeM3BecHOCT yiasa p Kaja je ussecaH u3nas q), a q;
HeHa BepoBaTHONhA, UM aHanorHo ob6pHyTO, Taaa cy:
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cpesitbe BpeAHOCTY MHbOPpMAaLIMja peaoBa 1 KonoHa KaHana K.

Csu KoedpuuMjeHTM xunep maTpuue KaHana HeHeratusHu cy (h;; = k;jp; = 0), a ruxos 36up je
jeannnua (X; j hi; = 1), na oHun yBeK NpescTas/bajy HeKy pacnogeny seposatHoha. Kako sehoj waHcu
(hij) onrosapa marba uHdopmaumja (— log h;;) v 06pHyTo, TO je ,— X, h;j log h;;“ ckanapHn npossog,
ABa HW3a og, no ,m - n“ ynaHosa. [lpyr1 penaTtmeHM nopesak jeaHor og TakBux H1M3oBa ysehahe
CKaNlapHM NPOU3BOA, aKO Ce HapYyLLIM NPaBuKIo ,Marn ca Behum” [12. EkcTpemm]. To 3Haum ga he u
XMnep mMaTpuua KaHana gpyrux koepuumjeHara h’ij KOMbBMHOBaHa ca oBOM AaTu Behy BpeaHocT
npateher ckanapHor npoussoga. [lajbe cneam NoHaB/bakbe rpagmMBa, Na To BOAMM Kao NpUMepe.

Npumep 1. Y npunory (Emergence I, Teopema) je jefaH IOKaHM A0KaA3 TOT CTaBa Y KOjeM Ce KOpUCTU
»oumnrnenHa“ HejegHakoct log x < x — 1, ogHoCcHO opauHaTa Yy, < y,, Koja ce BuAM Ha rpady, rae ce
BUAW N A3 jeAHAKOCT BaXKM aKO U CaMO akKo je
ancumca x = 1. Haume, cmeHama x = h';/hy;
3a h;j # 0 n cabuparem pobujamo

_Zijhij loghij < _Zij hij IOgh’ij.
To Ham roBopwm fAa he 3a 0Be maTpuLe BpeaeTH
,IPUHLUMI MUHUMaNM3ma“ nHbopmauuje, nam
aKo Ham je 3rogHuje pehu ,,npuHUMN Hajmarer
aejctea” Teopujcke pusnKe, ogHOCHO Aa yewhe
Hanasumo BepoBaTHUje gorahaje.
Ca ,,norpewHom” pacnogenom nHpopmaumja ce nosehasa. HbeH npuHUMNUjENHN MUHUMAIM3aM CTOra
je pasnor yapyusarba, o4, KBAHTHOT cnpe3arba 40 popmuparbe ApYLWTBEHUX OpraHn3auuja. Anrebpa
OBe TeopMuje je JaneKkor gomera.

Npumep 2. JeaHa oa, ,norpewHux” nipopmaumja 6una 6u u K, ; cxsaheHa kao cpefrba BPeAHOCT Heke
(3amuwsberbe) NpoceyHe paBHOMEPHE pacrnogese, Kaja je KombuHyjemo ca BepoBaTHohama fate

n n
—Z pjlogp; < _ZPJ'K*J'
j=1 j=1

aotyaa u(p) < u(P|q)- Ananorto pu(q) < u(glp). 4

Npumep 3. Cpegtba BpeAHOCT MHbOpMaLMje X1nep maTpuue KaHana je:

mn mn
u(hy) = - Z hijlogh;; = — Z hijlog(kip;) =

i,j=1 i,j=1

mn mn

i,j=1 Lj=1

n n n
= Z(K*,-pj_pj logp;) = Z K.jpj- Z pjlogp;
= = =

= u(qlp) + u(),
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7). u(®,q) = u(p) + p(g|p). Canuno ce gokasyje u(p,q) = u(q) + u(plg). d

Cape o3Hake H(*) Tpeba unTaTh Kao ,,eHTponuje KaHana...”, a oaawme U(*) cy ,cpeare BpeaHOCTH
uHbopmauumje...“. Y HoBOj , Teopuju nHpopmaumje” (NMwem HaBOAHOj, KOja je joll yBEeK Moja nNpuBaTHa)
ca cnoHTaHMM noseharbem TepmMoaMHaMMUKe EHTPOMNKje A01a3M 40 CMatbuBakba MHPopmaumje, 3a
Pa3NuKy o4 Tafallkbe U cagaltbe GM3MKe Y KOjoj ce NOHeKas Bepyje Aa Cy Te BeIMYMHE AUPEKTHE.

DedurHuumja 1. HaumH 33 noMmnpere HOBUX U CTapPUX TYMayera M 03HAKa Morao 61 6GUTK y NPOMEHMU
npesa3Haka Npu npenacky ca MHpopmaumje Ha eHTponujy u obpHyTO. TaKo je:

H(p,q) = —u,q), H®) =—-up), H(Q) =-uq),
H(plg) = —u(plg), H(qlp) = —u(ql|p).
OBge cy U nogpasymeBaHe cpeste BpeaHOCTU MHPopMaLLMje, OCMM aKo je Apyrayuunje peyeHo.

OBO je camo npeasior 3a ycknahusare NOjMOBa M 03HAKa eHTponuje n MHopMmaumje, Ha OCHOBY Kojera
61 ce cnepgehn npumep morao NoABeCTU NOA MHAYe NO3HATY Teopemy KnacuyHe , Teopuje nHpopmaumje
N KOMYyHWKauuje“ (B. NOMEHYTY MOjy UCTOMMEHY KhouTy).

Mpumep 4. 3a cBakM Nap pacnogena p 1 g 3a eHTPONMje Baxe penauuje:
H(p) = H(p|q), H(q) = H(q|p),
H(p,q) = H(p) + H(qlp) = H(Q) + H(P|9),
Hp)+H(@ =z H®, Q.

MpBa u Apyra HejegHaKoCT cnege U3 npumepa 2 u gedmHuymje 1. OHe nocTajy jeaHaKocTu, 36or
npumepa 1, ako 1 camo aKo je q; = k;j, wTto mHoxehw ca p; Aaje h;j = p;q;. Cpeae jeaHakocTv cy
HenocpeaHe nocneauue npumepa 3 1 gedpuHuLMje, anocnesta HejeHAKOCT M31asm cabuparbem npsee
aBe u cpearbux.

Ha npumep, AaTa je maTpuyHa jeaHakocT ¢ = Kp, 0AHOCHO cMCTeMm jeiHaumnHa:

() = 05 03 02 51
7/ ~ 105 07 08 pz

{‘h = 0,5p, + 0,3p, + 0,2p3
g1 = 0,5p; + 0,7p; + 0,8p;

rae je npecavkasarbe K:p — g, peunmo (0,6;0,2;0,2) — (0,4;0,6). Osae je 2?,}'3=1 kijp; = 1, naje oo
Xunep maTpuua KaHana. OHa pacnogeny npecavkasa y pacnogeny, anu 1a MaTpuua HUje CToXacTUYKa,
jep HeH Apyrv pea Huje pacrnogena BeposaTHoha. 36up koeduumjeHaTa teHor (K) apyror petka sehu
je og jenaH, na je HenpumerMB cTaB npumepa 1. OBaj npumep, mehyTrm, NprKas je KOMNIMKOBAHOCTU

OAHOCa yBegeHUX FIOjMOBa .
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15. KaHanmn KomnneKkcHux bpojesa

CmaTpamo i1 Teopujy KomnaekcHux bpojesa TauHom, oHn C cy oHAa HeKa BPCTa peasiHOCTU U Kao TaKBM
neo cy Teopuje Hpopmaumje. JeaaH og HauMHa NpM3HaBakba KOMNAEKCHUX 6pojesa je ,,3a0bunaxkere”.
MapanenHe peanHocTn HUCY ,cTBapHe” Beh ,,nceyno”, nav peuumo ,MmarnHapHe”, anun cy HemsbexHe
33 KOMNeTUpare MHGOPMATMYOT CBETA, je4HAKO Kao LWTO Cy KOMMJIEKCHM 6pojesm noTpebHU anrebpu.
MoKyLwajmo To pasymeTu Ha NpMMepY CBOjCTBEHUX BEKTOPA.

Martpumua poTaumje [03.] je peanHa, Mma camo peanHe KoeduumjeHTe, NPecanKasa peanHe BeKkTope (ca
peanHum KoeduLUMjeHTMMA) y peasiHe, anu OHa HEMa peasiaH CBOjcTBeHM BeKTop. CBakom he BekTopy
NPOMEHMUTU CMep, 3apOTUPATH ra, @ HE CaMo ra YMHOXaBaTi A nyTa. CBOjCTBEHM BEKTOP X NPeCcanKaH
MaTpuLom A ocTaje Ha UCTOM NpaBLyy, NPOAYKeH UK ckpaheH 3a HeKy CBOjCTBEHY BpeaHOCT, AX = JX.

Mpumep 1. CBojcTBEHA jegHa4YNHA poTaLMje, Ca KOMMIEKCHUM BEKTOPMMA (RZ = 12) haje:
cos@ —singl|xy (X
[singo cos @ (y) - ’1()1)

cosp—A —sing [x\ _
[ sin ¢ cosp — A (y)_o

(cos @ — 2)? +sin ¢ = 0
A1, =cos@ + ising = eti®,

a 0BO HWje peasiHo. 3a CBOjCTBEHE BEKTOP, CMeHOM nambam, aobujamo y = +ix, a To cy, Ha npumep,
jeanHMuHY BekTopn 7, , = (1 +i)/V2. 0

Kao WwTo 33 KomnieKkcHe 6pojeBe Koju ,,noberHy” nsBaH peasHor cucTema KoopamHaTa He CMaTPamo Aa
Cy OTMLLUNA Y ,,CBET KOHTPAAMUKLMja“, HETAYHOCTH, TAKO HM 32 UMarMHapHa, UixM KOMIMJIEeKCHa peLlea
du3nKanHMx cuTyaumja Hehemo pehu ga cy u3BaH cBake peasiHoCTy.

LLITo ce TMYe poTaumja, U3 NpMmepa BUAMMO Aa He Tpeba nhu gasbe of KOMNIEKCHUX CBOjCTBEHMX
BEeKTopa (oHMX Koju ,, Tpajy“), a Kako ce nomohy poTaumja mory 4obujaT cBe ocTasie USOMETpUjcKe
TpaHcdopmaumje (Koje 4yBajy yaasbeHocTU nsamehy Tauaka), To ce ,,Tpajatba” Kpos cee GU3NKaNHO
3aHMM/bUBE NPOLLECe MOTY CBECTU Hajaa/be Ha KOMNIeKCHe bpojese.

[pyrv HaumH Aa [OKAKEMO UCTO je NoMohy OCHOBHe Teopeme anrebpe, Aa cBakM NOJMHOM MMa bap
jeiHy Hyny, pelletrbe Y CKyny peaaHux UanM KOMNAeKCHUX 6pojeBa, U3 Yera cieam ga NoAMHOM n-Tor
CTeneHa Mma mn pellerba M Aa Cy CBa Hajfas/be KOMMJIEKCHA. 3aTMM NPUMETUMO Aa je KapaKTepuUCTUYHa,
CBOjCTBEHA jeAHa4YnHa (M - li))? = 0, rae je A cBOjcTBEHA BpeAHOCT MaTpuue Max oarosapajyhu
CBOjCTBEHW BEKTOP — 3aMnpaBo MNOJIMHOMCKA.

Tome 4043ajMO A3 je (ancTpaKTHKU) NPOCTOP MaTPUYHUX penpeseHTaumnja eKBUBANEHTaH IMHEAPHUM
onepaTopuma, a A4a Ccy NoABPCTM OBUX (XunbepToBoj anrebpu) penpeseHTalmja KBaHTHa CTakba
(BeKTOpK) 1 KBAHTHU Npoueck (yHUTapHM onepaTopw). Teopuja MHPOpPMaLMje OBOM Tpajakby CTakba
(seKkTopa) Kpo3 Npouece (onepatopa) NpUAPYKYje WeTHE, Tj. 041aCcKe U A0NACKE U3 NCeYA0 PeanHoCTH
y Tekyhy cagalHocT.
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0631poM Ha orpaHMYeHy BP3MNHY CBETIOCTU, HU CYMPOTHUN KPajeBM MOE MAKPO Tena HUCY Y UCTOj
cagawoctn. Ocoba Koja ceam nopes caroBOpHMKa HMUKaZa My HUje A0BO/bHO 6113y ga bu bux aBoje
MOrn BUTK y Ta4HO UCTOj peanHocTH, Aa 6y oHO LWITO Yyje Buno ynpaso ,caga“, TayHo Taja Kajaa je u
W3roBOpPEHO. A ,peasnHOCT” NPOLLNIOCTU BPCTE je Nceyao PeasHOCTU BPeMEHCKUX ANMEH3U|a.

Kafia MMamo [1Ba CBOjCTBEHA BEKTOPa, X1 U X5, HEKe CBOjCTBEHe BpeAHOCTM A aaTor onepatopa A, oHaa
je 1 rbuxoBa AMHeapHa KOMBUHaUMja X = d,X; + d,X, Takohe CBOJCTBEHM BEKTPO MCTE CBOjCTBEHE
BPeAHOCTM UCTOr onepaTtopa. Haume:

A?? = A(alfl + azfz) = alAA(fl) + azAA(fz) = al/lfl + azﬂufz = /1(6113?1 + az.)?z) = l??

To 3HauM Aa CBOjCTBEHM BEKTOPM pasanuiby NOTNPOCTOPE CBOjCTBEHMX BEKTOPA. Te BEKTOPCKE NpocTope

Ha3MBaMoO ,,CBOjCTBEHMM MOTNPOCTOPMMaA“ maTpuue (Kao 1 onepatopa) A.

PeanHoCTM 1 Nceyao peasHoCTH, Y OKBUPY KOjUX Halle cafallHbOoCTH ,weTajy”, YMHe jefaH 3aTBOPEHMU
cucTem ,Tpajakba” npoueca, y 04HOCY Ha AaTe ONepaTope M HUXOBE CBOjCTBEHE BpeaHOCTU. Teopujom
rpadoBa moryhe ux je NpuKasMBaTh aHa/IOTHO YA PYXUBAY jeAUHKN Y KONIEKTUBE, UK YONLWTE Y jeaaH
CMPErHyT! cMCTeM Noa/erao NPUHUMNNjENHOM MUHUMANN3MYy MHbOopMaLmje.

Y HacTaBKy nornenajmo jegHy fo6po No3HaTy 3aHMM/bMBY TEOPEMY O KOMYTAaTUBHOCTU OnepaTopa U
WHBapWjaHTHOCTM BeKTopa. Moaceham, onepatopm cy KOMYyTaTUBHM, AaKO HUXOBO AE/10Batbe HE 3aBUCU
ofa pepocnena. NoanpocTop je HBAPUWjaHTaH NPema IMHeapHOM OnepaTopy ako My U Konuje Nnpunagajy
noanpocTopy.

Teopema 1. Kapga ABa KOMmyTaTMBHa onepartopa, Man matpuue ABe€ (X = X), npunagajy ucrom
BEKTOPCKOM NpPOCTOpY, Na akKo je Xy < X cBOjcTBEHM NOTNPOCTOP MaTpuLe A oHpa je oH MHBapUjaHTaH ¢
0631pom Ha B.

Jokaz: Uz Axy = Ax,, cnegn A(Bx,) = B(Ax,) = B(Ax,) = 1BX,, wro 3Haum pa sektop Bx, € X,, Tj.
X, je HBapujaHTHO c 063Mpom Ha B. m

NMpUMerbeHOo Ha NPOLLECEe MUKPO HeCTMLA, KOMYTaTUBHOCT 3HA4M CPOLHOCT, CNPErHYTOCT. Y TEOpUjU
uHdopmaumje To je ,uctoBpemeHocT”, nogceham, Koja he ce nocmaTpavy Koju Huje UCTOBPEMEH ca

OOTUYHUM YMHUTM Kao ,,GaHTOMCKO Ae/loBame Ha gasbuHy”, ycknahuearbe 6e3 npeHoca nHbopmauuje.
Ca apyre cTpaHe, XajseHbeprosux penaunja, To 3Hauym ga Hema HeogpeheHocTy, (AB — BA) w=0.
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16. ViHBep3Ha maTpumua

Anrebpa Hac yuu Aa CUCTEM 1L IMHEAPHMX jeAHAYMHA Ca UCTO TOJIMKO HEMO3HaTMX MMa jegHaKe CKyrnose
pelletba Kao U kemy oarosapajyha matpuuHa jegHaunHa (Ax = y). [JoBO/bHO je fa AeTepMUHaHTa Te
maTpuLe 6yae pasnuunta og Hyne (det A # 0) aa nocToju MHBEP3aH cucTem jegHaumnHa (X = A~1y)y
KOjem ce opurMHanu uspavyHasajy nomohy konuja. Mpomssoam TakBUX Cy jegMHUYHA MaTpumLa:

MehyTum, ako cy HU30BM OpUrMHana 1 Konuja Bapujabau (X, y) pacnogene seposatHoha, oHaa he ce
[EecuUTU HapyLllaBakbe 0BOr nNpasua. Bugenu cmo [11.] Toy cayyajy BpeaHOCTU AeTEPMUHAHTU U3Mehy
O wn 1, jep Taga maTpuLLa KaHANa CyXKaBa BPeAHOCTU yNa3HUX pacrnogena, CMakbyje aucnepsujy, Koje ce
Bpaharbem Hasag BuLLE HE MOy NONPaBUTMU.

PasmoTpyMMO peyeHo NoaKo Ha jeHOCTaBHOM CUCTEMY [BE jefHAauYMHE U ABEe HEMO3HaTe, Npu Yemy
hemo 4,03B0MTU KOMNNeKcHe bpojese 3a koeduuumjeHTe. [art je cuctem CZ = C, OAHOCHO:

{C11Z1 t €122 = C13
C21Z1 + C22Z3 = Cp3

na npBY MHOXMMO Ca Cy5 APYTY Ca C15 Y O4Y3MUMO WX 43 ENMMMUHULLEMO Z,. AKO BUCMO MPBY MHOXKWUIM
ca Cyq a APYry ca Cq1 VI 04y3e/u, eIMMUHUCaAM bUcMmo z;. Tako HanasmMmo:

{(011022 — C21C12)Z1 = C13Ca2 — C23C12
(€11€22 = €21€12)Z2 = €11C23 — C21C13

|011 C12| _ |C13 C1z|
€21 21T Tlcz 2
|011 C12|Z _ |C11 C13|
C21  Cp21 ™2 C21 C23
D " Zl = D1
{D "z =D,

OBo je T3B. KpamepoB cucTem U3 Kojer ce BUAM Aa Y CyYajy HyjiTe AeTepMuMHaHTe cuctema, D = 0,
MMaMO NPOMNOPLMjY C11:C1z = Ca1: C2z, NA @aKO BaXKM U AyrKa NPOMOPLUNja C11: C12: €13 = C21:C22: Ca3
CUCTEM je carnacaH U nma 6ecKkoHayHOo peLlera, a MHaYe je Y KOHTPaaAuKLMjK (Hema pelwersa). Kaga je
LeTepMUHaHTe cucTema pasnmuute og Hyne, D # 0, noctoju jeanHcTBeHO pelerse. To je oBae nap
6pojesa z, = Dy /D,3a k = 1,2. AHanorHo Baxw 3a BULLIE jeAHAYMHA U jefHAKO TOME HEMO3HATMX.

CTaBMMO /I fia CY Ha AeCHOj CTPaHU jelHauMHa AaTor cucTema Bapujabne y; = €13 U Y, = Cp3, Y CYYajy
jeAMHCTBEHOTr peletsa, Kaga je moryhe aeswetrbe (D # 0) 6uhe:

1
Z = 5(sz3’1 — C12Y2)

1

Zy = 5(0113’2 — C21Y1)

(=512 220y
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i=Cy
na je C ! uusepsHa matpuum C. 3aucra:
A1 = l C22 —012] [C11 C12] _
DL=C1  C11 1lC21 €22
_ 1[022011 — C12021 0 ]
D 0 C22€11 — C12€21

=1

“plo D

1D 0] _ 0]

0 1
aTo je jeanHMYHa maThua (2 X 2). Canuro nposepasamo CC~1 = [. LLITa je oHAa TeLLKO ca MHBEP3MjOM
pacnogena, NorneaajMmo Ha MPUMEPY KBaHTHO MEXaHMYKOr TyMauetba BepoBaTHohe.

M3 ropmer cuctema jegHaumnHa, 3a k-Ty KOMMNOHEHTY Bapujabae uMamo:
lyill = |2j ijZjl < eIzl = ¢,

roe je npumerseHa LLisapLoBa HejegHaKocT, jep je pacnogena seposaTHoha HopmupaHa, ||z]| = 1, a
peanHa KoHCcTaHTa k-Tor peTka matpuue ¢ > 0. 360r ||y |l < ¢k, ako je ¢, < 1, oHaa n3nas (y) Huje
pacnogena. A aKo je ¢, > 1, oHaa ynas (z) Huje pacnogena (cneam u3 uHeepsHe matpuue). Ltasuwe,
aKko 6ap jesaH og oBux 6pojeBa 3a pegose HUje jeaaH (¢, # 1) Hemamo npec/MKaBake pacnogena
[aTOM MaTPULLOM, MAKO OHa MMa MHBEP3HY MaTpuLy.

[akne, nnHeapHa anrebpa maTpuLa KaHana y cyyajy Npec/inKaBarba pacnogesa BepoaTHoha cyoyasa
Ce ca Jo4AaTHUM orpaHuyerbem. To je MoryhHOCT ersucTeHunje MHBEepP3He MaTpULLE, a 4a NPY TOME Huje
moryhe WMHBEP3HO Npec/nKaBare.

OBae cmo pa3maTpanu camo reHepanusauujy ,peanHe” (knacuyHe) Teopuje BepoBaTtHohe Ha
»KOMMIEKCHY", Ha HAaUYMH KBAHTHE MmexaHuKe (bopHOB 3aKoH). MpumeTUTe 4a Pe3ynTaT HUCY AOC0BHO
npeHeweHn. Tamo [11.] cMo NPUMETUAN OrpaHUYEeHba Kaga ce peaak (KoioHa) He cacToju o jeaHe
jeavHuLE M CBMX OCTANMX Hy/a, @ OBAE Kaja reHepasncaHu Huje jeAMHUYHE HopMme.

Ha Kpajy ceTumo ce Aa je ZeTepmMrHaHTa NPou3Bo4a MaTpULa jegHaKa Npon3Boay AeTePMUHAHTY TUX
MaTpuua, 3aTUM Za YC10B HOPMMPAHOCTM pefaKka AaTe MaTpULEe 3HaYn MU HOPMMUPAHOCT Came MaTpuLLe.
TaKo A0Na3nMMOo A0 YHUTapHMX MaTpu1La, Koje cy cnegeha Tema.
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17. YHuTapHa matpumua
MaTpuua je yHUTapHa Kaaa joj je AeTepMUHaHTa jeAnHUYHa, det U = 1. Ako je U YHUTApHa, OHAa 13
det U = 1 koryrosarem® cnean det U* = 1, na je u tbeHa KorbyrosaHa matpuua U* yHuTapHa.

Mpumep 1. [poBeprMo 0BO HE NpMMepy ONLWTE YHUTAapHE MaTpuLe apyror peaa:

oo =12 dlly &l=le Tay o faal

Kako je detU = 1, 1o je ad — bc = 1,a otyga a*d* — b*c* = 1. 3atum:
detUU* = (aa* + bb*)(cc* + dd*) — (ca* + db*)(ac* + bd*) =
= (aa*cc* + aa*dd* + bb*cc* + bb*dd*) — (ca*ac* + ca*bd* + db*ac* + db*bd*)
=aa*dd* + bb*cc* — ca*bd* — db*ac”
= (ada*d* — adb*c*) — (bca*d* — bcb*c*)
=ad(a*d* — b*c*) — bc(a*d* — b*c*)
= (ad — bc)(a*d* — b*c*) = 1.

Npema Tome det UU* = 1. Ca apyre cTpaHe, AeTepMMHaHTa NPoM3BOAa MaTPULA jeJHaKa je Nponssoay
AeTepMUHaHTY TuX mMaTpuua, n det U* = 1.

3ameHa pegocaesa MHOXeHa faje C/IMYHO det(U*U) = 1, a KotbyroBareM NPOM3BOAA [,0O6MjaMO UCTH,

(17*(7)* = (U*)*(ﬁ)* = UU*. Otyga U* = U1, 7j. KorbyrosaHa yHUTapHa MaTpMLa je U 1Bep3Ha.

Mpumep 2. 13 jeaHaKoCTU:

00 =12 ally &l=lee Tap o vaal=lo 7
a* c*”a b]= a‘a+c'c a'b+c'd =[1 0]
b* d*llc d b*a+d*c b*b+d*d 0 1
cneaum:

{aa* +bb*=cc*+dd" =a*a+c’c=b'b+d'd=1
ac*+bd*=ca*+db*=a'b+c'd=b*a+dc=0
M3 npBe yeTnpwu, ogysmmarnuma Hanasmmo aa* = d*d v cc* = b*b, a 3aTum ga cy 0BU AnjaroHanHu
KoedUUMjeHTM 3apOTUPAHM 33 HEKM Yrao 1 CBa YeTUPU Ha jeAUHUYHO] KPYXKHULM KOMMIEKCHE PaBHU.

CMeHOM Yy lokbe YeTUpu Hanasumo d = a‘e’uc= —b*ei‘p, rae je ¢ npoussosbaH peanaH 6poj (yrao)
ulal? + |b|? = 1. Npema Tome:
—~ —~ * —ip
U=[ ili *b]l U*=a be'
—b*e'? qg*e'?® b* ae”t®
! KomnnekcaH 6poj je z = x + iy, rae cy X ny peanHu 6pojesu, a 3a UMarMHapHy jeAuHULY BaXKu iZ=—1. Hemy

KokbyroBaH 6poj je z* = x — iy.
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e e 710
00" =00 =, 1].
Oakne U1 = U*, oBa yHUTapHa MaTpuLa U teHa KorbyroBaHa mehycobHo cy uHsepsHe.

KomnneKcHa KBagpaTHa maTpuua pegan = 1,2, 3, ... Koja KomyTupa ca KotbyroaHom, M*M = MM,
HasmBa ce ,,HOpMaJHOM", a HbeHe CBOjCTBEHE BPEAHOCTU NIEXKe Ha jeANHUYHOj KpYXKHMUN. Mpema Tome,
YHWUTapHa mMaTpuua je HopmanHa. 36or U*U = [, penosu (KonoHe) oBe MaTpuLLe YMHE OPTOrOHANHY
a3y NpocTopa BEKTOpa ca KOMMAEKCHUM KoeduLmjeHTUMa. [,o4aTHO, 3aTO LTO je MHaYe AeTepMUHAHTa
NPOV3BOAa MaTPULLA jeiHaKa MPOMU3BOAY HUXOBUX AETEPMUHAHTH, YHUTapHA MaTPULa je U30MeTpUja,
OHa He MeHba MHTEH3UTET BEKTOPa Ee/10BaHEeM.

MocebaH cnyyaj cy yHUTapHe MaTpuLLe KOje KohbyroBakbe He Merba. Kog 0buyHumx 6pojesa, matpuua
peaan = 1, ako je z = z* oHga je 6poj z peanaH. Kog matpuua pega n = 2 v seher, koeduunjeHTn
mory 61T KomnaekcHu, nako je U = U*, kao wto hemo Bugetn y cnegehem npumepy Kog, Nayanjesux
maTpuua. Mpu Tome NPUMETUMO fa Cy CBE YHUTapHe MaTpULLEe HEKU KOPEHE jeaMHUYHE MATPULE, a TO Cy
HAaPOYUTO MATPULE jelHaKe CBOjUM KOHYrOBaHMM. YHUTapHE MaTpuLLe ce Y TOM CMUCAY MOTY CMaTpaTu
reHepanusauujama MNaynunjesumx.

Npumep 3. NMayanjeBe MaTpULe cy KBaApaTHE APYror peaa Koje peluasajy jeAHaunHy o2 = [.To cy:
~ _[0 11 .~ _[0 —=i1 ~ _[1 O
0"‘[1 0]' Gy_[i 0]' 9z = [0 _1]

LITO je 1aKo NpoBepuTU. OHE ce MHOro KopucTe y KBaHTHOj dumaunum. 1

NMpumep 4. NaynnjeBe MaTpULE Cy pellere MaTPUUHe jedHaunHe 62 = I,a KBAaTEPHMOHM

peletbe jeaHaunHe §2 = —I. Ako npsy pelwasa maTpuua &, Apyry pelwasa § = i6. Npema Tome,

YMeCTO MaTpuua U3 NnpeTxoaHor npumepa MMamMmo HeETUpPU maTtpuLe:

@x=[? (l)]r qy = _01 é]' 6Z=[(i) —Oi

KOje Ha3nBamo ,KBaTepHMoHMma”. [

Oetasbe o MaynnjeBMm maTpuuama M KBaTepPHUOHUMa NorneaajTe y Mojoj Kkbuau ,, KBaHTHa MexaHuka“,
Ha npumep cTp. 129.
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Il Jeo: MHbopmauuja nepuenumje

Npeja ,mHbopmaLmie nepuenuuje" y mojoj uctoumeHoj Kinsm (2016) je Harnawasarbe onaxkara. OHO
LWITO Cce ,,AellaBa” je OHO WTO UHTeparyje, WTo Wasbe Uan npuma GUsnYKa AejcTea, a Aa je 7O yjeAHO OHO
WTO pasmemsyje (pm3nuke) MHGopmaLmje, 0o4HOCHO KOMYHULMPA.

[a 6u naejy Tor ,AejcTea” ocMucanam Kao ,,uHpopmaumjy”, Tpeba Ham ,,06jeKTUBHOCT Cay4ajHOCTU U
mepeme ,,KonndmHe onumja“. OBM NOjMOBM Kao Aa NOCTOje y MO3HAaTMM Teopujama, anun npumeTtuhere
OHM Hemajy TayHO OHa 3HayeHa Koja Ham caga Tpebajy. MoTpebHe cy Ham 6osbe NOCTaBKe Be3a OHOora
LITO HasnBamo peasiHowhy, HenssecHowhy, moryhHocTUMma 1 onaxajuma. Cee hemo Mx noaBecTy nog,
nHbopmaumje.

Ako A n B mory ,KomyHuLMpaTK®, Taga u camo Taga pehu hemo aa cy A u B y3ajamHo ,peanHun”. Kaga
OHW MOTY HEMOCPEAHO KOMYHMLMPATK (LUTa rod TO 3Ha4YWUI0), HenocpeaHo cy peanHu. Kaga A moxke
KomyHuumpaTtu ca C, a C ca B, ann Hema KomyHuKauuje nsmehy A u B, Hema HenocpeaHe KOMyHUKaumje
W Hema HenocpeaHe peanHocTu. OBo cBohere peasiHOCTU Ha pasmeHy MHdopMaLLMja NaKko ce npeHocu
Ha eKBUBaseHUMjy MHbOPMaLIMje Ha MHTEPAKLM]Y, BaXKaH KOpaK y Teopuju nHbopmaLmje nepuenumje.

NHpopmaLmjy nocmMaTpamo Kao rpagMBHO TKMBO NPOCTOPA, BPEMEHA U MaTepuje, a CaMy HeHY CYLUTUHY
BMAMMO Yy HemsBecHocTW. Beh 360r Tora u nomeHyTe aeduHUUMje peanHoCcTM, HeM3BECHOCT Mopa BUTK U1
06jeKTMBHa M penaTrBHa. MpBO 3HaYM NOCTOjakbe MaKap HEKMUX HecarneauBuX OMLMja 3a CBakK cybjekaT
onaKkarba PeasHoCTH, a APYro 3HAYM 3aBMCHOCT ,HecarneanBocTn” og aator cybjekta. 3a cxBaTatbe OBOr
»ancypza“ HaBoAMo cam NpUMmep SI0BLLA KOjW I0BU KoMKamMa M iyKasowhy AMB/bay, Koja Npu Tome Huje
y CTakby NpesBuaeTH (pasymeTu) WwTa joj ce cnpema.

To je KOHLENT KojeM jow ,,camo” Tpeba maTemaTuyka popma. 3alTo MaTeEMATMYKA — MUTAO Me je jegHOoM
Konera, anyampajyhun Ha gonpuHoc ¢mnosodmjm —3aTo WTO HE NO3HAjEMO HUKAKBO APYro YMOBaHE Koje
61 morno ¢punTpupaTh anconyTHe UctuHe. MeTtoaa feaykumie 6e3 metTone KOHTPagMKLMje janosa je, a
0Ba Apyra, Ha Ba/baH HA4YMH, KOPUCTU Ce jeANHO Y MaTeEMATULMN.

Enem, KONMUMHY nepuenumje youeHor cybjeKkTa y 4aTUM OKOJIHOCTMMA, AaK/1e HEKM NPETNOCTaB/beHU
06um pasmeHe nHGopMaLMje TaKBOTr ca OKOJIMHOM, Ha30BMMO ,MHbOpMaumnjom nepuenuuje” (S), moh
KOHTpO/ie onuuja aaTor cybjekTa Ha3oBUMO ,MHTenureHunjom” (1), a cnocobHOCT oKONMHE Koja ra npwm
TOMe cnpeyasa, cnyTaea ,xujepapxujom” (H). HaBoaHMKe noapasymeBamo, jep 081 Nojmosu HUcy baLw
OHM Ha Koje 0BMYHO MUCIMMO, jep 3HAMO A3 YeCTULLa-Tanac KBaHTHE MeXaHWKEe HEMA UHTEINTEHLM]Y HU
pPeLUMO APYLUTBEHY XMjepapXujy Y KOjOj KnBH.

[Jasee, npyumeTMmMo Aa cnocobHOCT cybjeKTa Aa KOPUCTU pasanymTe onunje (T3B. UHTENUTeHLMja) pacTe
ca mohu nepuenuuja (S), a onaga ca orpaHNUYeHMMa HAMETHYTM 04, CTPaHe oKpyKemwa (H). YnpowheHo
moxkemo ctaButn I = S: H, ogHocHO S = [ - H. MehyTum, OKONIMHA MoXKe BUTK C/I0XKEHW]a, a U cybjeKT
onaarba, na je oy popmyny notpebHo Buaetm kao geowmpe S =1, -H, + 1, - H, + I3 - H; + -+, rge
cy dakTopm cabupaka I, u H,3a k = 1,2, 3, ..., NPeTX04HO ONUCAaHOr CMUCAA, EBEHTYAIHO NapuUmjaiHK
na u mehycobHo (3a pasnnunte nHaeKce k) He3aBUCHM.
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18. YHUTapHM npoctopu

YHUTapHe oneparope IMHeapHa anre6pa p,ed)MHMLIJe Ha T3B. YHUTAPHWUM NPOCTOPMMaA, a OBU CY, NPOCTO
peyeHo, BEKTOPCKMU NPOCTOPU CHabaeBeHM CKaslapHUM NMPOM3BOA0M BEKTOPA. Bule nyTa cam HaBoamMo
Te A04aTHE aKCMOME Koje BEKTOPCKMU MPOCTOP MOFY YYUHUTU , YHUTPAHUM®, @ CIMYHE MOXKETE HAaNasnUTU
CBYKyAa. EBO HekonmKo npumepa.

Mpumep 1. Heka je X BeKTOPCKM 3-4MM NPOCTOP YCMEPEHUX Ay JekapTosor npaBoyrnor cuctema
koopauHaTta Oxyz. [laTa cy ABa BEKTOpa G = Ayl + ay] + azk mb = byl + byj+ b, k raecy i, ju k
jeAMHNYHM BEKTOPM KOOPAMHATHUX oca (opTosu). Kpahe nuwemo a = (ax,ay,a;) v b= (by, by, by).
Ha cmum neso, OA = @, OB = b, 4(&, I;) =@,
WTO je yBek moryhe, jep Ma KOJIMKO gMmeH3uja
MMaO0 CUCTEM KOOPAMHATa [iBa BEKTOPA /iexe y
jeaHoOj paBHW.

OkomwuTa, T3B. OPTOrOHaJIHA NPOjeKLMja BEKTOPA
OB Ha BEKTOP mje W, WMHTEH3MuTETa
|W| = |ﬁ| cos @
na je Npou3Bo4, UHTEH3UTETA NPojeKLmje jegHor
BEKTOpPA Ha Apyru u apyror
04 - OB = |04][0B] cos ¢

UcTn pesynTaT gaje u MHTEH3UTET NpojeKLnje BeKTopa 0A Ha OB mHoxeH ca |ﬁ|

CKanapHM NPOM3BOA 0BUX BEKTOPA (YCMEpPEeHMX AYXK) je Mpon3Boa, UXOBUX MHTEH3UTETa U KOCUHYCa
yrna usmehy rwux, a b =|al |E| cos 4(&, B), a payyH gasbe NnoKasyje fa ce UCTO MOKe HanmcaT camo
nomohy KoopanHaTa a b= axby + ayby, + a;b,. Y cpearb0j WKOMM Ce yun 3aLTO Cy Te ABe BPegHOCTM
yBeK jeaHake.

KomeHTapucahy yKpaTKo TayHOCT 0Be AedUHULMje Y OA4HOCY HAa aKCMOME YHUTAPHUX NPOCTopa, Npema
nedbvHnumjn 1.2.46 moje Kroure ,,KBaHTHa mexaHuKa".

KorbyroBaHa cumeTpuja: (& . E)* =b- a, ounrneaHa je 063Mpom aa cy KoepuumjeHT peasHu.
ALMTUBHOCT NO APYrom apryMmeHTy: U3 AMCTPUBYTUBHOCTH, A * (I;l + I;z) =a- 51 +a-b,.
XOMOreHOCT No Apyrom aprymenTy: 36or a - (/IE) = Aa-b.

Mo3nTBHA AedUHNUTHOCT: @ - 4 = a2 + af, + a2 > 0, pesynTar je Takohe No3nTUBHe

el N

nedUHUTHOCTM KBajpaTa peasHnx 6pojeBa, a U3 UCTOT CNeAm U Nociesrba,
5. aKkcMoma o camo-okomutocT: a-a = 0<a = 0.

JopaTHo, NpMMEeTMMO [a CKaNapHM NPoU3BOSA BEKTOPA p(&, B) =a-b pacTte ca cMarbMBakbeM yrna @
nsmehy Hbux, jep KOCUHYC Taga pacTe, a YBeK je p(d, E) < |&||B|, 360r |cos @| < 1. A jegHaKkocT Basku
aKo 1 camo ako @ = 0, Tj. ako cy BeKTopu nctor npasua. OBO 3HaYM Aa BEKTOPMMA jeANHUYHE AyKMHE
CKanapHu npomssog Huje sehu og jeanHuue n Aa je moryha tMxoBa BEPOBAaTHOCHA MHTepMpeTaumja.
Matbm yrao nsmehy rux nHTepnpetTMpahemo 60/b0M ,aganTaunjom”, a pacT CKasaapHoOr Npons3eoaa
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Taga 3Haumhe nopact BepoBaTHOhe y cayyajy ,,yAPYKMBakba“, Aakne AocneAHO NPUHLMIMMA Teopuje
nHbopmaumje.

Kaga ckanapHu NpousBoa NpUMetbYjeMo Ha CKNOHOCT NPUPOAE Ka BepoBaTHMUjUM UCXOAMMA, O4HOCHO
Ha pa3Boj Ka Mah0j MHbOopMauuju, nogceham aa [05.] npomnssoa p = p(d, I;) YBEK MO}EMO pasymeTu

Kao BepoBaTHOhy p = 1/n HEKMX N jegHAKO BEPOBATHMX UCXOAA U U3padyHaTM MHbOPMaUMjy HA HauMH
XapTauja. Taga tux ,,3amuLL/beHNX” n oHa usHocu h = log, n = —log, p. basa b noraputma ogpehyje
jeanHnuy mepe nHpopmaumje, peuumo bitsa b = 2, unnnatsa b = e = 2,71828.

MNpumep 2. HeKa cy uq, Uy, 3 NO3UTUBHK BpojeBUn 1 X BEKTOPCKM NPOCTOP OPjEHTUCAHUX VKU, Kao Y
npeTxoaHom npumepy, Taaa je (d,b) = pya by + paayby, + pza,b, BpcTa ckanapHor NPouU3BoAa
BekTopa. [

CAMYHO NPETXOAHOM M OBAE Ce 1IaKo NPoBepaBajy akCMOMe YHUTapHUX NpocTopa. KoryrosaHa
cumeTpuja, (E, a)" = (El, E), ounrnegHa je 36or KomyTaumje MHOXeHa U peanHocT KoedpuuujeHara.
Takohe aguTusHocrT, (a, b, + BZ) = (a, 51) +(a, EZ), Kao 1 xomoreHocT, (a, AE) = Ma, E), no Apyrom
aprymeHTy. MosuTueHa aedbuHutHocT, (@, a) = 0, cneam U3 NO3UTUBHOCTM KoeduumjeHaTa [y U 0cobuHa
13 NPETXOAHOr NPMMEpa, a OTyZa M CaMO-OKOMUTOCT Hyne, (a,a) <> a = 0.

MpUMeTMO fa Ce CKalapHM NMPOU3BOAU N1aKO NPEBOLE Y METPUKE, Meperba MHTepBana, Uan pacTojarba
namehy TayaKka. Taga oHM He nocTajy Behu Kaga cy BekTopu bosbe ,agantupanun”, seh HanpoTne Mmarsu.
[a 6w ce To gecnno noTpebHa je y3ajamHa 3aBUCHOCT BEKTOPA CMPErHYTMX Y CKaJlapHOM npouv3soay, Aa
mehy dakTopnma cabupaka ,,BMLIE jefHOT 3Ha4YM Matbe gpyror”, OunrieaHo je Aa To MOXKe 1 NOKBapUTK
Urpayky, aan 4a Takee (He NPUMETHO Ha oBaj Hauu) Beh noctoje y dmsnum. Ha npumep, XajseHbeprose
penaunje HeoapeheHOCTU cy TaKaB Cyyaj.

Hanme, ako cy KomnoHeHTe npsor BekTopa HeoapeheHocT umnynca Apy, Ap,, v Ap,, Ay NpaBaua 4nje

cy HeoppeheHocTn Ax, Ay n Az KOMNOHEHTe APYror BEKTOPA, OHAA ,,CKaIAapHM NPOU3BO4" TUX BEKTOPA
s = Apy - Ax + Ap,y, - Ay + Ap, - Az Texun y3umarby MUHUMaNHUX BpeAHOCTK, jep Beha HeoapeheHocT
MMMyJ/Ica Tanaca-v4ecTuue 3Ha4Yn marby HeoapeheHOCT HeHor NoN0XKaja u 06pHYTO. MehyTnm, Kako je
nojegnHo Ap marbe WTo je Ax Behe, TO He BaXKu Apyra o4, akcMoma CKaflapHOr Npom3Boaa (aAUTUBHOCT),
anu ce nomohy oBor Mmoxe gedpuHucatn p = e~ 5, Tako aa je s = —In p, npy 4emy ce 0BO p NOHaLLA Kao
BepoBaTHoha M y CKaAy ca akcMoMama CKaslapHOr NPpou3BoAa.

Npumep 3. Y n-A¥MEH3MOHAIHOM BEKTOPCKOM NMPOCTOPY N-TOPKK KOMMNaeKcHUX Bpojesa C™, BekTope
x= é‘k]] ny = [[nk]] YAPYXMMoO uspasom (X, y) = & 17; + &, i, + -+ & 177 1 OH nocTaje ncnpasHo
neduHUCcaH ckanapHu npomssoa. NMpumeTumo aa 6e3 Kokbyrosara Apyror Gpaktopa (y cBakom o4
cabupaka) gedvHuumja He 61 Basbana. [

Mpumep 4. BeKTOopcKM NpocTop HenpeknaHux dyHkumja x, y € C(a, b) Ha KoHauHom uHTepsany [a, b]

MMa CKaflapHu Npon3Bog nHTerpan (x,y) = f; x(®)y*(t) dt.Q

Mpumep 4. je NnpeHelleH 3. npumep Ha 36upoBse (MHTErpan) MUHGUHUTEIUMANHUX BENNUYMNHA.
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19. MeTpunyku npocTopm

BAM3aK Nojam BEKTOPCKOM MPOCTOPY je MeTpuyku npoctop. hbera unHu amopdaH ckyn X Koju caga
Ha3nBamo Ta4ykama (nNpeTxoAHo BeKTopMMma). Tauke cy n-Topke 6pojesa, 04HOCHO KOOPAMHATA, Ko Ha
npumep X = (&, &,, .., &) My = (17, 1, -, 17,,), 4njem je ceakom ypeherom napy (X, y) npuapyxeH
6poj d(X,y), T38. AMCTaHUa, UK yaa/beHOCT Mmehy HiMa, 3a Koju Baxe cneaehe akcmome:

1. WaentnuHoct: d(x,y) =0 X = y;

2. NosutueHoct: 0 < d(x,y) < +oo;

3. Cumetpuja: d(x,y) = d(y,x);

4. Hejepnaroct Tpoyrna: (Vz € X) d(x,y) < d(x,z) +d(z,y).

Pepocnes akcnoma je gedmHunumje 1.3.1 n3 moje Krbure ,KBaHTHa MexaHuka“, ctp. 189. Tamo je peyeHo
MyHO Tora WwTo 61X 0BAE MOrao NpenucaTh, a camo HewTo og Tora hy cnomeHyTu. Mpe ceera, pegom cy
TO Al0Ka3aHe HejeaHaKoCTU: JaHroBa (nema 1.3.2), Xengeposa (Teopema 1.3.3) u MuHKoBCKOT (Teopema
1.3.4). 3aTVM joLU HEKOJIMKO 33 KBAHTHY MEXaHWUKY BaXKHUX Teopema PpyHKLMOHAHE aHaIN3e, Kao U
npUMepu MeTPUYKUX NpocTopa.

3a KOHKaBHe QYyHKLMje BaXKu Aa ce rpad Hanasm U3Hag, AyKM1 Koja cnaja teHe [ABe TauyKe, Kao Ha CavLm

t A-f0) +tfQ) < f((1—Ox +ty).

JloraputamcKa ¢PyHKLMja je KOHKaBHa, Na je
1 1
(1 —t)logai-t + th'/t < log ((1 —t)al-t + tbl/t)

3acee a,b = 0. Ha nesoj ctpanu je log(ab), a otyaa
P q

ab<“ + b—,

P q

1,1
raep>1,g>1wm > + P 1. JegHaKoCT BaXu ako 1 camo

y ako aP = b?%.To je JaHroBa HejegHaKOCT.

Cras/bajmo y JaHroBy HejeAHAKOCT a = |ak/(2j|aj|p)1/p| mb = |ﬁk/(2j|ﬂj|q)1/q| pefoM 3a MHAEKce

k=1,2,..,nuncabepumo

1/q

n n / n
Z|akﬂk| < (Zlak|p>1 p (Z|ﬂk|q>
k=1 k=1 k=1

roejep >1m % + é = 1. To je Xengeposa HejegHakocT. [lBa nyTa npumersyjyhun Xenaeposy, nobujamo

HejeaHaKoCcT MMHKOBCKOT:

n n n
Z|0—’k + BrlP < Zlak”ak + BelP7t + Zlﬁk”ak + BlPt <
k=1 k=1 k=1

1 1 1 1

n 5 n E n E n a

s(kav’) <Z|ak+ﬁqup-q> +(Z|ﬂk|p> (Z|ak+ﬁk|qv-q>
k=1 k=1 k=1 k=1
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1 1 1
1t P It p| /& q
<|( Dot ) +( D18l ) |( D lac+ Belera
k=1 k=1 k=1
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a 70 je HejegHakocT MuHKoBcKor. Ca HejegHaKowhy MUHKOBCKOF, yr1aBHOM, A0Ka3yjeMo HejeaHaKoCT
TPOYrna, a TUMe U MEeTPUKY, OAHOCHO Aa cy oapeheHU CKYnoBu MeTPUYKN NPOCTOPU.

1

. 1/r
NMpumep 1. Npoctop C* uma metpuky d(x,y) = (Z}::llék - ﬂk|r) ,rael <r<oo. 1

AKO cy HM30BM peanHux 6pojesa To je npocTtop R2,y cayyajy r = 2 40U MHAEKC Ce He mopa nucatu.

Mpumep 2. Kaga r — oo oM npocTtopu npenase y C metpuke d(x,y) = 1r;1kasxn|§k - 77k|. Qa

Mpumep 3. Kaga cy Tauke MeTpUYKOr NpocTopa orpaHnYeHn HM30BKM BpojeBa, a pacTojarbe yBeAEeHO ca

d(x,y) = sup |§k — 1,,|, npocTop je o3nake m. [
1<k<o

Mpumep 4. Kagan — 00, Tauke x = [[gk]] npoctopa l,-,3a 1 < r < oo, cy 6eckoHa4YHM HM30BM HBpojeBa
1/r
TaKBu ga pes Z,‘:’=1|§k|r KoHBeprupa. Pacrtojare je d(x,y) = (Z?:llgk - ﬂklr) .Kagajer =1

nuwemo [. JacHo je ga npoctop C* npenasny [, kagan — co.

O HaunHUMa aeduHUCcarba MHbPMaLMje NepLenuuje MeTPUYKUX NPOCTopa NMCcao cam NonynapHo y
6nory HepasHo (Functional), anvM Tom NPUANKOM HUCAM NOMWUHA0 HAUYUH ,CTEPEOMETPUje cTaTUCTUKE'
Koju cam genom onucao seh 1916. roguHe y Kbusn , MHbopmaumja nepuenumje”. TakaB 61 TeKCT 61o
npeTexak 3a 6,10r, Ko 61 ra Tamo pasymeo, aKo je U HaBedeHWN pasyM/buB.

‘

Haume, naeja je pa ce Tauke koje cy, nonyt x = (&, &,, &, - ), HEKE N-TOPKE NN BECKOHAYHN HU30BM
peanHux Uan KOMMNJIEKCHUX 6pojesa, NPenosHajy Kao cayyajHe Bapujabie. MeTpuKa TakBor npocTopa
npeacTas/ba BPCTy Ancnepsuje. YaasmeHoct d(x, y) nocraje mepa oACTynarba, pacunarba CaydajHux
BPEAHOCTM, @ METPUYKM NPOCTOPU A06pUM Aenom TeMama Teopuje MHPopmalmje, BepoBaTHohe m
ctatucTnke. Kpos cnegehe npumepe hemo pasymeTu LUMPUHY OBE METOZE.

MNpumep 5. 3amucaMmo aa umamo Hu3 oa n = 1, 2, 3, ... 6UN0 KaKBUX yHanpea no3HaTUX CaydajHux
porahaja. To mory 6UT nagame ,rnase“ HakoH 6auarba HoBuMha, Nagame , WecTuue” HakoH baveHe
KOLKe, M3BNaverbe MUK aca” U3 Wnuna Kaparta U cIMYHO. Heka je cBaku og Tux aorafaja jeaan U3 ckyna
Q={w;, w,, ..., w, }, ca BepoaTHohom p;, = P(wy).

Oge BepoBaTHohe cy peanHu 6pojesn namehy 0 u 1, anu um 36up He mopa 6MTU jeaaH. OHe He YMHe T3B.
pacnogeny BepoaHoha u 6uhe camo Nnpumep 3a pasymeBatse ,,MeTpUKe BepoBaTHoha”.

JeflaH UMKAYC HEKa je No jeaaH NOKyLIaj MOBO/bHOT UCXOAa CBAKOr o, Npunpem/beHnx gorahaja. HakoH
M =1,2,3, ... uuknyca umahemo 6poj m; ycnewHux ncxoga ceakor k-tor (k = 1,2, ..., n) porahaja. Taj
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noaesbeH ca M pgaje 6poj ék = my /M, T3B. penaTuBHY y4ecTanocT gator ucxoga. HakoH M umknyca

nmamo porahaje (wy), BeposatHohe (py) v penatusHe yuectanoctu (&, ) y pefosuma tabene:

w1 Wy .. Wy
Xy=[P1 P2 . Pn
& & - §n

Osako fo6ujamo Hu3oBe caydajHux Bapujaban x = (&, &,, ..., &) My = (17, 1, .., 17,,), KOj€ CY
penaTueHe yyectanoct. OHM Cy pasnnumnTy y pasinyMTUm Kopaumma M. LTasuie, ako pasiMunTx
[aHa KpehemMo McnoyeTKa ca UCTUM LMKAYCMMA, HAaKOH jeaHaKkux 6pojeBa Kopaka moxxemo gobujaTtm
pa3anuuTe HM30BE X U . PacTojarba d(X,)) BpCTe Cy AMcnep3nja pasHUx meTpumka. [

Ca sehum 6pojem uuknyca, us M — oo cneam d(x,y) — 0, 6e3 063mpa Ha M360p METPUKE, KOPULITEHE
Ha HauuMH npeTxogHor npumepa. OBa KOHBEPreHUMja NocaeamLa je 3akoHa BeIMKKX bpojeBa Teopuje
BeposaTHohe, a eHa nocieauua Aa cy npecamkasarba nonyt X(M) — x(M + 1) KoHTpaKuuje
npocTopa (baHaxoB cTaB). HenokpeTHa Tayka TaKBOr Npec/IMKaBakba, 3aCHOBAHOT Ha NpUMepy 5, je HKu3

BepoBaTHOha p = (P1,D2, - Pn)-

MpumeTMo fa penaTuBHe y4ecTanocTm (6poj NoBo/bHUX MCxo4a NoaesbeH bpojem NoKyLuaja), ca cee
Behum 6pojem nNokylaja, Texxe Ka BepoBaTHohama UCxo4a aHaNorHo ,,agantaunjn” kaHanom [11.], Te ga
M OBaj HAYMH NpenosHaje Hayeno MMHUMannama nHpopmavmje. OBo Harnawasam 360r paHUjUX MOjux
objawrbetba (Infinity 1) aa je cBemMUp y cTaNHOj Kpeauuju, a He camo Yy ,,peKkpeaunjn” jeaHom 3ayBek
CTBOPEHUX CTakba. Taj MOj cTaB BMO je CBOjeBpeMEHO CacBMM HOB, HEOYEKMBAH M BasbAa 3aTo 0460jaH
(konerama), fia 61 ra Beh faHac NpoHanasno Kojekyaa, Aoayle yrn1aBHOM U3BeBedeH, TYMAYeH Uan
ynoTpeb/beH Ha HauMHE Ca KOjUM CE HU ja HE CAXKEM.

3aTo noagnaymm aa osae Tpebamo obpaTUTU NaXKkby Ha AoAaTHe MoryhHOCTM aganTaunje NpMpPoaHMX
npoueca u ctarba. Mopes KoHBepreHuuje NopyKe NPoackoM Kpo3 HWU3 (MCTUX) KaHasla Ka CBOjCTBEHUM
BE/IMYMHAMA JaTOr KaHasa, UM CMatbnBakba HEM3BECHOCTM MPeNackoM U3 MUKPO Y MaKpo CBET, Y AyXy
je Teopuje nHbOpMmaUmMje NepLenumje NocmMmaTpaTh U aganTaumje cammnx KaHasna npeHoca nopyka. Takohe
N Metbatbe MHaYe OKpyKera (MHbopMauuja je TKMBO cBera), o4 afanTauuje NPUPoaHUX NojaBa OKO Hac
Ha OHO Y LWITa Cy OHe NPETX0AHO eBo/yMpane, Ao npunarohasara WwWuper ceemumpa. NocebHo 6u Tpebano
pasMoTpuUTM N GU3MYKO BPEME KPO3 nocneamnLe 0BuUX yckaahmearba, peLMMo Kao NpoLLec NoOHaB/bakba
KOju 3aKOHMMa BeNNKUX BpojeBa cmambyje (okanHy) Tekyhy nHdopmaumjy.

Kako je moryhe nmatu Kpeaumjy ceemmnpa 063Mpom Ha 3aKOH ogpikarba, pehu hy, Tako WTO je BaxkHMja
KONMYMHA Hero cywTunHa (Farming).
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20. baHaxoB nNpocTop

KomnnetaH HOpMMUPaH BEKTOPCKM MPOCTOP, Y MaTEMATULM, TauHMje Y GYHKLUMOHANHO] aHa1M3K, Ha3nBa
ce baHaxos npocrop. PeanHa dyHKuMja ca cnegehum ocobruHama, akcnomama (VX,y € X v VA ckanap),
Ha3MBa ce HopMma BeKTopa:

1. ||Ix|| = 0 — HeHeraTusHOCT;
2. ||Ax|| = Allx]| — xomoreHocT;
3. lIx +yll < lIxll + llyll - HejeaHakocT Tpoyrna.

Y YHUTapHOM NpPoCTopy, HOPMY BEKTOPa AedUHMLLE KOPEH CKAaapHOr NPOM3BOAA BEKTOPA Ca CaMUM

cobom, ||x|| = VX - X. Y meTpnukom npocropy, HOpma je yaasbeHocT o Hyator Hu3a, ||X|| = d(x, 0).
NaKko je Tafa NPOBEPUTM UCMIPABHOCT rOpHMX 0coBMHa Hopme. OBPHYTO, KaZa MMaMo HOPMUPaH
npoctop, MeTpuKy aedunuwe jegHakoct d(x,y) = ||x — y|l.

Y metpuukom npoctopy (X, d) 3a HU3 X1, X,, X3, ... KAXKEMO Aa je Kolumies ako 3a CBakM NO3UTMBAH
peanaH 6poj € > 0 noctoju uenn 6poj N > 0 Tako ga 3a cBe uene 6pojese m,n > N BaKu HejegHaKoCT
d (X, Xp) < €. MeTpuukm npocTop X Ha3MBa ce KoMnaetaH, NOTRyH, nan Kolmjes NnpocTop, ako CBaKm
KowwjeB HM3 Tayaka y X Mma aMmec, rpaHUYHY BPeaHOCT, Koja je Takohe y X.

Npumep 1. MocmaTpajmo AnHKUjy [ no Kojoj ce , kpehy” ase Tauke 4, B € | v Tauky O BaH Te NNHUje, Ha
- cnvum neso. Hopmana n3 O Ha avHuWjy L nagay
et / Tauky C € . Kaga cy [ n Tauka O PpuKcnpaHu, He
/ e MeHbajy Y3ajaMHM No/oXKaj, oHaa Tpoyrao ABO
__—— “Ma yBeK UCTy noBpLumnHy akko® d (4, B) = const.

A NMoapasymeBamMo [a Cy TauKe CMKE eNeMeHTH
% Hekor meTpuukor npoctopa (X, d) u aa cy gate
) nyxure AB = d(A,B), 0A = ||All, OB = ||B],
0C = ||C||. NospwmHa AABO je nony npoussogs,

ocHosuue AB 1 weHe BucuHe OC. 1

Tauke A, B € | roptber npumepa MOXKemMo CMaTpPaTH jeLHOM Ta4KoM Koja ce 13 npee nosumumje (A) kpehe
no nuHuju (1) n HakoH HeKor BpemeHa (At = t, — t;) cTuKe y gpyry nosuumjy (B), Tako aa 3a jegHaKa
BpeMeHa npenasu jefiHaka pactojatba (AB). KoHcTaHTHY nosplunHa Tpoyrna ABO, npu Tome, aasbe
CXBaTMMO 0OACYCTBOM LLEeHTpasHe cuae y Tauku O, 04HOCHO He nocesoBakbem Haboja NOKpeTHe TauKe.

Mpumep 2. Apyrm Kennepos 3aKoH, Ha CAMLM AECHO, KaxKe Aa NoTer o4, B
CyHUa [0 nnaHeTe, Koja ce Kpehe nog, AejcTBOM rpaBuTaumje cyHua, y
NCTUM BpeMeHMMa npebpuLle jegHake nospwuHe. OBaj ce pesynTart
MOe NOoOoNLWTaBaTH, a/iM He TaKo Aa Baxku U 06pHyTO (Mprao3u,
LleHTpanHo KpeTatbe). X

F
Hanme, He camo rpaBuUTaLlMOHa Beh cBaKa UeHTpaZlHa Chi1a mMma UCTo E

CBOjCTBO, Aa Haboj nokpehe No HeKoj IMHKjU Npu Yyemy he noTer oa e A0 Haboja y jeAHaKUM
BpemeHuma npebpucaTu jegHake nospnHe. [

2 aKKO — aKo M CaMo aKo.
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Ca usbopom agedpumHuLMje MeTpmke U Hopme, U3 moaesna Koje seh umamo y anrebpu 1 GyHKUNMOHANHO]
aHanusu, npumep 1 v npumep 2 mory ce pasymeT Kao nocebHu cy cay4vajeBu ancosiyTHe reomeTpuje
(Eyknnpgose, lobayesckor, PumaHoBe), 3aTm AjHLITajHOBE ONLWTE Teopuje penaTuBHocTu. OBae MMam
HamMepy UCMUTATU LINPEHE Te naeje y Teopuju nHpopmaumje, y pasmaTparsy ,npebpucaHe nospimHe”
Kao nHdopmaLuje 1 tbeHe ,,cnne”, oAHOCHO 3aKOHa oA pPXKarba U NPUHLUMINjETHOT MUHMMaAU3Ma.

Y npeacTaB/beHOM LW/bY OCTaje OTBOPEHO NUTaHE KOMMJIETHOCTM NPOCTOPA M BpeMeHa Koje hemo npso
pacnpasuTtn. AudepeHumjanHa reomeTpuja, Ha Kojoj je y Mpunosuma I-11l 3acHMBaHa ngeja npumepa 1-2,
[aKne y HacTaBKy aKTye/Hy, He MoxKe 6e3 HenpekuaHocTu. Ca gpyre ctpaHe (Packages) nHpopmauumja je
€KBMBANIEHTHA KBAaHTMMa [,ejCTBA, HajMakbMM NaKeTUMa KOju 3ay3umajy NpoCTOp-BPEME, aNn KpeTakhem
TaMO-0BaMO He ycreBajy buTu ,mambun o4 yHanpeg gator € > 0“. Mehytum, moxe ce noKasaTu 4a je oBa
Hausrneg KOHTPaaWKLMja 3anpaBo NpMBUAHA, objallbMBa caMom AePUHULNjOM PeasHOCTU Ha HauymH
Teopuje Hpopmavumje.

Teopuja HPopmaumje nepuenumje peasHocT CBOAM Ha KOMYHMKaLM]jy, yOnLTe Ha cnpery cybjekTa Koju

onaa u onaxkaHor 06jeKTa, umnje cy ynore 3amemmse. Ca TOr CTaHOBMLITA MOXKeMo pehu oa yBeK OKoo

MOCTOjM HEKM NOCMATPaY KOju AaTy BE/IMUMHY MOXKeE BUAETU AOBO/BHO MasIoM, MakbOM Of, yHanpes aate
Masie Be/IMYnHe (ayKuHe, Tpajarba, EHEPruje, UMMy/ca U CAMYHOr). A ynpaBo TO je Urpa encuioH-genta

NHOUHUTE3MMANHOT paYvyHa.

Mpumep 3. 3aMUCIMMO HEKY jeANHUYHY AYKUHY KOjy Tpeba npenasutmn Hanpeayjyhu y nopuunjama no

1 4 1 ... noJsia o4, NPeocTanor, Kao Ha cavum neso. MNpehe
I{ 2 }I, 4 sle 8 sle *I H ce NpBO NONOBMHA, Na YeTBPTUHA, Ma OCMMHA, Na
T —T T T ~ NoJja o4 npeocTanor (LecHaecTUHa) U Tako bes
Kpaja, 6uBajyhu cee 6aMxKe Kpajy a HMKaga ra He
l poctukyhn. Tako HEKaKo NoYukby CBe Npuye o

UHOUHUTE3IUMANHOM PaYyHY Y yLBeHuLMma.
. 1,1 1 1 .
MapumjanHum 36up, cymy s, = > + >z + > + -t Sy MOCMATPAMO Kao HU3 Sy, S, 53, -, Sp, - KOJW J€ 33

cee Behen =1, 2,3, ... cee 64mun BpegHocTu 1.

Kaza noctoju 6poj s Takas Aa 3a cBako € > 0 nocToju A0BO/LHO BENMKN NPUPOLHU Bpoj gy Koju he 3a
CBaKM UHAEKC N > Ny YYUHUTU TAUHOM HejeHaKoCT |s, — s| < &, oHAa KaxkeMmo Aa HU3 S, KOHBeprupa
Ka S U Nuwemo

lims, =s
n—-oo

OAHOCHO S, — S Kajan — oo.Y gatom cayyajy s = 1. 4

MpumeTnhy, jow jeaHOM, OCHMBaUYMN AndepeHLmMjanHor padyyHa Kao Aa Cy HaMepHO Tpaxkmnau baw Takey
AebdUHUUMjY TpaHMYHE BpegHOCTH (nMmeca), Ha Kojy BMCMO MOrn HaJoBe3aTh Teopujy MHbopmaLmje,
YMpPKOC KBaHTOBaHa (aToMM3nNparba) EeHMX HajMakbMX NakeTa. Taj NpMBKA, 4a CY OHW ,HaTpanann“ Ha
yNpaBo 0BaKo Hama caja 3rogHy aAeduHunumMjy, 3anpaso je nocneauua Hedera MHoro aybsver. UcTuHe
MaTeMaTUKeE YBEK Cy TaKO 3rofHe, HEKOHTPAAUKTOPHE ca cobom, Kao U ca TeOpPMjom Kojoj Nnpunaaajy,
WK ca BUN0 KojuM AenomM No3HaTe AU Heno3HaTe Apyre TayHe Teopuje, Aa Ham ce CBaKu NyT Mory
YYMHUTU Kao HameLUTasbKa.
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21. NMpobnem noBpLInHE

Haboj ce nog, aejcTBom KOHCTaHTHe UeHTpanHe cune O kpehe A = B ayX nuHuje L. MoHoBo Ham Tpeba
npeTxoaHa cutyauymja [20. Mpumep 1-2], Koja je peKox AeTa/b MHOFO paHUje aHanu3e Ynje fenose cam
cayyBao y ckpuntu ,,Mpunosn“. Uusbe cy mu bune
0CO6MHe LeHTpanHe cune n3BeneHe nyTarbama
Haboja n 0bpHyTO, NyTarbe U3 cuna. Pesyntat cy
KOHMKe, KpMBe ApYyror peaa, 3a CMy Koja onaga
Ca KBaZpaToM yAa/beHOCTU, YNju nocebaH cayyaj
o je Kennepos Apyru 3aKoH.

JegHake nospLUMHe Koje npebpuie noTer og, cyHua Ao nnaHete (og OA oo OB)y jeaHakMM BpeMeHUMa
o/ roBapajy CTaJHOM 4ejCcTBYy rpaBuTaumoHe cune (0) Ha gaty nnaHety (A — B). YBek jegHaka NoBpLIKHa
Tpoyrna (OAB) dukcupaHor TemeHa (0), unja ocHosuua (AB) knusu oy Taga npase nuHuje (1), ykasyje
Ha cnobofHO KpeTatbe 6e3 aejcTBa cune. TakBe U CAMYHE CUTyaLMje roBope O KOHCTAHTHOM GU3MUKOM
AejcTBy (eHepruja X Bpeme) KOHCTaHTHE LeHTpasHe cuie.

Kako je aejcTBo eKBMBaneHT MHGopmaLmju, TO y jeaHaKUM TpajatbMMa OBe jefHaKe NOoBpPLUMHE roBOPE O
€KBMBaNEHTHUM KOMYHUKALLMjaMa KOHCTaHTHe cue U Haboja Kojy oHa nokpehe. Y oarosapajyhum tum
yC/I0BMMa MOBpLUIMHA 61 morna oaroeapatv uHdopmaumjm, 6UTr Besa Kao nsmehy obamnka nytame (1) u
cune (0), o4HOCHO 06pHYTO.

Ba)XHOCT NoBpLIMHE 33 MHGOPMaLWMjy BUAMMO Yy C/IyHajy Yy/a v nepuenumje’, nnm kog nponasarsa Tena
Y jaKo rpaBMTaLMOHO Nosbe LpHe pyne. Ca CTaHOBMLUTA PeNaTMBHOT NOCMATpaya, Herae Aasbe, AyXnHe y
npasuy cune (pagujanHe) Tor Tena ckpahyjy ce, a Bpeme Teny ycnopasa. OHO ce pa3masyje OKo M3BOpa
cunie M NocTaje NoBpLMHa chepe M3Hag Xopu3oHTa gorahaja (rpaHuue upHe pyne), a cea MHPopmaLmja
Tena nocraje NoBpwmHa chepe y Hekom 6e3BpemeHOM cTatby. Takohe, MHdopmMaumja Kao NOBPLLMHA, a
TayHuWje peyeHo Kao rpaHMYHa 06,1acT, NPUMETHA je M y A0Ka3y napanenHux peanHoctu (Dimensions), Ha
HauuH ,Teopuje nHdopmaumje” (moje).

To je ,meToAa NoBpLIMHE" Kao U paHuMje oBae NoMeHyTa [4.] paau noBe3MBakba TPUrOHOMETpPMUja, Koje
he ce noKasaTn KOPUCHUM KacHUje y Teopuju nHbopmaumje nepuenumje. A matemaTmyke aHanoruvje
Ha jeHOM mecTy oTKpuBeHe BMhahemo cByKyaa. Takea je Nnpupoaa ancTpakLmja Koje roBope o0 UCTUHY,
Aa cy HensbexxHe U CKOpOo NOoCBYAa NPUCYTHE, aan Kao Aa ux npuposa He Boau (The Truth).

Tako nopes GU3NYKMX cuna (MHayve AMCcKyTabunHOr KoHLenTa®) HeKy BPCTY NPMBAAYHOCTM MMa U HaYeno
BepoBaTHohe unHehu yewhum BepoBaTHUje UCXOae, Na oHAA M oaroBapajyhu nidopmaumje, oa cTarba
TeXe Ka Marbe MHGOPMATUBHUMA, UM MPUHLMUN HajMarber aejcTBa ¢usmke. To cy onwTe CNOHTAHOCTH
ca MHOrobpojHMM nocneauuama Ha Koje he ce npeHeTn aHanoruje ,,cune”. Mehy buMma je perpecroHa
aHaN13a, ann 1 pelletrba ,3a4aTaka NoBpWwMHe” y MoBe3nBakby pacnoena ciyyajHUX NPOMeH/bUBMX ca
MeTpMKama (3a caga HenosHaT HauulH), Kao 1 TeK NnomeHyTa [19. npumep 5] KOHBepreHuMja penaTMBHMX
BepoBaTHoha ca noBeharem 6poja NoHaB/bakba ONuTa.

Bpatumo ce nomeHyTom npumepy [19. 5], ann caga 6e3 Hopmupara. Husogn = 1, 2, 3, ... 6110 KakBUX
yHanpeg, no3HaTUX cay4YajHux aorahaja TectTupamo ceaku no M nyta u benexxknmo 6pojese caga peuymo

3 p. Bykosuh: ,Mpupoga Mogataka“, Hosn Mnac barba Jlyka, 1999, Yyna cTp. 21-28.
4 p. Bykosuh: ,Mpuue o nnbopmaumjn®, 2.19 KnacmuHa cuna

PacTko Bykosuh


http://rvukovic.net/blog/2112.html#dimensions
http://rvukovic.net/blog/2204.html#theTruth
https://archive.org/details/price_202008/page/76/mode/2up

NHPOPMATUYKA TEOPUIA

&, ycnewnux nexopa ceakor k-tor (k = 1,2, ..., n) porahaja. Ca noseharbem 6pojesa M uuknyca 6pojesu
&, < M pacty (He genvmo vx 6pojem nokywaja M) u He NpeAcTaB/bajy penaTusHe BeposaTHohe Kao y
OPUTUHATHOM NPUMepY.

Hus x = (51, Eornes én) je BEKTOp y HEKOM N-AnMeH3noHanHOM npocTtopy moryhHocTu. Kaga noHoBMMO
UMKIyCe ucnoyeTka u gohemo onet fo Hosor M-Tor nokyLwaja, 4o6uhemo HOBU HU3 Y = (771, /N nn)
Ca BEpPOBATHO APYIMM KOOPAMHATaMa, y UCTOM N-AUM NPOCTopy MOryhHOCTM M NPUBAMKHO UCTE HOPME,
llx|| = ||y||. Ca nopactom 6poja nokyLuaja, oBe HOpMe pacTy, a nojeanHe KoopanHaTe Ae/beHe Tekyhum
Bpojem nocrajy penatusHe seposatHohe Koje ce rpynuuwy oko seposatHohe, & /M — py kapa M — oo.

Taga x,y = p = (p1, P2, ., Pr) M d(x,y) = 0.

Ma KOAMKO Aa je AMMEH3MOoHanaH NpocTop MOoryhHOCTM, KOAMKO rof, KOOPAMHATa Aa MMajy BEKTOpU X U
¥, OHM pa3anurby jeaaH napanenorpam, cycegHmx ctpanmua ||X|| v [|y]l ca Hekum yrnom @ namehy. U3
TOra CNneAy HUXOB CKaNapHM NPOU3BOL,

n
3?37 = ||f||||)7|| cos @ = 51771 + gznz + e 4 sennn — Z §k77k
k=1

a 13 oBora nceyao-ckanapHu npomssog |x X y| = ||x||||y]| sin ¢ koju 6v npeacTas/bao NospLMHY.

Y aHanornju ca ropkum (KpeTarbem nog AejCTBOM KOHCTaHTHe LieHTpasHe cue), NoHassbajyhu umkayce
n 6upajyhu M = const, oueKkyjemo n3pasnTu ose nosplinHe (Tpoyrnosa 0Xy). Boam Hac naeja Aa 3akoH
0ApXakba eHepruje MMa HeKy KOPMCHY aHanorujy ca ogpxarbem seposaTtHoha. [la BaXku 1 TakaB 3aKOH
oApXakba ,,Mmepe HenssecHocTn”. Ca noseharem 6poja NnoHas/bara onuta (M — o) oBe KoopauHaTe
ce ctabunmsyjy (&, /M — py), a cBM BEKTOpa X NpaBLy KOHBEPIMpa Ka NpasLy BekTopa p. CTpaHuue
tpoyrna (||x]| v [|¥]]) nocTajy ayske, anu yrao namehy rux (@) ce cmarbyje, CBe Matb je CUHYC TOT yra
(sin ¢) Koju je Tpehu dpakTop NoBpLIMHeE (3ajeAHO ca ABE CTPaHMLLE), WITO CyXaBa MOryhHOCTU Merbatba
noBpLIMHE.

Kako v ca uctum 6pojesnma (M) uuknyca moxemo fobujaTv 3HauajHO pasMumnTe NOBPLUMHE PeUHeHmX
Tpoyrnosa (0xY), 6upajyhu pasnmumte metpuke d(X,y) v npema Tome pasnuuute Hopme ||x|| = d (%, 0)
n |yl = d(y,0), Tako moskemo 1 06pHYTO, pasanumUTe NOBPLIMHE OBAKBMX Y3aCTOMHUX TPOYF10Ba MCTe
MeTPUKE CBOAMTU Ha C/IMYHE NOBPLUMHE Pa3NNYMTUX METPUKA, AoHeKNe. To je Npumep aHanoruje Kojy
rope HajaB/byjeM, Ha30BUMO je ,,npobsiem noBpLuMHE”.
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22. Heje4HaKOCT MeTpuMKa M aHanoruja

R 1/r
Bpatumo ce [19. Mpumep 1] Ha npocTtop C* metpuke d(x,y) = (Zﬁ:llfk - Uklr) . OBU BEKTOPU, Nan

HU30BU X = (51, Eorves §n) ny = (771, /I nn) CY peasiHu UM KOMINJIEKCHU BpojeBu, a KoopanHaTe cy
HEeKOr N AMMeH3MOoHanHor npoctopa MmoryhHoctu, peummo [19. Mpumep 5]. Mpumetumo aa 6e3 rybutka
OMNLITOCTW, YBEK MOXKEMO U34BOjUTN NO3UTUBHE Cabupke, a; = |§k - nk| > 0, nsocrassbajyhu HynTe.

Teopema 1. dyHkumja f(x) = (af + af + -+ + aX)'/* ca NO3MTUBHNUM KOHCTaHTaMa ay 1 x > 0 Beha je
of Hajseher cabupka v onagajyha je.

Hokas: Heka je ag = max {ai} nomeHnyTn ,Hajsehun cabupak”. OunrneaHo je
<k=sn

ax
f(x)=ag| 1+ . > ag

=%
jep cy cBu cabumpum no3MTUBHKU 6pojesn. Tume je NPBU Aeo Teopeme AOKa3aH.

1
Hekaje a, = 1rsnkiéln{ak} v nuwemo f(x) = a, (b + b3 + -+ b¥)x = a, g(x), rae je by = Z—Z >13a

cBako k = 1,2, ..., n. FyHKumje f 1 g cy HenpekuaHe, jep cy Komnosuumje HenpeknagHux GyHKumja, a
M3BOJ OBe ApYyre je HeraTMBaH, WTO 3Ha4YM Aa je To onagajyha ¢dyHKuuja:

1
g x) = —x—z[ln(bf + b3 + -+ bX)|(bfInby + b Inb, + -+ b Inb,) <0

3aTo je HeraTueaH u ussog aare f'(x) = a,g’'(x) < 0, na je u oHa onagajyha. m

HenocpeaHa nocneanua Teopeme je Aa je ,,yAa/beHOCT” 0OBMX BEKTOPA YTO/IMKO Matba LLITO METPUKa
KopucTu Behu eKcnoHeHT 1. Y Kpajibem cydajy, Kaga r — o taga d(x,y) —» M, a 7o je metpuka CZ%, Tj.
[19. 2]. Kagan — oo umamo Tpehu npumep metpuke [19. 3] rae oBaj MaKCUMYM MEHa Cynpemym.

MNMoHoBwuhy jow jegHOM, OBO je UCTParKMBaHE HEM3BECHOCTM Kao oaboje ,,cnne”. Mokywaj ynopehunsama
»Cnna moryhHoctn” ca KenneposBum gpyrum 3aKOHOM M Ha BEOMA ancTpakTaH HAYMHU NOBE3UBAHLE Te
naeje ca LEeHTPasHUM CMNamMa yonwTe, ca PU3NKanHUM NpuMepuma Besa ,,06mKa nytTarbe” n ,,0611Ka
cune”, cee nytem ynotpebe (KOHCTaHTHE) NOBPLUMHE KOjy BEKTOp Haboja, kpehyhu ce nog aejcteom Te
cune, npebpulle y jeAHaKMM MHTEPBA/IMMa BPEMEHaA.

AHanorHo npaBMMO Be3y HU3a c/lydajHux aorahaja, Ha ocHoBy [19. npumep 5], rae YnaHoOBMMaA HU3a
onuTa 404ajeMO peann3oBaHe UCXOAE, LMKYC MO UMKAyc Ao M v suwe, popmupajyhm sektope X u y
(cBe Behux KoopamHaTa), Koju KoHBEpPrupajy NpasLy BeposaTHoha Tvx gorahaja p = (pq, Pz, -, Pn)- U3
3aKOHa BeNMKKUX 6pojesa, jacHo je Aa je yrao uamehy BeKTopa X 1 y CBe MakbM, aKo je pasamka y 6pojy
HUXOBUX LIMK/ICA KOHCTAHTHA A,0K cy 6pojeBu TUX LMKyca cee Behu. Maeja je aa ce nytem cpasmepe
noBpLLUMHA TPOYri0Ba (MM Napanenorpama) Koje pasanuiby 0OBM BEKTOPU YCNOCTaBM Be3a M3melhy
nyTare (BpXoBa) TUX BEKTOPA N METPMKA.

AHanoruja 3aaupe y anctpaxosarbe GpU3NYKOr Nnojma cuie y oabojHy ,,cnay” HEM3BECHOCTH, YeMy je
noApLwKa NPUHUMN makbe MHpopmaumje, ogHocHo Behe BepoBaTHohe. Mpupoaa cnoHTaHo, Yyewhe
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peannsyje BepoBaTHMje UCXOAE, MU LITO je UCTO, pajuje cTara pasBuja y matbe MHdopmaTtmeHa. Ta
HEeHa , TeHaeHuuja” je HaBoAHa cuna O Kojoj roBopum. MeTpuKe oBae pacnpaB/baHe HUCY jeauHe.

Kaga 6poj umkayca M pacTte, MOXKEMO ynpaB/baTv MOBPLUMHOM Mapasiefiorpama Koju pasanuiby BEKTOPU
X 1 ) NPOMEHOM METPMKE, an U MerbarbeM Kopaka uamehy uuknyca. BeposaTHohe p HUCY, OAHOCHO He
MOPpajy YMHUTU pacnogeny, ann ¢ = Mpj jecTe maTeMaTU4YKo O4YeknBatbe Bapujabne &, , a UHTeH3uTeT

Takeux [|zI| = d(Z,0) = Xio,4|& | = ZieyIMpil = M XR_1lpil = MlIpll = M ako v camo axo Ipll = 1,
O/AHOCHO aKo oBe BepoBaTHOhe YMHe pacnogeny, y A4aToj MeTpULM.

NMpumep 1. Heka je p = (py, ..., P) Pacnogena seposatHoha (cayuyajHux gorahaja wyq, ..., w, € Q), a
MeTpUKa cTaHgapaHa, r = 2. Taga je, HakoH M noHas/bakba ONUTA, O4YEKMBAHLE Bapujabne:

EG) = [E(&)] = Mp] = Mp] = Mp

a 03HaYMMO ra v BEKTOPOM Z = Mp. BeKTOp MaTemMaTUUKOr O4eKMBarba Z MMa CTafHO UCTU NpaBaL, P U
cse Behu nntensutert ||z|| = M ca noseharem 6poja Kopaka M, 6poja onuta. CkanapHu NpousBsoa;

n n
Pi=) E6 =M &pe=Mi-j=MIllipll = MIZ] cos g
k=1 k=1

rae je yrao ¢ = «(x,p), a no npetnocrtasum ||p|l = 1. Npema Tome, nosplmHa napanenorpama
pasaneTor BeKTOpMMa X U Z je:

IIT=||x|lllzll sinp = M||x|[y/1 — cos? ¢ = My/1 — (u-p)?

roejeu = ﬁ BEKTOP X HOPMMPaH Ha jeanHuuy.

NpuMmeTMO Aa U NpeAcTaB/ba penaTnsHy seposaTHohy, bpekBeHUMjy ncxoaa, Te Aa ce Taj BEKTop, ca
noseharem 6poja onuta M, npubnunxkasa BeKTopy BepoBaTHohe p no npasuy (M MHTEH3WUTETY), Koja y

0BOM NpUMepy Npe/cTas/ba HeKy pacnogeny. KoHsepreHumja sing = /1 — (u - p)? - OKkaga M — oo,
Y CKNaZy je ca 3aKoHWMa BeMKKX bpojeBa. Haume, U3 ocobrMHa MaTemMaTUYKOr OYEKMBaAHA Ceam

E [M\/l —(u- ﬁ)z] =M\J1—-(p-p)2=0,jepjep p = 1. Mornesajmo casa 1 HEKOAMKO NPUMepa

3aCHOBAHUX Ha NPETXOA4HOM.
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23. [Npumepun perpecuje |

3a BeposaTtHohe pacnogene p = (pq, P2, P3, Ps) BMpahemo yeTupu no3uTMeHa 6poja jeamHuYHor 36upa
u reHepucatn M cnyyajHumx 6pojesa (KomnjyTepckum nporpamom). Y3 ceako M, dopmupaHu cy 361MpoBu
ncxopa X = (51, & &s 54) nopeg sektopa z = (Mp,, Mp,, Mp3s, Mp,) v nospluvHa I7Kojy ABa BeKTopa
pasanumy. Y yetupu (K = 4) paBHomepHa Kopaka (AM = const.) 4obujamo YyeTupn napa cayyajHux
6pojesa (x, y), 04 Kojux je npeum 6poj reHepucaHMx Kopaka (3a Aobujarbe X), a APYru je Ha OCHOBY NPBOT
u3padyHaTta nospwuHa, y = 11(x).

MoBpLuIMHa Kojy pasanuy ABa AaTta Bektopa je /7= ||x||||z]| sin ¢, cunyc yrna ¢ namehy sexktopa X u z

“3pavyHaBamo nomohy KocuHyca, sin @ = /1 — cos? ¢, a KOCMHYC je KONMYHMK HUXOBOT CKanapHor
NPou3BOAa NOAE/LEH HUXOBUM Ay>KMHAMa, MHTEH3UTeTUMa, cos @ = X - z/||x||[| z]|.

Nownassbajyhu nporpam 3a ncte M aobujajy ce pasaMumnTi BEKTOPU X, an UCTU Z CBE [0 MPOMEHE HM3a
BeposaTHoha pacnogene p = (py, P2, D3, Ps). Y3rpean, Tabene cam uspadyHaBao Komnjytepom, npasehm
pasHe nporpame (Python) no noTpebu Koje cmaTpam ucyBuLLE jeAHOCTaBHUM 3a Nnamherbe, HaBohere
oBae. Kako NpocTum norneaom Huje ysek nako pehu merba im ce nosplunHa /7 (oa M, ogHOCHO P) 1
KaKo, TO Aa/be NpoBepaBam JMHEaPHOM perpecujom.

Npumep 1. 3a BeposaTHohe noctasumo p = (0.4,0.3,0.2,0.1) 1 reHepuwmnmo cnydajHe 6pojese noyes
oa M = 100, kopakom AM = 10. Y3 ceako M, gobujamo 36upose ncxoaa x, $opmmpamo BEKTOp Z, a Ta
[Ba pasanukby NOBPLUMHY Napasenorpama Kojy nocebHo M3pavyyHaBamo:

e M=100: x = (41,30,18,11), z = (40,30, 20,10), /7= 133.79
e M =110: x = (41,31,25,13), z = (44,33,22,11), I1= 286.84
e M=120: x =(49,33,27,11), z = (48,36,24,12), I1=293.94
e M =130: x =(52,40,29,9), z = (52,39,26,13), /7= 357.20

3a M3payyHaBare IMHeapHe perpecunje, 3aBUCHOCTU y = a + bx, NoBpLUMHe (03HaKe y) 04, KOMMOHEHTH
C/lyyajHoOr BEKTopa (x), NnpernegHo npeacTaB/bam YeTMPU paBHOMEpPHA Kopaka (K = 4).

X Y X XY
100 133.79 10 000 13379
110 286.84 12100 31552
120 293.94 14 400 35273
130 357.20 16 900 46 436
Xx = 460 Xy =1071.77 Yx? =53 400 Xxy =126 640

_ Cy)(Ex?) — Cx)(Exy) 107253400 —460-126 640  —1 009 600

KEx2) - (x)2 4-53 400 — (460)2 ~ 72000 —504.8
. K@Exy) — Ex)(Ey) _ 4-126 640 —460-1072 _ 13440 _ 677
K(Zx?) — (3x)2 2000 2000
y=-505+7-x
Ha ocHOBY KoeduumjeHaTa AMHeapHe perpecuje, npubamkHo a = —505 n b = 7 pobujeHnx metoaom

HajMarbUX KBagpaTa, Apyra KosoHa ropkee Tabene aobuja npoueHy HaseaeHy y cneaeho;.
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X: 100 110 120 130
Y: 167 234 302 369
HoBo reHepucare 6pojeBa npeTxoaHor npumepa aAasahe gpyraynje KoepuumjeHTe, KaKo reHepuUCcaHmXx

cayyajHux nospwm I7= f(x), Tako u amHuje perpecmje (y = a + bx).

Kopakom jegHor, ymecTo feceTt onuTa, Npaea vHuja perpecuje (y = —505 + 7 - x) Hanpeayje aecet
nyTa cnopuje, oBaj KoepuunjeHT b = 7 6uo 6u Taga aecet nyta marbu. LLITO ce TMUe KoepuumjeHTa a,
KOju je oBAe HeraTMeaH, Tako Aa 3a X = 72 1 matbu 6poj Kopaka npoLereHa NoBpLUMHA Y NOCTaje Hyna
M HeraTMeaH 6poj, LITO HEMa CMUCANA, KaXKe Ham A3 je 0Ba perpecuja camo npubanKHO npasa AnHUja.
OHa je 3anpaBo KpuBa 1 CaBMja ce Npema rope.

NMpumep 2. Ca nctum noyetHnm ycnosmuma p = (0.4,0.3,0.2,0.1), oa M = 100 n kopakom AM = 10,
NOHaB/baM NPETXOAHM NPMMEP, a Ha C/Ty4ajaH HauMH FeHepuCcaH je HOBM BEKTOP X Ca nocaeanLuama:

e M =100: x = (49,33,14,4), z = (40,30,20,10), /7= 642.73

e M =110: x = (56,29,23,12), z = (44,33,22,11), I1= 282.38
e M =120: x = (44,43,21,12), z = (48,36,24,12), I1= 565.28
e M =130: x =(50,39,31,10), z = (52,39,26,13), /1= 438.74

Jame pobujamo y = 860.72 — 3.29 - x 3a perpecujy.

MoHassbajyhu oBe Nporpame MHOro NyTa NnpMMeTMhemo OHO LITO ce BUAM U M3 CaMOo OBa ABa NpUMepa],
Aa KoeduumjeHT Harmba perpecroHe AnHWje, y NPBOM NPUMMepPy No3uTnBaH 6poj (b = 7) Kaxke Ham Aa ce
nosplmHe nosehasajy, a y Apyrom HeratueaH (b = —3.29) Kaxke Ham Aa ce OHe CMakbyjy, yno3opaBa Ha
MOXAa [,03B0O/beHA CTAaTUCTMUKA OACTYNakba OKO HYTe BPeAHOCTU. Y TOM Cayyajy KoepuumjeHT npeceka
MHaye yaasbeHe opauHarte (a, 61o je -505 1 861) oueKknBaHo je Benuk 6poj.

MNpumep 3. MNornenajmo cnyyajHe ncxoae CAnMYHe NPeTXogHUM, anu ca Behum 6pojem onuta.

X Y X2 Xy
1000 12 590 1000 000 12 590 000
1010 12 288 1020 100 12 410 880
1020 11274 1040 400 11 499 480
1030 14421 1060 900 14 853 630
Tx = 4060 Sy =50573 Sx? = 4 121 400 Txy = 51 353 990
y =—32819 + 45 - x
X: 1000 1010 1020 1030
v: 12181 12 631 13 081 13 531

Nctum kKopakom AM = 10, anu ca npubaunkHo aeceT nyta sehum 6pojeBrmMa onuTa, NOBPLUMHE pacTy
6prKe og, wect nyTa. Y aorwem peay (Y:) cy npouereHe BpeaHOCTM perpecunjom. (1

Osa ,wecT nyTa“ seha 6p3nHa nopacta NoBpLWMHe morna 61 6UTK ycnopasare NpubAMIKaBarba X — Z
(ca nopactom 6poja noHaB/bara onuTa M), ann 1 He Mopa, jep CBe OBe NPOMeHe KoedpuLmjeHTa Harmba
perpecuje (b) cy y rpaHMLama CTaTUCTUYKe rpellKke. Tako Mana npomeHa Harnba npase Koja 61 Tpebana
H6UTN XOPU3OHTANHA (NapanesiHa ca ancuMCcoMm), Herge Ha AanekMm MecTMMa MOKe NpeceLaT opanHaTy
Ha 3Hay4ajHo Behoj BUCMHM nan aybunm (a). To noTephyjy noHaB/barba OBOr NPUMeEpa, 04, KOjUX HaBOAUM
CaMo jeaaH cnyyaj.
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MNpumep 4. Ca UCTUM NOYETHUM YCNOBMMA NPETXOLHOF MPUMEpPA, reHepucaHun cy Hoeu bpojesu:

X Y X2 XY
1000 16 902.96 1000 000 16 902 960.0
1010 19 460.27 1020100 19 654 872.7
1020 12 782.19 1040 400 13037 833.8
1030 4431.39 1060 900 4564 331.7
Zx = 4060 2y=53576.81 Xx*=4121400 2xy =54 159 998.2
y = 460935.76 — 440.93 - x
X: 1000 1010 1020 1030
Y: 19936 15526 11116 6 706
MoBpLIKHe caga onagajy, Hausrnes npuanyHo 6pso (I; = —441), anun 10 je y rpaHNL,AaMa CTaTUCTUYKE

ToNepaHumje 3a penaTMBHO BeauKe Bpojese NoHaB/bakba onuTa (NpBa KooHa). OTyAa M Tako BUCOKA
Tauka npeceka (a = 460 936) npase AMHKje perpecuje ca BeEOMa yAa/beHOM opanHaTom. [

Y aHanornju ca GU3NUKOM CMIOM, HETOIEPUCAHO yCropaBarbe NpubanyKaBakba 48ajy BEKTOpa, X 1 Z,

npeacTas/bano 6u He camo yobuuyajeHo onagakbe AejctBa Ha Behoj yaamweHoctu (Confidential), Hero u
»HECTabWUNHOCT” cammMx HOCMOLLA MOJba, PELIMMO HUXOBUM KPpahMM BEKOM KMBOTA — KOjU GOTOHU UK
rPaBUMTOHM Hemajy. OneT HanoMukbeM, aKo 61 oaCTynarba 0BMX NpuMepa brna CTaTUCTUYKM 3HaYajHa.

Moaceham, 3a 4aTV BEKTOp CnyyajHMX Bpojesa X, 0AHOCHO AaTh 6poj Kopaka M, seha nosplimnHa /7 je
nokasatesb Beher yrna usmehy Tor u BeKTopa Z Koju MMa npasau, BepoBaTHohe p. Moseharbe pasmepe
AYXMHa BEKTOPA Hacnpam yrna nsmehy rux ykasyje Ha cnabujy ,,agantaumjy” npsor BeKTopa Apyrom.
Cam KoeduumjeHT b, je ogHOC NopacTa NOBPLUMHE U NPUpPAcTa NOBO/bHUX Ucxoda (b = Ay: Ax), Harnb
NIMHUWje perpecnje yToanko sehu LWTO penatueHe BepoBaTHOhe cnopuje KOHBEPTrMpPajy CTBAPHUM.

MNpumep 5. Pacnogena Kojy cmo 3aganu y npetxogHum npumepuma (0.4, 0.3, 0.2, 0.1) Hema npeTexkHy,
HeKy BepoBaTHohy Koja je Beha oz 36upa octanux (Channel, Teopema), osae [9.]. To Huje Tako peunmo
ca pacnogenom p = (0.6,0.2,0.1,0.1) 3a Kojy reHepuwemo cregehe ucxose n perpecujy:

X: M =100 M =110 M =120 M =130

Y: 17=489 17=171 I7=405 I7=511

y =399 — 0.04x
Perpecuja je cKopo HyATa, NOBPLMHE Ccy NPMBANKHO KOHCTaHTHe. [

[JomUHaHTHa jegHa og BepoBaTHoha pacnogene morna 6u notehu og ocTanmx ncxoaa TomKo pehux ga
cy BeKTOopM X 1 Z yewhe ycknahenu, aa sehu koepuumjeHT npsor ogrosapa sehem ayror u 06pHyTO, Te

je ckanapHu npousBsog X - Z Beh y cTapTy Makcumanas, a yrao ¢ = X(Xx, Z) MUHMManaH, Kao U CUHyC Tor
yrna, na je oHAa v TparkeHa NoBpPLIMHA Makba.

MoHaB/bakbeM OBAKBUX ,,M3BECHUjUX" pacnofenia MOXKe ce YMHUTK Aa je y4ecTanocT TUX ,CKOpo HYyATUX"

KoedumunjeHaTa Harmba (b) Beha og NpeTxoAHUX NpUmMepa, ann NPOLLEHE 3HAYajHOCTU HUCY me ybeaune.
3a caga HemaM jacHe oanyke u octaBuhy TO NUTakbe OTBOPEHO, 3a ApYyre Npuanke. H1WTa ce 3Ha4YajHo
He Merba HUTK ca noeeharbem 6poja onuTa, LWTO A4EMOHCTPUpPamM ciegehmum npumepom.
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NMpumep 6. Hactas/bamo ca BeposaTHohama pacnogene p = (0.6,0.2,0.1,0.1), ca sehum 6pojesruma
noHossbeHux onnta M = 1000, Takohe KoHcTaHTHOTr Kopaka AM = 10.

X: M =1000 M =1010 M =1020 M =1030
Y: 17=14 340 17=19 319 17=21226 17=14 252
y =17 287 — 0.003x

Perpecuja je jow ctabunHuje napanenHa nMHuja.

Kopg 60/be M3jalwbeHmx pacnoaena BepoBaTtHoha, Kao y npumepuma 5 u 6, Haromunaearbe NO3UTUBHMUX
MCX0Aa Kao Aa nokasyje (HesHaTHO) Behy aHanorunjy ca Kenneposum gpyrnm 3aKOHOM o4, AUdY3HUjUX,
Kakeu cy y npumepmma 1 1 2. Mehytnum, morno 61 1o 6UTM HeLOBO/BHO CTAaTUCTUYKM 3HAYAjHO.

Npumep 7. BeposatHoha je Beoma andysHa, yjeaHauerna p = (0.27,0.26, 0.24, 0.23), ca pesyntatuma:

X: M =100 M =110 M =120 M =130
Y: 17=535 17=299 17=618 17=436
y: 469 471 473 476

y = 446.70 + 0.22x
Y forbem pesy, CeHYEHOM, HaBeAeHe cy NpoLeHe perpecujom.

Jakne, y eKCcTpeMHMM C/ly4ajeBMMa, KaKo M3BECHOCTM TaKo M HEM3BECHOCTM UCX04a, AaTe pacrnogene
BepoBaTHONha, MOr payyHapa, NoKasyjy Beoma NpubAnKHO KOHCTaHTHE noBplumnHe, y = [1(x), namehy
BeKTopa X (aaTum BeposaTHohama reHepucaHux 6pojesa NOBO/LHUX UCXOAa) U OYeKMBaHMX Z BpojeBa
ucxoga. lpyrum peunma, y HMXOBOM C/ly4ajy Takohe NocToju Kopenaumja aHanorvje Kenneposor gpyror
3aKOHa Ca OBAaKBMM HaromusiaBakblMMa NOBO/bHUX UCXOAA.

MpumeTMMO Aa ,CTaTUCTMYKA KopenaLumja“ Huje UCTo WTO ,y3POYHO-NOCAeAMYHe Be3e”, aNun Aa To caaa
HUje TOZIMKO BUTHO Kao Yy ,,CBAaKOAHEBHOM }MUBOTY", jep 0BAE OHa OTKpPMBA aHanornjy. AHanornja o Kojoj
npuyamo je ,jegHakoct” nonyTt ucte popme cabuparba peunmo jabyKka n metapa, Koju Hucy GusmnkaaHo
NCTe Mepe, HATK Cy YaK HU ancTPaKTHO UCTM Nojmosu. MehyTnm, oueKyjem fgasbe Aa NOCToje jol HeKe 3a
cafia TajHe Be3se usamehy Gpusmnukmx cmna u ,,cnna’” Kojuma NpMpoaa CNOHTAHO, KAXKeM paanje, peanusyje
BEPOBATHUje UCXOAe, @ TUME N Matbe MHPOPMATUBHA CTakba.

OHO WITO je MNaK pasanymnTo y CNydajeBMMa CTaTUCTUYKE M NPELIM3HE HAYKE je HaroMu/laBakbe rpeLlaka.
Kaga pagumo ca Be/IMKOM ToJIepaHUMjoM ,, TaYHOCTU, y3 CTaTUCTUYKY OLLEHY Ba/baHOCTU, Nojasuhe ce u
yBehaBame rpellaka HeTUNUYHO 3a NPeLU3HOo padyHare. CBaKo KO je Ha KoMnjyTepy A04aBao cabupke
peuumo pasBoja CMHycHe dyHKuuje y Tejnopos pes 3Ha 0 Yemy roBopum. Tv 6pojeBu Cy 3a0KPYKEHU Ha
5,10, 15, nnn Konnko roa xohete geunmana, anun cagprKe N10KasHO 3aHEMap/bMBe HETAYHOCTM Koje 360r
HaromunaBaha 36MpHO nocTajy Behe o TejnopoBe NpoLeHe 3a ocTaTak peaa.
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24. Tpumepwn perpecuje I

Y npeTxogHuMm ,,MpumepumMa perpecuje” paguam cMmo no wemu cnegehe camke neso, a y cnegehum
pagunhemo no gecHoj. aTa je pacnogena seposatHoha p = (pq,P2, ..., Pn), Y HekOM n = 1,2, 3, ...
OVMMEH3MOHAIHOM NPOCTOPY CAyYajHux aorahaja wq, woy, ..., w, € Q. NoHasmamoonut M =1,2,3, ...
nyTta n 6enexnmo éj 6poj ycnewHux peanusauuja j-tor forahaja, nHaue seposatHohe pj, rae MHAEKCH

umajy speaHoctv j = 1,2, ..., n. Tako ce noHas/barbem GOPMMPa BEKTOP X = (51, Eyr e fn) cse Behe

ayxuHe (MHTensuTeTa) || x| = \/ff + 9‘; + -+ 5721. Y cBum npumepuma n = 4.

OuyeKnBaHe BpeAHOCTM KOOPAMHATa BEKTOpa X HakoH M onuTa cy é’] = Mp;. Ca rouma pedpuHuwemo

BEKTOp Z = ({1,42, ...,(n) uHTeHsuTeta || Z|| = Jg‘f + 4‘; + ot gfl = My/p? +p? + -+ + p2 = Mp,

KOjM je yBeK ucTor npasua p, anu pactyher nHteHsuTera (ca 6pojem M noHas/barba OnNuTa), NpUKasaH
cavkom neBo. Mako cy KoopanHaTe BeKTopa X c/ydajHe Bapujabne, nako je pasymeTu Aa yrao nsmehy
ABa BekTopa, ¢ = ¥(X, Z), onaga, CMakbyje Ce CUHYC TOT yrna, a ,HeouYeKnBaH" pesyntat npumepa je
oTkpuhe, unun notepaa Aa je nospwuHa, /7= ||x||||z|| sin ¢, napanenorpama Kojer Bektopu pasanumy
KOHCTaHTHa y CTaTUCTMYKOM cmucny. LLipadmpaHu Tpoyrao je nonosmHe NoBpLUMHE Napanenorpama.

Y HacTaBKy, YMECTO BEKTOPOM Z, KOHCTaHTHOr NpaBLa U MHTeH3uTeTa pacTyher ynopeo ca BEKTOPOM X,

6aBMMO Ce BEKTOPOM y = (771, 7 nn) nHtensuteta ||y|| = \/77% + 15 + -+ 1% 3a kopak AM seher

oa npsor, ||x]| < ||y|]. Osa asa BexkTopa paszanury napanenorpam Heke nospwure /7= ||x||||y|l sin ¢
Takohe, a NPOMEH/bMBOCT Te MOBPLUMHE je NpeAMeT HapeAHMX NPoBepaBatba.

NMpumep 1. 3agata seposatHoha je p = (0.4,0.3,0.2,0.1), noueTHn 6poj noHaswarba M = 100, ca
Kopakom AM = 10 u reHepucaHa cy yeTnpu napa (K = 4) ynopeHUX HA30Ba UCX04a X U V:

o M, =100,% =(36,24,29,11), M, =110, j = (42,39, 16, 13), /7=1086.79
o M, =110, % = (40, 35,20, 15), M, =120, j = (46, 31,27, 16), /7= 535.61
o M, =120,% = (47,36,26,11), M, =130, j = (46, 46,27, 11), /7=569.11
o M, =130,% =(59,38,26, 7), M, =130, j = (70, 28,29, 13), [1=1162.57

Ha ocHoBY ABa reHepucaHa HM3a Cay4ajHUX 6pojeBa payyH Aaje Aa/be, PELMMO 32 YETBPTU KOpaK:

X-y=6039, ||l = 75.17, ||7]| = 81.82, cos ¢ = 0.98917, sin¢ = 0.18904.
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Sx = 460.00, Zy = 3 354.08, Zx? = 53 400.00, Zxy = 387 023.42
1 KoedULMjeHTe INHeapHe perpecuje:

_ () (x?)-(20)(xy)
T K(Cx)-(x)?

K(Zxy)—(2x)(2xy)
K(2x?3)—(2x)?

= 538.54300, b = = 2.60850,

y =a+ bx.

PerpecroHa npaBa /iMHMja CKOPO je Xopu3oHTanHa (b = 2.6), anu je penaTMBHO BUCOKO (NpoceyHe
BUCUHE, nospwmnHe y = 838.52), na Ha Behoj BucuHu (a = 538.5) npeceua opauHaTty. U

MapanenHoCT IMHKUje perpecuje ca ancumcom (x-ocom) roBopu 0 KOHCTAaHTHOCTU OpAUHaTe (BpesHOCTH
Yy-a) Koja je oBae mepa nosplumHe. CTaTUCTUYKK je cKopo Hemoryh ciyyaj TauHe napanenHoctv (b = 0),
jep cy oBo 3HayajHO c/yyajHM NpoLecu, na ,napanesHocT” yK/ibydyje TonepaHLumjy CTaTUCTUYKeE rpeLLKe,
KOja je MHaye NpPoMeH/bUBa Be/IMYMHA. 3aTo Benexkmm jol jegaH NPeTXo4HN NOCTynak, 04 MHOTMX.

MNpumep 2. UcTn cy ycnoBu NpeTxogHOr Npumepa, aaun He kMa U reHepucanu 6pojesu:

e M, =100,x =(47,31,13, 9), M, =110, y = (40,37, 23, 10), I1=797.56
e M, =110, x =(35, 30, 29, 16), M, = 120, y = (44, 46,18, 12), I7T=1165.11
e M, =120,x =(48,29,31,12), M, =130, y = (56, 40, 23, 11), I7=1930.73
e M, =130, x = (49, 47,21, 13), M, = 140, y = (50, 47, 30, 13), I1=609,42

KoepuumjeHtn, a =1794.33n b =-7.99, perpecvje y = a + bx, cafia npouemyjy 4a ce paau o
(HeBennkom) onagary nospwmnHe. 1

Ca npubamkHo M = 100 noHoB/beHNX OoNUTa cTaTUCTMKa Tonepuwe b = 0 + 40 Kao ,xopusoHTanaH"
Harmb nnHuje perpecuje, Na unak, Uau Aa Kaxemo 6aw 36or Tora, ca noseharbem 6poja onNuTa Ha OKo
M = 1000 TonepaHuuja ce nogmke Ha b = 0 + 400. Mpu Tome Tpeba 3HaTK Aa je Ta ,ToNepaHuMja“ n
penaTvBaH M MPOMEH/bUB MOojaM.

Mpumep 3. VcTn cy ycnoBM NPeTXOAHOr MPMMEPa, 3/ He U HbMMa reHepucaHun 6pojesu:

e M, =1000, x = (419, 282, 205, 94), M, = 1010, y = (408, 314, 184, 104), /1= 22 687.50

e M, =1010, x = (422,308, 187, 93), M, = 1020, y = (406, 301, 213, 100), /7= 17 735.19
e M, =1020, x = (398,301, 209, 112), M, = 1030, y = (419, 298, 213, 100), /7= 11744.34
e M, =1030, x = (415, 314, 181, 120), M, = 1040, y = (407, 319, 201, 113), /7= 13038.92

KoeduumjeHty, a = 370 907.77 n b = -349.37, perpecuje y = a + bx, cafia ocLuyjy yrnaBHOM yHyTap
oncerab =0+ 400. 1

Ouekmearbe i = E(X) v BapujaHca 02 = Var(X) cy ABe BaxHe cneundnyHOCTM HI13a BepoBaTHOha. Kao

WTO 3HAaMO, O4eEKNBaH€ je npocek, a BapMjcha je Oo4YyeKnBarbe KBagpata oACTynakba 04 NpoceKa:

n

E® =Y &y Var@) = E[G - =y (5 1) py
=1

J j=1
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3a yHanpep aate 6pojese NnoHaB/batba onuta, M, aepuHucanm cmo n E (fj) = Mp; = §j, naoHgawu
zZ= Mpj. Te BennumHe Cy HU30BM OYEKMBAtLA, 33 PA3/IMKY 04 36MPHOTr ouekmBarba, 6poja u. Takohe,

nocroje pasnnMuuTe BapujabuaHocTu, nopea npocte o2, Takohe BaXKHe 3a pasyMeBarbe NoBPLIMHA O
KOjMa roBOpumoO.

NMpumep 4. 3anaTa je Hosa BeposaTHoha p = (0.6,0.2, 0.1, 0.1), ctapu 6poj noHasbarwa M = 100 u
nctum kopakom AM = 10 reHepucaHa cy YeTvpu napa (K = 4) ynopeaHux HU30Ba MCX0Aa X U Y:

o M, =100,x =(57,25,8,10), M, =110, ¥ = (76, 16, 10, 8), /7=1042.97
o M, =110,x =(64,25,10,11), M, =120, ¥ = (69, 26, 15, 10), /7= 330.95
o M, =120,x =(62,25,12,21), M, =130, y = (85,21, 8,16), /7=1259.25
o M, =130,x =(81,26,15,8), M, =130, y = (84, 25,12, 19), /7= 993.00

Otyaa 3a perpecujy, y = a + bx, nspadyHasamo koepuumjeHte a = 11.42mn b = 7.78. 1

HaBogum jow cnyyajHmx 6pojeBa Koje MM cafa pyTUHCKM n3balyje KomnjyTep, a Ha Koje hy ce KacHuje
mohu jegHOCTaBHMje NO3UBATMH.

Mpumep 5. McTn cy ycnoBM Kao y NpeTxogHOM NpUMepy, a reHepucaHa cy HoBa YeTMpu Napa HWU30Ba:
e M,=100,x=
e M,=110,x =
e M,=120,x=
M, =130,x =

73,12,6,9), M, =110, y = (64, 25,11, 10), /7=1152.99
58, 22, 15, 15), M,, =120, y =(79,18, 11, 12), I7=1010.45
61, 26, 16, 17), M,, =130, y =(71, 30, 15, 14), [7=451.76
73, 26, 20, 11), M,, =130, y =(76, 38,11, 15), [7=1214.69

—_ e~~~

3a perpecujy, y = a + bx, pobujamo Hose KoepuumjeHte a = 1387.12mn b = —3.74. 1
Oprosapajyhu npumep amdysHoj BepoBaTtHohu npetxogHor Hacnosa [23. Mpumep 6], cnegehu je.

Mpumep 6. 3anaTte cy BeposaTtHohe, p = (0.27,0.26,0.24,0.23) y3 ocTane uUcTe yC0Be M3 NPETXOAHOr
npumepa, ca HOBUM reHepMcaHMM NapoBUMA C/Ty4ajHMX HU30Ba:

o M, =100,% =(32,24,20,24), M, =110, j = (33,26, 31, 20), /7=569.36
o M, =110,% =(37,23,19,31), M, =120, j = (30, 34,29, 27), I[1=957.77
o M, =120,% =(30,27,32,31), M, =130, j = (37, 36,29, 28), /1= 628.04
o M, =130,% = (42,38,29,21), M, =130, j = (39, 36, 32, 33), /7=2852.39

3a perpecujy, ¥y = a + bx, Hanasumo KoeduumnjeHte a = 106.04n b = 5.73. 1

MocebHo hemo ce 6aBUTU Ancnep3njama OBUX NOBPLUMHA 3aBMCHO o4 6poja onuta M 1 of, pacyTocTy
caMmX 3afaTUX BeposBaTHoha P, jep WX je TEeWKO Pa3/IMKOBaTU Ha NPBU Norniea,
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25. Cpeatbe BpegHOCTH
N3 anrebpe nosHajemo pasnnunTe cpearbe BpeaHocTM Hu3an = 1,2, 3, ... 6pojesa x = (xy, X3, ..., Xy),
Kao LUTO CYy XapMOHMWjCKa, reOMEeTpU1jCKa U apUTMETUYKA cpeanHa:

HX) = T, T, o, G(x) = m’ A(R) = Xytagt iy

X1 X2
3a wux 3a gate 6pojeBe yBEK BaXKe Heje4HAKOCTH

<H<SG<A<
1r£111<nn{xj} H<G<A 1r£1]a<>§l {x;}

rAe jeAHaKOCT CTOjW aKo M camMo aKo cy cau 08K 6pojesu (x;) mehycobHo jeaHakum.

Y cTaTUcTUUM cy cpeatba BpegHocT (mean), megujaHa (median) u mog (mode) Tpu rnaBHa HayMHa 3a
03HayaBak€e NPOCEYHUX BPEAHOCTM ucTe 6pojesa. MpBuM je NOMeHyTa apuTMETMYKa CPeaMHa, Koja ce
YyecTo noapasymeBa Noj, MPOCEKOM, a HaNlasun Kao rope, Tako LWTO ce bpojesun cabepy u 36up nogenm
6pojem cabupaka. MeaunjaH je cpeatun 6poj Ha IMCTM NopesaHoj o4 Hajmarer Ao Hajseher. Hajuewhe
nojaB/bMBaAHA BPEAHOCT HA JIUCTU je MO,

MaTemaTn4Ko O4eKmnBatbe Be3yjeMo 3a BeposaTHohe pacnoaene, fakne 3a 6ojese p; € (0,1) Takse aa

jepy +py + -+ pp = 1, nojeguHux cnyyajHmx Bapujaban X = {xy, x5, ..., X, }. EnemeHTn oBor ckyna
o6unyHo cy peanHu 6pojesu (x; € R), uecto n komnnekcHu (C), ann cmo 3a caga pasmaTpanut yraaBHOM
npupogHe (N). ANCKpeTHO MaTeMaTUYKO OYEKUBAHE TaKBUX, AePUHULIE

E(X) = X1P1 T XDz t+ =+ XpnPn

npv Yemy je A03BO/bEHO 4@ 1 — 00, aKO 0Baj 36Mp KOHBEpPr1pa. 3a HenpPeKUaHy cyyajHy NPOMEH/bUBY

b .
X, ca ryctuHama BeposaTHohe p(x) U3 gomeHa x € (a, b), roe fa p(x) dx = 1, oBo o4ekuBame je

b

E(X) = fxp(x) dx

a

. b .
KaZia HECBOjCTBEHW UHTErpan fa |x|p(x) dx koHBeprupa. Y oba cnyyaja, AMCKPETHOM U HEMPEKUAHOM,
MaTeMATUYKO OYEKMBaHE 03HAa4YaBaMO M FPUKMM C1IoBOM W, Nasehu aa nsberHemo 3abyHe.

Mpumep 1. Y npeTxogHUM NPUMEPUMA PeErpecunje MmaTemaTUUKa OYEKMBatba KOOPAMHATA BEKTOPA YMHE
BekTop, E(x) = E(él, S §n) = (Mpy,Mp,, ..., Mp,) = M(py,p2, ..., Pn) = Mp, rae je M 6o 6poj
onuta. OuekmBatrbe ogrosapajyher ckyna 6uo 6u 6poj E(X) = (4‘1 +& + et fn)/n. a

Mpumep 2. Pacnogena AUCKpeTHUX BepoBaTHoha p AeduHuie HU3 MHdOopmaumja h; = —logp; ca

MaTeMaTUYKUM OYeKMBaHeM E(h) Z] 1 hjp;. To je WenoHosa nHdopmaumja.

Npumep 3. CnyyajHe Bapujabne ckyna X cBe jeiHaKe HEKOM Bpojy, KOHCTaHTK ¢, mahe Tom Bpojy

jenHako (matemaTnuko) oueknsarse, E(c) = c. Cse cnyuajHe Bapujabne ckyna X MHoXeHe 6pojem ¢,
nahe oueknBarbe MHOXeHO ucTum 6pojem, E (cX) = cE (X). Ouekunsarbe 36Mpa Bapujabau jeaHako je
36upy odekmsara, E(X +Y) = E(X) + E(Y). Oueknsaroe Npon3BoAa HE3aBMCHUX NPOMEH/bUBUX je

npoussog oveknsarba, E(XY) = E(X)E(Y). To cy obpo nosHaTe ocobuHe oyekmsara.
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BapwujaHca je (MaTemaTMYKO) O4EKMBaE KBaApaTHUX oacTynara oa u = E(X):
1 n
2
Var() == (3 - )" = BIKX - ] = EXD) -
j=1

roe X2 o3HauaBa CKyn KBaApupaHux efemeHarta ckyna X. BapujaHcy 03HauaBaMo 1 ca 2 1 OHa je jeaHa
oA, Hajuewhux amcnepsuja, pacunara c/yvyajHe NPOMEH/bUBE OKO CpeaHbe BPeaHOCTH, Ma Ce YeCTO TaKo
M HasumBa — aucnepsmjom. OcobuHe BapujaHce cy Takohe fo6po nosHaTe.

Npumep 4. 62(X) = 0 ako 1 camo aKko ckopo cae® Bapujabne umajy ucty spegHoct. o2 (X + ¢) = a2(X).
02(cX) = c?0%(X). 3a He3aBucHe Baxmn 0 2(X +Y) = 02(X) + 02(Y). dynkumja E(X — 1)? no Auma
muHumym 3a A = E(X), 1j. 02(X) < E(X — A)? 3a cBaku 6poj 4, ca jeaHakowwhy camo 3a MuHumym.

KoBapujaHca je o4yeKnBare NpPon3Boaa O4CTyMNakba 04 OYEKUBAHA ABejy CAyYajHUX Bapnjabau:
Cov[(X — (Y = )] = EXY) — ety

rae ctoju py, = E(X) nu, = E(Y). Kaga sehe BpeaHoctv npse Bapujabne Harurby Ka Behum apyre,
Tagaje (X — ux))(Y — yy) nosnTMBaH Bpoj K Kaxkemo Aa cy Te ABe Bapujabie NosnTUBHE Kopenauuje,
MHaye je HeraTMBaH M Kopenaumuja Bapmnjabau je HeraTUBHa.

OcobuHe KoBapwujaHce cy, Takohe, £o6po nosHaTe:

Cov(X,X) = Var(X);

Cov(X,Y) = 0, 3a He3aBuCHe Bapujabne;
Cov(X,Y) = Cov(Y, X);

Cov(AX,Y) = ACov(X,Y);

Cov(X +¢,Y) = Cov(X,Y);

Cov(X +Y,Z) = Cov(X,Y) + Cov(Y, Z).

ok wnNE

KoeduumjeHT Kopenaunje je Hopma KoBapujaHce

Cov(X,Y)

JJVar(X) Var(Y)

Pxy = Corr(X,Y) =

ca, ,obpo Nno3HaTUM, 0cobUHama:

—1<Corr(X,Y) < 1;

Akoje Corr(X,Y) =1,TapajeY =aX + b,raejea > 0;
Akoje Corr(X,Y) = —1,tapajeY =aX + b,raejea < 0;
Corr(aX + b,cY +d) = Corr(X,Y)3aa,b > 0.

PwWwnNPR

5 CKOpPO CBe — CBe CeéM OHUX HynTe BepOBaHOhe
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26. [lncnepsuje

Cpeptbe BpeaHOCTH, Ta4YHMje MaTeMaTUUYKa OYEKMBAHbA CY U HEKe 04, AUCrep3nja, NPocevHa oAcTynaka
O/, HEKMX BaXHUX BPeAHOCTW. Y NpeTxoaHOM HacnoBy 6aBuam cmo ce camo aednHULMjaMa U HUXOBUM
LWMpe NO3HATUM 0COBMHaMa, ann He M HEKMM Ba*KHWjUM nocneanuama. Anv noctoje 1 gucnepsuje Koje
Ce He 3aCHMBAjy Ha cpeabMM BpeHOCTMMa TaMo NMOMEHYTUM, a NojeAUHe jeBa Aa iMTepaTypa yonwTte
U NOMUbE.

Teopema 1. (Yebuimesa HejeaHakocT) Ako noctoju E(X?), ouekmnsarbe KBaapaTa cayyajHe sBapujabne
X, Tapa 3a ceako € > 0 Baxku HejegHaKocCT

P{IX| =z ¢} <

E(X?)
&2

KOja KaKe Aa je BepoBaTHoha aa je Bapujabna Beha of encnioH mara o4, 0O4eKMBakba KBaapaTa
Bapujabne noae/beHMM ca KBafpaTOM encu/ioHa.

Jlokas: Ykpatko, E(X?) = f_+°° 2p(x) dx = flx|>gx p(x) dx +f| x2p(x) dx >

x|<e
f|x|>£x p(x) dx > f|x|>se p(x) dx = &2 x|z x2p(x) dx = ?P{|X| = ¢}. m

Kaga ymecTo X ctaBumo X — u Yebuwwsmesa HejegHakoct noctaje P{|X — u| > €} < 02(X)/€?, rneje u
MaTeMaTUYKO OYeKuBate. EBO KaKo OHa MOKe MOC/YKUTU 3a JloKa3e jeiHe 04, BPCTa 3aKOHa BEJIMKUX
bpojesa.

Mocmatpajmo Heku ciyyajHu gorahaj us w € Q. Heka je wy, gorahaj ga cey k-Tom noHaB/bakby onuTa
peanusyje AaTn w, a Wy, Aa ce He peanusyje. BeposaTHoha peannsaumje je P(wy) = p, AOK je cynpoTHa
seposaTtHoha P(wy) = 1 — p = q. UHanKkaTop aewasarba I, = 1 ako ce porahaj aecmon I, = 0 aKo ce
porahaj Huje gecno. OTyaa je 6poj peanusaumja gator gorahaja E=1; + I + -+ + Iy y M noHas/bakba.
360r HeE3aBMCHOCTU OMMCAHWUX NOHaB/bakba, HEe3aBUCHE Bapujabae cy M 0BM UHAMKATOPMK, Na je

02(&) = o2() + %) + -+ a?(Iy)

Ouekwmsatrbe uHaukatopa je E(I;) = 1+ P(wy) + 0 P(@y) = p. 360r [Z = I, BapujaHca nHAMKaTOpa je
a?(l,) = E(12) — [EU)]? = E(I,) — p? = p — p? = pq. Kako je P(w;) = p,3acBako k = 1,2,...,M
jep w uma ucty seposaTHohy y cBakom noHos/beHom onuty, To je a2(I;) = P(wy) — [P(wi)]? = pgw
a2(&) = Mpq. OBo cy K/byuHM pe3ynTaTi Teopuje BeposaTHohe, a Takohe notpebaH AoAaTak NPOLWANM
npMMep1Mma perpecuje 1 3aTo TONMKO AeTa/bULlem.

Mpumep 1. YOUMMO apuUTMETUURY cpeanHy nHamkaTtopa Ay (1) = %(11 +1I, +--+1I). Heka je
2
E(Ay) = a,najed?(4y) = % Mo = %, a 3 Yebuwsbese HejeHAKOCTH

O'Z(AM) _ o?

P{lAy —al = &} < =—
{I M aI 8} 0_2 MEZ

OBaj 6poj TeXKM HYyAN Kada n — oo, a 7o je bepHynunjes 3akoH Bennkux bpojesa.

CanyaH, mano onwTunju pesynTar je cnegehu, Kaga He NOCMaTPamo CaMo MHAMKATope.
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MNpumep 2. Heka cy X1, X5, X3, ... HE3aBUCHE CNy4YajHe NPOMEH/bUBE Ca UCTOM PACNOAEeI0M, CTa/IHUM
oueknsarsem E(X,) = [ 1 KOHCTaHTHOM KoHauHoM BapujaHcom o2 (X)) = 02, 3a cBako k. Taga tuxoBsa

apuTMeTuuKa cpeanHa X, (X) = %(Xl + X, + -+ X,,) Teun Ka 1, Kafa n — 00. Ha UCTU NpeTxoaHu
HaumH, caga us E(X,) =, 0%2(X,,) = 02 /n v onet Yebuiwmese HejeaHakocTh 106ujamo

2
P{I%, —ul = &) < —
n = T e

Kagan — oo. To je noonwTene npetxogHor bepHyanjeBor 3akoHa BeIMKnX 6pojesa. [

Hu oBaj 3akoH BenMKunx 6pojeBa, HapaBHO, HKje nocieaHa ped Teopuje seposaTHohe. CanyHe oBome
pa3yMemo [a apuUTMeTUYKA CpenHa CayvajHUX NPOMEH/bUBUX UCTOT OYEKMBAHbA U TYOU CayvajHOCT y
cMmucay ga je Ay, cee bnrKe TOj O4EeKMBaHOj BpeaHOCTU Kaga je 6poj noHas/barba M Behu. BeposaTHoha
CBaKe Ma/ie pa3/IMKe OBe apUTMETUYKE CPeAMHE U KOHCTaHTHOT OYeKMBarba Texu Hyau, |Ay — ul = 0,
Ca HeorpaHM4YeHUMm NoHas/bakbem onuTa (Kaga M — o).

3aKOHM BENIMKMX BpojeBa yonLTe OTKPMBaAjy HaM KOHBepreHumje BepoBaTHONA, HbUXOBE YC/I0BE U CMEP,
anu Hehe ce 6aBUTU feTa/bMMa KOjWU HAC NPy TOMe MOry 3auHTepecoBaTu. [lucnepsjama ce 3aTto 6aBMmo
M Ha gpyre HaumHe, a jeaH Of, HbUX KOjU KOPUCTMM Y TEKCTOBMMA CKPUNTE je BU3yennsalnja OBUX MHAYe
BEOMa ancTpakTHWUX npobaema.

OCHOBHM Cy CKaNapHU 1 Nceyao CKasapHu NpoM3BoA, BEKTOPA, TUMNYHK 33 MHGopMauujy nepuenumje, a
OKO C/ly4ajHWUX Bapujabiv OHM Cy CKOPO CBENpUCyTHe BesInYnHe. MaTemaTuyKa CTaTUCTUKA Kao fa MX 3a
caga notuemyje, na hemo 1x jolw mano ekcnaoatucatu. MpBM rosope 0 NPOU3BOAY AYKMHA BEKTOPA U
KOCMHYyCa yrna nsmehy wux, a Apyrvu o NPoM3BoAY TUX AyXKUHA U CUHYCA YINa, a AUcnepsnje YRbydyjy 1
Hanaxeme KoedpuunjeHata Koju he oBe Nnponssoae cTabuamsosaTv, HOPMUPATH.

X

MoBpLmMHa Napanenorpama Kojer pasanury BekTopu X 1 z gyxuHa a = ||x|| v b = ||z|| je I7= ab sin g,
rae je @ = 4(z,X) yrao usmehy sektopa. Haume, nospluvMHa napanenorpama je NpoM3Bo4 0CHOBULE U
BUCMHe Ha kY /7= bh, a 3 npaBoyraor TPOyrna Kojy rpaam Ta BUCKMHA Kao KaTeTa v CTpaHuLa 1eBO Kao
xmnoTeHysa, h = a sin @, cmeHom gobujamo nomeHyT pesyntat. obujamo ,,CMHYCHY ancnepanjy”.

Octaje Ham camo aa 6upamo aedUHUUM]Y OyKUHE BEKTOPA, He Merajyhu My npaBal, v cmep, Tako Aa 3a
wTo je moryhe Buwe pacnogena BeposaTHoha yBeK f06Mjamo HEKy NOBPLUMHY Koja he ocTajaTv ucta 6es
0631pa Ha 6poj noHaB/bakba onuTa. JeaaH npegnor usHehy y cneaehem Hacnosy.
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27.Cnna HEN3BECHOCTH

NoTpeby 3a KOpeKLMjoM ,MOBPLINHE" Napanenorpama Kojer pasanurby BeKTopu X 1 Z Hamehe cnoboaa
aedbuHUUMje , AyKUHE” TUX BeKTopa [23.]. AKO y npumepuma perpecuje, Ay*MHY BEKTOpa He CMaTpamo
NnpocTm 36MpPOM peannsoBaHUX UCXOAa, HETO PELUMMO HUXOBMM KOPEHOM, perpecuja noctaje MMpHUja
M HbeHa XOPU30HTaNHa NpaBa cTabuanuja. Y Tom cayyajy [23. Mpumep 1] pobuja cnepehu ncxoga,

NMpumep 1. 3a BeposaTtHohe noctasumo p = (0.4,0.3,0.2, 0.1) 1 reHepuwIMMO caydajHe 6pojese nodes
oa M = 100, kopakom AM = 10. Y3 ceako M, gobunjamo 361pose ncxoaa X U 0O4eKnBarba Z, anu 3a
AYXKMHE TUX BEKTOPA Y3MMMO KopeHe Tux 36uposa. Tafa nspayyHaBamo NOBPLUMHY KOjy BEKTOPU
pasanuiby:

e M=100: x = (42,31,19, 8), z = (40,30,20,10), /7= 2.86
e M =110: x = (34,36,28,12), z = (44,33,22,11), I[T=11.84
e M =120: x =(42,39,27,12), z = (48,36,24,12), I1=7.20
e M =130: x =(58,38,26, 8), z=(52,39,26,13), I[1=7.15
NvHuja perpecvje y = a + bx, roe ancunca M aeduHuwe opauvHaty /7, uma koeduumjeHte a = —2.24

n b = 0.08, gakne MHoro je napasenHuja npasa ancumcu (x-ocu) og npeTxoaHe. 1

[a ce 3ancTa gobujajy 3HauajHO cTabunHMje NOBPLUMHE, KOjW pa3anuiby BEKTOPU X U Z UCTMX NpaBaLia a
Kpahux UHTeH3uTeTa (KopeHa bpoja peannsauuja y M nokyluaja), nokasyje BULECTPYKO reHepucake Tux
nogataka, Kao y cnegehem npumepy.

Mpumep 2. Pacnogena seposatHoha je n game p = (0.4,0.3,0.2,0.1), nouetHo M = 100 jeaHako Kao y
NPeTXo4HOM Npumepy, anu je Kopak gecet nyta sehn AM = 100.

e M =100: x = (46,24,16,14), z = (40,30, 20,10), /7= 54.77

e M =200: x = (84,58,43,15), z = (80,60, 40,20), /7= 7.00

e M =300: x=(127,79,59,35), z = (120,90, 60,30), /7= 164.32
e M =400: x =(161,116,91,32), z = (160, 120, 80,40), /7= 14.12

Nunuja perpecuje (y = a + bx) nma koeduumjeHte a = 6.51 n b = 0.02, gakne Beoma XOpM30HTaHa
je.d

Ocumnaumje nospwmHe Ao 20 nyTa roBope 0 BeAMKOj Ancnepsunjm (cnyyajHocTn) oBmx Bapujabnum, anm u
nomano HecTBapHa ctabunHocT perpecuje (b = 0.02), 04HOCHO HENPOMEH/LUBOCT CPeaHEe BpegHOCTH
NMoBpPLUMHE, O HEOUYEKMBAHO CHAXKHOj aHANOMMjU aNCTPAKTHUX ,CUNa HEU3BECHOCTN ca cunama Hebecke
MexaHWKe, 04HOCHO KenneposBum Apyrum 3aKOHOM.

Npumep 3. Pacnogena seposatHoha je Hosa p = (0.6,0.2,0.1,0.1), nouetHo M = 1000 ysehaHo je
AeceT NyTa, a Kopak ocTaje jeaHak npetxogHom AM = 100.

e M =1000: x = (581,218,95,106), z = (600,200,100,100), /7= 24.07
e M =1100: x = (655,225,109,111), z = (660, 220,110,110), /7= 6.53
e M =1200: x = (708,276,121,95), z = (720,240,120,120), /7= 45.37
e M =1300: x = (803,265,113,119), z = (780, 260, 130,130), /7= 24.65
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NuHuja perpecwje (y = a + bx) nma koedpuumjeHte a = —18.76 u b = 0.04, xopusoHTasHa je BeOma U
famwe.

OBo cy bune ,aHraxkoBaHe" BepoBaTHohe pacnogene, ca jeaHom Behom oz 36unpa ocTanmx, anm Hema
3Ha4yajHMX pa3/inKa HUTU ca ,pa3bnaxkeHnm”, Koje cy cBe YeTUPU OKO YeTBpTUHE. To MMamo y cieaehem
npumepy.

Npumep 4. Pacnoaena seposaTtHoha je Hosa p = (0.27,0.26,0.24,0.23), noyetHo M = 10 000
yBehaHo je oneT gecer nyTa, Koanko 1 kopak AM = 1000.

e M =10000: x = (2662,2604,2431,2303), z = (2700, 2600,2400,2300), /7= 49.26

e M =11000: x = (2962,2858,2726,2454), z = (2970, 2860, 2640,2530), /7= 115.04

e M =12000: x = (3113,3182,2833,2872), z = (3240,3120,2880,2760), /1= 186.27

e M =13000: x = (3455,3377,3145,3023), z = (3510,3380,3120,3990), /7= 68.80
NuHuja perpecvje (y = a + bx) nma koedpuumjeHte a = —44.52 u b = 0.01 n Takohe je xopusoHTaNHa

NnonyT OHWX Y NPETX0AHA TPy Npumepa. 1

CvHyCcHa amcnepsuja ce NoKasyje 3HaTHO NpPeLn3HNjoM Kaga yMecTo npocTor 36upa peanunsaumja mepe
WHTEH3UTeTa ABa BEKTOPA Y NPOM3BOAY NOBPLUMHE ynoTpebumo KopeHe Bpojesa TUx ucxoaa. Ako 6poj
npubanxHo I7= (Mp)? sin ¢, 3amenunmo 6pojem /7= (Mp) sin ¢, ycnos 71= const. noctaje TauHuju.
To he ce NOHOBUTU M Yy NpUMEPMMA [Ba BEKTOPA UCTUX Kopaka AM pa3nuke y 6pojeBuma onuta M, a ga
je To Tako BMAMMO NpBO Nomohy 3akoHa BenuKnx bpojesa [26. Mpumep 1 1 2], a 3aTUM 1 U3 HapegHUX
npumepa.

Mpumep 5. Pacnogena je n3 npetxogHor npumepa p = (0.27,0.26, 0.24,0.23), nouetHo M = 10 000,
ca kopauuma AM = 1000, anu BekTOpM Cy X 1 Y U3 Nnpumepa perpecuje [24.], Kaga je Apyru 3a Kopak
ncnpeg npBor.

M X y 17
10 000 (2664, 2635, 2385, 2316) (2965, 2854, 2675, 2506) 82.90
11 000 (2975, 2815, 2663, 2547) (3190, 3089, 2858, 2863) 108.07
12 000 (3263, 3079, 2859, 2799) (3511, 3368, 3188, 2933) 134.86
13 000 (3526, 3373, 3136, 2965) (3755, 3687, 3326, 3232) 90.89

Perpecwja (y = a + bx) nma koepuumjeHTte a = 45.79062 n b = 0.00508. 1

MoBpLwKHe cy NPUBAMKHO jeiHaKe y ABa Nocneara npumepa. To 3Ha4uM aa je Uctu Kopak, 1000 onuTta
mehy BeKTopuMma, y NpBOM cnyydajy ca sBehum otsopom nsmehy ,jefHakux” (X v Z) KoOMNeH30BaH AyKUm
APYTMM 4PYTUM BEKTOPOM (X 1 Y) @ MarbM yrnom usmehy rmx, y gpyrom ciydajy. KoeduumjeHT Harnba
NuHuje perpecuje (b = 0.005) kaxke Ham @ Hema 3HavajHe npomeHe nospLuunHe (y = /1) npy1 NnpomeHu
6poja onuta (x = M).

3a caga Hema notpebe Aa meramo AedUHULMNjY AyKMHA OBMX BEKTOpa. Ta je onumja MHaye OTBOpPEHa
He CamMo Ha HauyMH MeTpMKa NPETXOAHO NoMUHbaHKUX [19.], Hero n apyrauuvje. BaxkHuje je npumeTnTH 43
nocroju HeobmyHa aHanornja Msmehy KOHCTAHTHOCTM OBe NoBpLIMHE M KenaepoBor 4pyror 3aKoHa, Ha
HauMH Aa ce Ta NOBPLWMHA HE Mekba ,,yAasbeHowhy”, Kako npomeHom 6poja onuta M y oBoM cayyajy,
TAKo M gaTe NNaHeTe o4 CyHUA Yy caydajy Hebecke mexaHuKe. [a KacHMje MOXKemMo NoKyLaTh 1 ocTane
aHanorHe ¢popmyne 3aKoHa GM3UKe NPOCTO NPEHETU y TeOpUjy BepoBaTHohe.
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NMpumep 6. Pacnogena je n3 3. npumepa, p = (0.6,0.2,0.1,0.1), a novetHo M = 10 000, ca Kopaumma
AM = 1000, kao 1 geduHMLM]y BEKTOPa X U Y 3aAp>KaBamo. [lpyru BEKTOP je 3a Kopak ucnpea, npsor.

N

-~

M X y 17
10000 (5948, 2051, 984, 1017) (6555, 2235, 1114, 1096) 43.41
11 000 (6650, 2132, 1102, 1116) (7229, 2368, 1212, 1191) 52.82
12 000 (7079, 2443, 1278, 1200) (7740, 2555, 1337, 1368) 131.40
13 000 (7742, 2634, 1293, 1331) (8315, 2828, 1417, 1440) 28.60

Perpecvja (y = a + bx) nma koepuumjeHte a = 24.77205un b = 0.00342.

NHTepecaHTHO je NpUMeTUTU Aa ,M3jalltbeHa” pacnogena 5. npumepa, y o4HOCY Ha ,HeusjalbeHy” ns
4. npumepa, He Merba HU MNOBPLUMHE HU FbUXOBE NPOMeEHE, 6ap He Ha 01aK0 BUA/bUB HauMH. CTaTUCTURY
oz npeko 10 000 y3opaka Tpeba y3MmaTh CKOpo Kao M3BECHOCT. [lornegajmo jow 1 camMyaH npumep ca
ocpeftbMM M3jalltbaBakbem BepoBaTHohe.

NMpumep 7. Pacnoaena je 3 2. npumepa, p = (0.4,0.3,0.2,0.1), a noyetHo M = 10 000, ca Kopauyma
AM = 1000, kao 1 geduHMLM]a BEKTOPA X U Y HENPOMEHEHA, a APYIV BEKTOP je oneT Kopak ucnped.

N

—~

M X y 17
10 000 (4010, 2983, 2033, 974) (4419, 3309, 2210, 1062) 37.16
11 000 (4448, 3255, 2143, 1154) (4731, 3612, 2424, 1233) 153.54
12 000 (4824, 3599, 2389, 1188) (5299, 3850, 2553, 1298) 90.11
13 000 (5161, 3973, 2590, 1276) (5619, 4198, 2781, 1402) 101.33

Perpecwja (y = a + bx) nma koepuumjeHte a = -52.93640 1 b = 0.01291. 1

OTkpuhe oBe aHasornje, NOBPLIMHA KOje pasanuiby C/Iy4ajHN BEKTOPWU pasMaka KOHCTAHTHOr 6poja
Kopaka bpoja onuTa 1 NOBPLIMHA ABA BEKTOPA NJIaHETe 04, CYHL,A pa3maKa KOHCTAaHTHOT MHTepBana
BpemeHa, Aasbe cMaTpam (NpeTnocTas/bam) jeaHakum oTkpuhy rpasuTaumje. OBae oTkpuhy ,cune

HEen3BEeCHOCTM"”, Kojy MOXKeMo BUAETUN Y , TEXHU Npupoae Aa BepoBaTHWUje gorahaje YuHu yewhmma, aa
nae Ka cTakbMma matbe eMmucunje nHdopmaumje, Matbe KOMyHUKaLMje, Makber AejcTea.

Moskaa To Ha NpPBM Nornes genyje cynyno, anv He Ha aApyru. HemssecHocT je oa60jHa cuna, cByrae yBek
NPUCYyTHa, a1 BEOMa CN1abor MHTEH3MTETA M Ha Taj HAYMH je Pa3yM/bMBO 3aLUTO je OHa TOKOM TOJIMKUX
BEKOBa pa3Boja maTeMaTuKe, HayKa 1 yonwTe ¢unosoduje octajana HenpumeheHa.
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28. LleHTpudyra Hem3BecHOCTH
LieHTpudyranHy cuay (nat. ,ueHTap Koju 6exxn“) otkpuam cy n aedunHucann Kpmuctujax Xajrenc (1659) um

Ncak HbyTH (1684). Teno ce Kpehe Kpy>KHOM MyTakOM KOHCTAHTHE yraoHe 6p3vHe w Ha y4a/beHOCTU T,
TaHTreHUWjaIHOM BP3MHOM U = T'w, Ka’*KeMo POTMPA Y HEKOj PaBHU OKO HeHor ueHTpa 0. U3 HbyTHoBOr
LPYror 3aKoHa, Aa je cuna jefHaKa NpousBoay mace U y6p3ara Tena, F = ma, Hanasumo F = mw?r u
TO je ueHTpudyraaHa cuna.

[Ja 6v noBplLuMHe Koje noTer (BeKTop) 04, LLeHTPa A0 TauKe poTaluje y jeiIHaKUM BpeMeHUMa OnucuBao
YBEK jeHaKe NoBpLUKHe, NOTPebHO je Aa 6p3uHa poTaumje onaga ca ygasbeHowhy, vr = const, a age
TauKe y cyceaHWM MHTepBanMma spemena, d (X, y), 6yay yTonmko 6amske WwTo je yaabeHocT seha. Tako
pa3ymemo Aa je npounssog, rd npubIMNKHO KOHCTaHTaH, Kao U MOMeHYTa NoBpPLUMHA.

Joaajmo oBome pazmaTtpatba O LLeHTpalHUM KpeTarbuma (npBu aeo, Mpuaosu), rae cam A0KasnBao 4a
0CobMHa KOHCTaHTHE NOBPLUMHE HUje NpuBMAernja rpasuTaumje (Kennepos apyru 3akoH, 1609), Hero je
0COBMHA CBUX LEHTPAIHMX CU/1A KOje Ce BPEMEHOM He Metajy (M3BOA MO BPeMeHy je Hy/a), a 3aTUM U
3anarkarba NPeTXoAHOr HacioBa oBae [27.]. Y npeTxoaHOM HacnoBy, 6poj noHaB/barba onuta M buhe

OHO LUTO je yAa/beHOCT NAaHeTe o4 CyHUa Kog, Kennepa, a KoHCTaHTHO yBehate bpoja onuta AM 6uhe
KOHCTaHTHO BpeMme.

KoHCTaHTHe LeHTpasiHe cuJle, 3a Koje BarKM 3aKOH KOHCTaHTHE NOoBpLUMHE, HUCY CamMo OHe Koje onagajy
Ca KBagpaToM yZa/beHOCTM (LUTO ce YecTo, a/iM MOrpeLHo NoApasymesa). A/iv aKo ce TaKBe CMatbyjy ca
KBaZApaTOM yAa/beHOCTH, oHe nokpehy Haboj No KoHMKama (enunce, xunepbone, napabone) — AOKasm cy
Y APYIOM ey O LeHTPa/IHUM KpeTakbuma, moje ckpunte ,,Mpraosmn o Teopujn nHoopmaumje”. logatHo
TOMe, jefaH je cTaB y dM3MLM, Aa KOHCTAHTHA LEHTpasiHa CM1a oMnaja ca KBagpaToM yAa/beHOCTM Camo
aKo Ce HEHO [,ejCTBO LMPU KOHCTAHTHOM BP3MHOM CBET/IOCTY.

[a 6u pasymenu Kako ce y To He yK/ana poTaumja, 3aMUCAMMO jeHY BEAUKY NaaTopMy Koja ce okpehe
OKO jeHe cBOje TauyKe, MOMyT nogujyma puHrnwnmaa. OHO WTO MM 3aMULL/bAaMO MOA POTaLLMjOM TaKBe,
je beckoHa4yHa paBaH Ynje CBe TauKe poTMpajy MCTOM YraoHOM 6p3MHOM w. Ann jacHo je aa y CTBApHOCTU
TO HMje moryhe, jep HUCY cBe TauKe Te NAaTGoOpMe UCTOBPEMEHE, HUTU CY jeAHAKOBPEMEHE CaMOj PaBHM
1 61No Kojem penaTMBHOM MOCMaTpayy BaH Te poTupajyhe paBHU. BECKOHAYHO AaneKke Tauke MUpoBane
61, a OHEe Mano Matbe faneke KacHuae bu, 3aocTajane y potaunjm 3a 6anxKMma.

Y UCTO ce, Ha CBOj HAYMH, He YKana Hu rpasuTaumja. Hamme, MepKyp He poTupa oko CyHLa No ennncu.
TayHKje peyeHo, Herosa 3amuLL/beHa ,ennnca” obunacka nonako potTmpa y npasLy obpuTMparba came
nnaHete. Tako Aa HW rpaBUTALMOHA CMAa, Npejaka y 6amn3mHM CyHua, onaja ca KBagpaTom yAa/beHOCTH,
HUTW Ce rPaBUTALLMOHM TaacK Taga Kpehy TayHOo ,,KOHCTAaHTHOM BP3MHOM” CBETNIOCTM Y BaKyymy. MHave,
jeAHa cekyHaa paBHa je nyTy oa 6am3y 300 000 km.

MocebaH gogaTaK UCToj aHOMannju Mepkypa, Koja ce Takohe yknana y AjHWwTajHOBe jeAHauYMnHe onwwTe
penaTMBHOCTU, UMaM y Teopuju nHbopmaumje (Mpuye o nHdbopmauuju, 3. 30 OanorkeHa rpasmTaLmia)
O/, Npe HEKOJIMKO roagunHa. MNpoctop NamTu 1 BAAcTUTA rpaBuTaumja naaHeTe U3 kbeHe banKe NpowaocTm
rnojayasa ce 360r marbe 6p3nHe CBETNOCTU U poTaumja ybp3asa. CMHeprnjom nepuxen envnce Hanpeayje

6prKe Hero WTo 61 Tpebao, y UCTOM cmepy Kamo 1 NnaHeTa. Epekat he ce nojasuTn 1 apyrum nsbopom
YeTMpPU NPOCTOPHO-BPEMEHCKE KOOPAMHATE M3 MHade 6-Anm MHOOPMATUUKOT YHUBE3YMA, a MPUCYTaH je
Y PeNaTUBUCTUYKUM jegHauMHama.
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OBe aHOMa/nje NOMUHEM TEK TOJIMKO A3 Hac He U3HEeHae eBeHTyaiHe 0COBUHe ,,cue HEU3BECHOCTN .
[o Taga noKylwajMmo pasymeTu 3alTo 61 oHa cnagana y cuie Koje Haboj nokpehy no KoHMKama. Hema Ty
nyHo u3bopa, NOLLTO je cMa O KOjoj roBOPUMO 060jHa — KOHUKa HbeHUX Haboja buna 61 xunepbona. A

rnoriegajmo 1 3alTo OHa To 3aucTa (NpubANKHO) jecTe.

1 .
Ha cavum cy ase xunepbone y = + ~ Y AECHOj No/lypasHM [lekapToBor npaBoyr/ior cucTema KOOpAMHaTa

(Oxy), rope nnaBa ca Taykom A 1 fone LpPBEHA ca Ta4ykom B, Tako aa Tpoyrao ABO oarosapa oHMMA U3
npeTxoaHux pacnogena. Yrao <(BOA) = 2¢, npubanxHo, rae je yrao ¢ = X(z,x), peummo [26.
Mpumep 1], ca ancLMCOM Kao NPaBLEM O4eKmnBatba Z, 40K je ¥ = OA.

Tpoyrao ABO cacToju ce of ABa NpaBoyriaa Tpoyraa ca 3ajegHUYKoOM KaTeTom fiehnuma oKpeHyTUm, ca
YKYNHOM NoBplwmnHOM /1= 2xy = 0A - AB sin @ = const, jep je y = +1/x. Jakne, nyTarba Kojom 61
MLLA0 BEKTOP pacnogene X, npeTxoaHux npumepa, xunepbona je. Hekom npuManKom oBo Takohe moxere
TecTUpaTu reHepucatbem cayyvajHux 6pojeBa M LpTakbem, aau BOAUTE padyHa Aa je TpajekTopuja TOAUKO
Ta4yHMje xnunepboia ako TaYHMjOM MEPOM NPeACTaB/baTE AYHKMHE BeKTOpa. Mocnearn npuMepu, Kaksu
cy [27. Npumep 1 n pasbe] buhe [OBOBHU.

Cuna merba BepoBaTHOhe 3HAaMO 0f, paHuje, a casia BUAMMO A3 je U caydajHocCT cuna. OHO WTOo Npasuao
»KOHCTQHTHE NOBPLIMHE” UMNINUMTHO Harnawaea, Takohe je Aa BaXKM 3aKOH 04 prKatba HEM3BECHOCTU.
MomuMHa0 cam TO y BMLLIE HAaBpPaTa, HE KOIMKO 3aKOH oApKatba MHPOpMALMje U CUTYPHO He Kao apyre
TaKBe 3aKoHe , MehyTMM OBaj HOBM HMje HUWTA Marbe BUTaH. bes 3aKoHa ,,04prKarba BepoBaTHOhe” ce
61 6p30 KAN3UO Yy U3BECHOCT M OoCTajano 6e3 nHdopmaumje (Koja je TKUBO PeanHOCTU M YMja CYLUTUHA je
HEW3BECHOCTM), @ CMATPaMo Aa ce TO He goraha.

Yawa je Ha cTony, jep joj je TakBO cTatbe HajsepoBaTHUje, a buhe Tako cnegehux TpeHyTaka 36or 3akoHa
o/ pKatba BepoBaTHONe, CBe AOK je pyKa WM HEKa Apyra cM1a NOMepU — pevyeHmLa je Kojy cam Basbaa y
CBAKOj KHWM3M HAaBOAMO, MA M Cafa HarnalwaBam — CU/la MeHa BepoBaTHOhe, anun 1 BeposaTHohe cy cuna.
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29. 3aKOH o4 pKara

Kensepos Apyry 3aKOH M NOOMNLUTEHA Ka3yjy HaM O CUlaMa BU1LLE HEro LWITO CMO Ce HaZanu. JeaHo of,
HOBWX Ca3Hara, bosbe je pehu notepaa Beh NPeTnocTaB/beHOTN, je 3aKOH 04pXKakba AejcTBa (Mpoussoaa
NpOMeHe eHepruje U BpeMeHa), a ca kbuMe 1 oaprKarba MHdopmMaumje, Te oapKakba HEU3BECHOCTU Ha
HAYMH KaKo je Mepumo MHPOPMALLINjOM.

Kaga je y npouecy KOHCTaHTHa NoBWWHA, |X X Y| = xy sin ¢ = const, jep ognackom Haboja o ueHTpa
cune, noseharbem ayxuHa x = |x| ny = |y/|, cmamyjyjy ce nytesmn d(X, y) koje Haboj npenasm TOKOM
WUCTUX BPEMEHA A0K je nog yTuuajem gasbe cune. CmarbnBakbe nyteBa Haboja npaheHo je cee marbum
YFIOM, YUME U CUHYCOM YIa, @ KaKo OHO NpaTv NPOMEHY Aucnep3uje — 04prKaBakbe UCTE NOBPLUNHE
noseharem 6poja NoHaB/baka onNuTa, M, Ma cmucna nocMmaTpaTh Kao Npobem CMHYCHE, OAHOCHO
yraoHe aucnepsuje®.

Noseharbem aykuHa he 1 ckanapHM NPoM3BOA, X * Y = Xy COS @, PacTui jep My cBa Tpu daKTopa pacry.
TaKBOr ra MOMKEMO pa3ymeTy Kao aKoOMy/IMpaHy KONMYMHY Hen3BeCcHOCTU. HaunHM uspage BekTopa X, y
M Z y NpUMepMMa NpeTxXoaHMX HacnoBa ca cee Behum 6pojeBrMa NnoHas/barba onuTa, M, rosope Ham o
rOMUAakbY CYYajHOCTU U HHEHOM YyBakby Y KOMMOHEHTamMa BeKTopa. [pUMeTMMO Aa Tor YyBakba Hema
6€3 3aKOHa oAprKatba, Na je ,,akoMylaumja HEM3BECHOCTU y pe4eHMM BEKTOPUMA HOBOCT OBOT TEKCTA
6ap KOMKO je 1 cam 3aKOH Ofp¥Kakba.

O6e HOBO Ha3BaHe KOIMYMHE MOXKEMO YyBaTU Y 00/IMKY KOMMNeKcHor 6poja

s=|xxy|+ix-y=xy(cos ¢ + ising) = re'®

rAe 3a MUMarvHapHy jeauHuLy Baxu i = —1,ar = xy. Y 0BOj MHTEpNpeTaLMj1 NPOM3BO/, KOMNNEKCHUX

6pojeBa, 515, = rlrzei(‘/’1+‘/’2), nocraje 3anuMc HoBe akyMmynauuje r = 141, U aucnepsuvje ¢ = @, + @,.

Mprmep HOBe MHTepNpeTaLMje Hanasmnmo y CTapoM 3anucy cioboHe YecTuue pewema LpeamHrepose

TanacHe jegHauvHe KBaHTHe mexaHuke w(7,t) = A exp[i(E T — a)t)]. 0OBoj A amnautyam Tanaca sehoj

oarosapa Beha aHca MHTepakLumje YecTuue, k je TanacHu BekTop, * Tekyhu nonosaj yectmue, w yraoHa
¢dpeKkseHumja 1 t Bpeme. Cnia HEM3BECHOCTM 0CNOCO6/baBa KBAHT A,ejCTBOM, 404ajeMo.

Yrao ¢ = k - 7 — wt, ynopehusarbem ca NPeTXOAHNM, NOCTaje CTBapHa BPeAHOCT KBaHTa AejcTBa. OH ce
Takohe moxe nucatn ¢ = (p - ¥ — Et)/h, ca umnyncom p, ca eHeprujom E 1 MnaHKoBOM peyKOBaHOM
KoHCTaHTOM i = 6.62607015 X 1073% yyn cekyHam. TanacHa dyHKLMja NMUcaHa y 06AMKY

|WO) = Ae™ R |,)

0/,Baja BPEMEHCKM 3aBUCaH GaKTOp 04 pellerba BPEMEHCKM He3aBucHe LpeanHrepose jeaHauymnHe. Toj
MmoryhHOCTU TpeTuparba NoJioXKaja M BpeMeHa Kao nocebHux ¢paktopa Tpeba NpuapyKMTM agmuTMBHOCT,
Koja 4,03B0/baBa cabupatbe BULE TaNaca-4ectmua y jegHy

6 Osom NPUNNKOM U3MULLJBEH HAa3UB.
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OBa no3Hata cenapabuaHocT M aAUTUBHOCT pelletna LLpeaguHrepose jeaHaumHe, ca MHTepNpeTaLmnjama
Teopuje HpopmaLumje, oTBapa MoryhHOCT jow jeaAHOr HAYMHaA pasyMeBakbad TYHEAUHIa. O TOM HAYUHY
3a06Mnaxera NMcao cam BULLE NyTa AeTasbHuje (Solenoid), a TpeTmaH je ucysuiue HOB 1 HeobuyaH aa
Te onuce caga ckpahyjem n 6aHanumsyjem.

Y MHOLWTBY YecTULA-Tanaca, 3axeasbyjyhn KBaHTHO] CynepnosunLLMiv U 3aKoHy BeNMKUX 6pojeBa HacTaje
¢du13nyKo Teno. To je OHO WTO BUAMMO M U3 HOBOT MHPOPMATMUKOr TyMaderba. Hacraje ,,peanHocT” Koja
je cpeatba BpeAHOCT MHOLLTBA MMArMHAPHOCTU, HEM3BECHOCTU M 3aHEMApUBakba. JefHAKo KaKo jeaaH
Kpaj Haller Tesla Huje y UCTOj CafallbOoCTh ca Apyrum (36or orpaHuyeHe 6p3nHe CBETIOCTU U BEZIMUYUHE
Tena), TaKo U HEKW HEeroBM CUTHUjU AEN0BU He L,01a3€e HENOCPEeLHO U3 ,3ajefHUYKe" NPoLWIoCTU, HEero
Ham CTUKY 3a06unaxerem ognasehu 13 Hawe y nceypo-peanHoct (Dimensions) u Bpahajyhu ce Ha3ag,
unn camo gonasehu ogHekya otyaa.

uneo 6uhe 3a pasnmKy og HeXXMBOT MMa BMLWAK MHPopmaumje. OHo ce cacToju u nokasahe suwe mohu
M onuuja, Hero MpTBa TBap AaHac No3sHaTte GpU3MKe Koja AOC/IOBHO c/ieam NPUHUMN Hajmakber aejcrtea. Y
KOMOWHaLMjN BULLKa cnoboaa, 3aKOHa OAPKakba M TEXKHbM Ka HbUXOBUM pefyKumnjama, MHTEIUFEHTHO je
noHatware. Mu }Keammo Cro3HaTy 3aKkoHe cBeTa oKo cebe, skenehu nsbehu ,cuny HemssecHocTn aa 6u
nobernv y cMmpaj v HeZenoBakbe, ByYeHW ,MHEPLUMjOM® Koja je 3anpaBo 04pa3 HayeaHor MMHMMaAn3ma
nHbopmaLmje. PesynTtat cy 3Harba Koja OTKpMBamMo, noTpeba 33 MHTEAUTEHLNjOM, WU LLUBUIN30BaHE Y
NpeHocy UCTOr MPeHoca M romuaama (cnoboae) Ha KONEKTUB.

MoKywaju NnoT4nkbaBakba Apyrux cebu, unm cebe gpyruma, Tparkere je odyLlwKa o BMLWKa c1oboaa Kaga
To ocnobaharbe of Hac TParkM HaueTHM MMMMHA/IM3aM, @ CNpeYaBa 3aKOoH oZpiKatba 063Mpom Aa je cBa

OKOJIHA cyncTaHua Beh nonyreHa 1 »Keu UCTO WTo U MU. MU Taga IMYMMO Ha 0/1yjy KOjoj HEeLTo He Aa

[a ce CMUPWU, YNPKOC CBEOMLUTEM NPUHLMMY HajMaHer 4ejCTBa Kojer ceauM CBaku HeH Ae0, CBaKa HeHa
yectnua. KMBOT CIMYHO 0/1YjM MMA CBOjY MI1aZ0CT, 3pe/I0oCT U CTapocT.

Cama MHTenureHumja, nak, 36or UcTor (Herge cam jolw YMTao 43 je, a eBO 3aWTo je) 61 aa ce ucnosbaga.
OHa Texku cuTyaumjama rae 6m ce Morna uckasaTm, Mectuma suwe moryhHocTu. MHTenureHumja je Tako
(I = S/H) pvpeKTHO NponopuMoHanHa 0bumy (KoanunHmn) cnoboga CBOjUX MHTEPAKLIMjA Ca OKOJIMHOM
(S) v 06pHYTO NponopLMoHanHa 06jeKTUBHMM orpaHudernuma, xmjepapxmnjn (H) okonunHe. NMpema Tome,
06UM nHTepakumja (S = I - H) AMPEKTHO je NponopunoHanaH ,,MHTeAUreHumnju‘ (cnocobHoCTM Holwea
ca onumjama OKOAMHE) U ,Xnjepapxujn“ (cnocobHOCTM OKOoNMHE Aa cmakbyje onuuje cybjekTa). OTyaa u
nHbopmaumia nepuenumije, a U cNoxKeHuja Gopmyna og, 0Be Kaaa ce UCTO NMPUMEHM Y MHOTOCTPYKOCTH.
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30. KomyTatopwu

EnemeHTapHe ocobuHe komyTaTtopa bune cy npeamet (moje) Teopuje MHpopmalmje oaaBHO, MPOCTO jep
M3parkaBajy MHTEH3UTET BEKTOPCKOr MPOU3BOAa BEKTOPA M NOBPLUMHY KOjy pasanumy ABa BekTopa. Kaaa
CY BEKTOPW [lY}KM, @ HbMUXOB PacnoH Behu, Kao WTO CMO BUAEAN, OHU MOTY cumyanpaTtn Kennepos gpyru
3aKOH M pehu Ham HewTo o AejcTBY, OAHOCHO 0 MHGOPMALMjM KOjy CBOjOM KOHCTAHTHOM MOBPLUMHOM
npeacTas/bajy.

3axBasbyjyhu pauyHy komyTaTopa (Coordinates of inscribed circles in a triangle, February 13, 2015) mory
ce n3paxkaBaTtu pasHe popmysie, og esleMeHTapHe reoMeTpuje npeko anrebpe na cse Ao (Hose) Teopuje
nHpopmavmje. Cpehom cam nojeanHe 3anmcaoy TUM NPUIO3MMA U TaKO cavyyBao. Heke HeHaZaHo mory
Hahu Ha MHTepPHEeTY 0BWX AaHa, aau ceham ce 1 Apyrux Koje joll YBEK MOTy PEKOHCTPYMCaTH U3 HacTaBe
W Tagalrux pasroBopa. Bepyjem ga cnegehu og TakBux Nprmepa jow yBeK HemMa Ha APyrMm MecTuma.

Ma KoaMKo B1AK Ayrauku HU30BM KOOPAMHATA, HUXOBE N-TOPKe BpojeBa Koje Nnpunagajy UCTom n-amm
NpocTopy, ABa BEKTOPaA pa3anuiby jesaH napanesorpam v nexe y jeaHoj paBHU. Heka cy TakBM BeKTopu

a = (ay,ay) nb = (by,by), nuteHsutetaa = |alu b = |b| v yrna mehy ruma ¢ = «(a, b). Npsu Tako
je rbUXOB CKanapHW NPOM3BOA, APYIM MHTEH3UTET FMXOBOT BEKTOPCKOT MPOM3BOAA, O4HOCHO KOMYTaTop
[a,b] = ayxby — ayby:

&-B=axbx+ayby=abcosgo

|a X b| = ayby, —ay,b, = absing
3afanv cMo LemMy 03Ha4aBarba Kojy ia/be KOPUCTUMO €a Pas/IMuUTUM CNOBMMA U BpojeBrma.

Mpumep 1. Heka cy ABa BEKTOPa jeANHWNYHE AYKMHE NOCTaB/beHa CUMETPUYHO OKO ancumce, Ha Canum
J,Jl A /IeBo, Tako Aa j_e; L
0A =a = (ay,ay), OB =Db = (by,0),
0A' =d = (ay,—ay), a=a =1
W Heka je b BUCUHa Tpoyrna 0da’. Yrnosu Koje BeKTopu a v a’ rpage

ca ancumcom (x-ocom) cy a u —a. Taaa je:
—0xQy — Ay, 0y ) —ayby a,b,

aa’' ab, a'b,

sin 2a = 2sina cos

[oKasanm cmo agnumoHy popmyy 3a CUHYC ABOCTpyKor yraa. [

Mpumep 2. Ca UcTe CANKe YMTAMO Aasbe:

2 2 a,b, 2_ —aybx 2
ay —ajy = b, —bx

cos 2a = cos?a — sin’a

[okasaHa je agnumoHa popmyna 3a KOCMHYC ABOCTPYKOr yraa. 1
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OnwTy aguumoHy Gbopmyny 3a CUHYC 361pa yrnosa moxemo Aobutn nomohy 6110 Koja TpM BeKkTopa a,
buc y paBHu Oxy, TakBa Aa ce yriosu usmehy mux Hagosesyjy: @ = X(a, I;), B = 4(5, ¢). Aopajmo aa
CYy AY*KMHE TUX BEKTOPA jeAMHUYHe, WITO Hehe yMakbUTM ONLITOCT A0Ka3a.

Mpumep 3. YBpLITaBaMO KOMMOHEHTE Y aAnLIMOHY GOopmyAy 3a CMHYC 36Mpa 1 n3pavyyHaBamo:
sin(a + B) = sina cos B + cos a sin 8

CxQy — Cyly byay, — byay . Cxby + ¢y b, 4 byay + bya, . Cxby — ¢y by

ac ab cb ab cb

Cxy — ¢y ay = (ayb2c, + axbybycy — aybybyc, — aybicy)
+ (aybybycy — aybicy + aybc, — aybybycy)

Cx@y — Cyay = ay (b2 + b2)cy — ax (b2 + b2)c,
a 063upom aa je b = 1 umamo TpaxkeHy jeaHakoct. 1

JaTtvm pefocnenom nspadyHasarba npumep notephyje TayHOCT HaBeAeHe onwTe aguumnoHe dopmyne
3a CMHYC 36upa yrnosa, a O6pHYTUM pegocnenom AoKasanm bucmo je, jep HasegeHe jegHakocTn mehy
cobom cy eKBMBANIEHTHe (Kaja je TayHa jeHa TayHa je u Apyra u 06pHyTo). EBEHTYaHOM YMTaoLy OBOT
TEKCTa OCTaB/baM 3 aHa/IoTHO, paau BexKbe, n3seae onwTy agnunoHy Gopmyny 3a KOCUHYC 3Mbpa uam
pasfinKe yriosa.

JNluHeapHu onepaTopu Hag BEKTOpUMaA Takohe uMHe ,,BEKTOPCKM NpocTop®. OH je Kaxkemo AyanaH gatum
BEKTOPMMA U, HAPaBHO, ca oarosapajyhum ckanapHMm NPoM3BOAMMA BEKTOPA M KOMyTaTopuma. Krbura
KBaHTHa MexaHWKa Koja je buna ogobpeHa 3a wramny noyetkom 2018. rogmHe, anm cam ogycrao jep ,,Ko
61 TO UMTa0", caP*KM U KNacuyHe AoKase ocobuHa onepatopa poTauuje (Mpumep 1.1.62) 1 noHeke jow

3aHMM/bUBOCTU KOje TaKBU yLIbeHnuUyn 0buyHo Hemajy. MehyTum, moj aoKas (nomohy KomyTaTopa) Hahu
heTe y Kibm3m [ejcTBo MHbopmaumje, EKOHOMCKM MHCTUTYT Barba Jlyka, 2021. roaunHe (2.5.5 Potauuje).

Mpumep 4. Bektop a = (ax, ay) pOTUpPaH je y BEKTOp b= (bx, by) 3a yrao ¢, oko novetka O npaBoyraor
[JekapTtoBor cuctema koopauHata (Oxy). To 3Hauv Aa cy AyKunHe 0Ba [iBa BEKTOpa jeAHake (a = b), anu
OHe He Mopajy 6UTH jeanHUYHe. 3HaMo Aa je:

ab cos ¢ = ayby + ayb,
{ab sing = axby, — a, by

MHOXMMO NpBY jeAHauMHY Ca , APYry Ca —a, 1 cabepumo ux:
aba, cos ¢ — aba,, sing = ax(axbx + ayby) - ay(axby - aybx) =
= azby + aya,b, — a,a,b, + a;b, = ajb, + azb,
= (a% + a%)b, = a’b, = abb,

CkpahuBarbem ca ab HanasnMo jefHaKOCT dy COS @ — Ay, Sin @ = b,. MHOXerem npBe ropre ca d, a
Apyre ca a, HanasMmo:

aba, cos ¢ + aba, sing = ay(axbx + ayby) + ax(axby - aybx) =
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= ayayby + atb, + azb, — aya,b, = a;b, + azb,
= (a2 + a2)b, = a’b, = abb,

Ma ckpahusarem ca ab, onerT, casia HanasnMMo a, sin + a, cos ¢ = b,,. YKpaTKo, ABe OBe jejHaKOCTM

(bx) _ [cosgo —sing (ax)
by)  Ising cos¢g [\ay

A T0 je TparkeHa TpaHchopmaLmje BeKTopa d y b poTtauujom.

MOXXeMO NNCaTt MaTpn4yHoO

3a pasnuKy oL OBUX , TPMBMUjANHOCTM, KOMyTaTopM ce Yewhe 1 036UbHUjEe KOPUCTE Y KBAHTHO] dU3nLK,
npBo 3a XajseHb6eprose penauuje HeoapeheHocTu. EBO jeAHOT LWMpe NO3HATOr TaKBOr NpUmepa.

Mpumep 5. [ipskehu ce npasLa ancumce, onepaTopu NosioKaja M MMMNy/ca KBaHTHE YecTuLLe Cy NPocTo

. ~ ~ .3 0 .
MHOXeH€e TaJIaCHOr NakeTa i nosoxajem (X = xw) v yaumarbe ussoga (pw = —ih ﬁ). KomyTatop je:

[%,ply=

x 0x 0x

—ihd —ihd 9y @ ~
( X)l//——llea+lfla(x1//)—

dy dy
= —ihx—+ ihy+ ihx— = ih
0x 14 0x 14
Kako To Bakvt 3a cBaKy TanacHy dbyHKumjy v/, 6uhe [X, p] = ik, a oTyaa gasbe npuHumn HeogpeheHocTy,
[a 13 HeKoMyTaTMBHOCTM cneau Beha HeogpeheHocT nonoskaja (sehe je Ax) kaga umamo umnync 6osbe

oppeheH (marbe Ap) n 06pHYTO, NpY Yemy Baxku HejeaHakocT Ax Ap = A /2.

Jow cnMYHKUX Nnpumepa Hanasm ce y Mojoj KaHTHoj MexaHuuu, unu gpyrae. HemssecHocT (MHdpopmaumja)
je y nocebHoj cnpesu y caydajy umnysca v nonosaja (eHepruje 1 BpemeHa). CMatbMBarbem jeaHOr pacte
ApYro n o6pHYTO y NOBE3aHOCTM KOja, Npema Teopuju nHbopmaumje, Hpopmaunjy u dpnsmnyko aejcTeo

YNHN EKBUBANNIEHTHUMaA.
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31. PoTauuje

AKO $M3MKY pa3syMemo Kao HayKy KOja NpoydaBa 3aKOHa o4prKakba, WTO HUje AaNeKo o4 UCTUHE, OHAa
Cy M30METPUje HeHe rMaBHe anaTke M3 matemaTuke. To cy npeciMKaBakba YyBajy Y4a/beHOCTM NApaoBa
TayaKa, nonyT pedaekcuja, TpaHcaaumja u potaunja. Pusnyapum nx Bose HasMBaTM CMMETPUjama, Takohe
NX CBE MOXXeMO Ha3MBaTK poTaumjama.

Haume, ueHTtpanHa cumeTpuja je potaumja 3a 180° oko ,ueHTpa“. OcHa cumeTpuja je poTaumja 3a 180°
oKo ,,oce”. Orniegancka pedsiekcuja je portaumja (y 404aTHOj, 3aMULL/BEHO] AMMEH3MjM NPOCTOPA) OKO
paBHM ornegana. TpaHcnaumja ce cacToju o4 ABe LeHTpasiHe CUMMeTpUje, a poTaunja je potaumja. Uaeja
Koja 13 Tora Nnpounsunnasu je 3Hayaj KBaHTHa aejctea [30. Mpumep 5] y popmanunsmy potaumjama.

Kaga 6bucmo nog, ,poTaumjama’ nogpasymesanm camo peasHe potauuje [30. Mpumep 4], urHopucanm bu
[04aTHE BpeMEHCKe AMMEH3Mje Koje Cy BaykaH Aeo oBe Teopuje uHoopmaumje (Complex). KomnnekcHu
AOMEH Mpunaga nceyno-peasHocTy, Y Kojy U U3 Koje MUKPO-peasHoCTU 3Hajy 6exkatu (Bypass), 6e3 Koje
61 ,MHPopmaTnUKa Teopuja“ bBuna KaysanHa, LWTO OHa Huje. Mpema Tome, raBHe poTauuje Ha Koje caga
MWC/IUM CY MHOXEHA KOMMIEKCHUM 6pojeBnma.

Cune HemnsBecHocTu [27.] nokpehy gorahaje, nonyT onyje cy, uam melama Kade, maeka n wehepa ga 6u
y Wwosbkn Aobunm ,,006po“ ctare. Y npouecy CMMpPUBakLa Cy ,,MO3UTUMBHA CTakba, Koja Npeno3Hajemo, Ha
KOja CMO HaBWKAN BPEMEHOM *KunBehu ca NpUHUUNNjeNHUM MUHUMAAU3MOM MHPopmauuje. OHa nocTajy
noKesbHa 38 EKOHOMCKM W HeKe Apyre pa3Boje ApyLITaBa, jep ca Apyraynjuma He ymemo. Te KOpucHe m
CcTabunHe cuTyaumje nonyT cy Ienor BpeMeHa Koje A01a3un nocne onyje, Kojer He 6u 6uno 6e3 onyja. Kao
nonnase peke Huna JpesHor ErnnTta oHe pasapajy cy na cteapajy.

EKOHOMCKM npocneputeTy (Kao 1 cBe, aiv Halw cBe NPUPOLHE Nojase) AoNase y TaflacMMa, a ApyLTBa
KOja 3Hajy HEKAKO To/iepmncaTh pasopHe NepuoLe TUX Taslacakba, yCrnesajy AOXKMBETH bUXoBe Hajsehe
6narogeTn. Yoctasom, 3aTo ApyLUTBA KOja NOYHY Aa ce npesuLue ypehyjy npaBe cBOj MPTBaYKM CaHAyK
(Democracy). 3ato he jegHaKo BELWT Urpay TakKTUKe ,KPTBOM A0 nobege” 6UTK ycnewHuju og paBHor
cebun Koju 6u camo cnajao ,,406po ca Aobpum* y kKomnpomucuma (Win Lose).

CBe oBe Nojase, HaM3rnea HenoBesaHe, NOCAEANLA CY ,,POTALMNjA” HA MUKPO HMBOY DU3MKE, KOje yHoCe
Hen3BeCHOCT M Nokpehy oBaj ceeT. OHO WTO 6MCMO Tpebanu je NPUMETUTU UX Y KOMYTaTOPY NO0XKaAja U
MMNyca KBaHTHE YecTuUe, YNPaBOo Y M3HOCY ifi Koju 61 Morao 6UTK KUXOB MUHUMYM. AKO je TaKo, Taj je
M3HOC paBaH CUHYCY MUHUMAHOT yria HEM3BECHOCTM €BEHTYaA/IHO MOMHOEH HEKOM KOHCTaHTOM. Cama
poTaumja Ynju je Taj KBaHT A€o, etio, noTeHUMjanHU je pakTop cabmpaka nHbopmauuje nepuenuuje.

3aaprkaBam ce Ha objallberrMa Kojux poTalmjama HegocCTaje BMLe of, pavyHCKUX metoaa. OHe oBaKo
MOTY U3rnesaTn ounrnegHe KoIMKo OHaKo HeaoxBaT/bmBe. MNpeTnocTaBKa je Aa NocToje poTaumje Beoma
Manor KBaHTHOT yrna ¢ (MPUBANKHOT CMHYCY), peaa BennunHe i = 6.626176 X 1073* Js ca Hansrnes,
He3HaTHUM yTULAjemM Ha pPenaTUBHO OrPOMHY peasiHOCT. Y CKNaay je TO ca 3aKOHMMa BeNIMKKX 6pojeBsa, a
M Ca UHTYUTUBHMM 0ADOMjarbeM Kao M NOCTOjakbe aTOMa Ynje Yy He 0cOBMHE HaM HUCY ounriegHe.

WUmarunapHe aucnepsuje 103% nyta cy mare o Liyn cekyHae M MOTy Ham U3rneAaTh HecTBapHe, AaBaTh
HaM WAy3njy ,umncTe peanHocTm®. A Tako cy mane 360r ,cnna HeM3BecHOCTU, NpeTnocTas/bam. PeanHocT
Ce MoHala Kao MeXyp O CanyHULLE Yy OKPYKekby Nceyao peanHocTu. Ha oKyny HauyenHnm MUHUMaIMOM
nHdopMaumje, Kao KanMnapHUM cMnama 1 Beoma cnabum anm CBENPUCYTHUM U YNOPHUM, PeasHOCT ce
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NHPOPMATUYKA TEOPUIA

OP*KM MO CTPaHW, UAK PELMMO ONUPE MMArMHapPHOCTU YNpaBo CHarom NpousseAeHoOM CUI0M, O4HOCHO
arpecmjom Hem3BecHoCTy.

MNpema Tome, MHGOPMaUMjy NepLenumje mornm bucmo aePuHMCaTM M Kao CNpery BEKTOPA Koju cagpke
MMarMHapHe poTaluje, MHa4Ye 3aHeMap/bMBO MajIMX HEM3BECHOCTU ay U By, 3a k = 1,2, ...,n, Tako fa je
> ia ia ia 5 — i i i ; ;
X = (§1e 1,6,e'%,.., ¢ e ") ny = (7713 B, n,e Bz, .., n,e 3"). Tapa 6u nHbopmaumja nepuenumje,
y onwTujem cnyyajy, buna nucaHa y o6auky:

n
S=(Zly) =%y = Z £, @B = peiv
k=1

rae onet A03BO/baBamo MoryhHocT (yriaBHOM 3aHeMap/buse) MMmarnHapHoctu, ¢ # 0. Moapasymesa ce
Aa cy bpojesu pegom ay v 8, Kao 1 6poj p peanHu, a Takohe Aa MHOMM 0 yr/i0Ba Mory 6UTK Hye.

MehyTrm, oBa UHTepnpeTaLmja MHPopMaLmje NnepLenymje BEOMa je KBAaHTHO-MeXaHMYKa, gocniegHa 6m
ce NpeBuULLE OAHOCMAA caMo Ha BeposaTHohe. Haume, pesyntat pe'? = p cos ¢ + ising — p cos ¢, jep
@ — 0. Npswn cabupak Tafa roBopu o WaHcama foraharba oBe cnpere, a Apyrv o keHoj MHPopMmaLnju 1
KOJIMYMHU HEM3BECHOCTU. To je, HApaBHO, MPeMa CaMoj NPUPOLN OBOT TyMayeHa Koje HUje jeauHo.

Buaenu cmo pga Beh us Takse uHTepnpeTauyje, seposatHohe S, 6poj I = —log S je nHpopmaumja. Ann u
y 6110 Kojoj Apyroj MHTepnpeTaunju, Kaga 6u HenocpeaHo I 6una nHdopmaunja cnpere, fo6Mjanm 61 un
S = e~! kao BeposaTHohy. Y 06a cnyyaja, TyMayerma pesyaTaTa Tpebana 61 HakHagHa NoAellaBatba,
jep y Kpajiem cnyyajy (MUKpo cBeTa), He MoxKe ce nobehu og, MMarMHapHOCTU M3BOPHE HEU3BECHOCTU U
nepuoaNYHOCTM pesynTaTa Koje AOHOCKU ynoTpeba KomniekcHux 6pojesa.

YurbeHuua Aa TanacHy npupoay matepuje seh MMamo y KBaHTHOj MeXaHWULM, Ha Kakas Takas npumeheH
HauuH, [le bpojeBom xunotesom (1924) u LLpegmHreposom TanacHOM jeaHaunHom (1926), pasymeBarbe
0BUX UAeja Teopuje MHGOpMaLMje YAHM NAKLWMM NOCTOM.
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Il Aeo: KOHTUHYYM

baHanHa Hayka 6una 6m OHa Koja ce ocnarba Camo Ha HerocpeaHe YynHe onaaje. To ca CTaHoBMLWTA
Teopuje nHdopmaumje Koja nosiasmn o Cl0jeBUTOCTU ,,HEM3BECHOCTN, TaKkohe o/ HheHe penaTMBHOCTU U
objekTnBHoctn. O6jacHuhy.

CnojeBsuTocT ,Heno3sHaTtor nojassbyje ce seh y cutyaumjama Kaga Heku cybjekaT HewWwTo He 3Ha U TOo ce
NPOMEHM HaKoH obaBsellTera. PenaTMBHOCT je, Ha NPUMep, NojaBa PasANYNTUX GPEKBEHLMN]jA CBETNIOCTH
3aBUCHO 0, 6p3MHe KeHOr M3BOPa Yy O4HOCY Ha mocmaTpada. O6jeKTUBHOCT ,He3Haa“ je HemoryhHocT
Ca3Hamba y 4aTUM OKosIHoCTUMaA. Mopes Tora, 0Ba Teopuja Nonasu o4 NPeTrnocTaBKe Aa je MHbopmaumja
TKMBO NPOCTOpa, BpeMeHa 1 Matepuje, a HEM3BECHOCT theHa CyLITMHA, TaKo Aa je ,,0basewTeHOCT" cBera
0 CBEMY Ha HEKM 3a Caja HayLuM HECXBAT/bUB HAYMH, PELLUMO HeM3BecTaH, unak moryha.

OKocCHML Te NoBe3aHOCTH je ,,ucTMHA“. OHO WTO BMCMO MOIM A0Ka3aTK fa ce He MoXKe AecuTu — Hehe
ce gecntu. OHO WTO BUCMO A0Ka3aAM fa je TaYHO — He MOXKeMO NPomeHnTU. CBaku Aeo (MaTemaTuke),
CBaKa 06/1acT TaYHMX Ca3Hakba Y Car/laCcHOCTM je ca CBaKOM Apyrom TayHom obnawhy 1 nonasehu og ose
,HeobnyHe“ ocobuHe UCTUHA MOKEMO rOBOPUTH O jeJHOM ,,CBETY UCTUHA®, HacynpoT ,CBeTa HEMCTUHA®,
Mpu Tome, Ta ABa ekBUBaneHTHa cy (B. Dualism of lies), a nax je NoTMcHyTa UCTUHA, crabuja 360r ceojer
Mare BUA/bMBOE , TKMBA®, a/IM MPUBAYHM]ja 360T CMOHTaHE TeXKHe Ka Makb0j MHGOPMaLMjY, UK LWITO je
ncto Ka sehoj seposatHohu (The Truth).

Mpema peyeHoM, UCTUHE cy 06jeKTUBHMje O OHOra LWTO cMaTpamo ,,dusmykom peanHowhy®. Y To Hac
HayKa yBepaBa CTa/IHO, Kpo3 BeKOBe, Nonpassbajyhu ce M oTKkpuBajyhu Ha HoBe U HoBe HayMHe. OHO WTo
ce y TUM NpoLecrma NpMMnLLakba UCTUHU He Mekba, HEro Ce Camo AOMNyHYjy, MaTeMaTUUKe Cy Teopeme.
A caga popajmo u ,,06jeKTUBHOCT y CMUCTY HeMOTYhHOCTUM Merbakba.

O6jeKTMBHOCT HEM3BECHOCTM MOXKETE MOKYLATH pasymeTn nomohy Megenose Teopeme HEKOMMNAETHOCTH
(Incompleteness), fia CBaKM MATEMATUYKN CUCTEM MMA HEMY HEZLOKA3MBUX @ MHAYe UCTUHUTUX UCKasza. A
jeaHoOCTaBHMje, MPUMETHO je TO y onucy 6eckoHaYHOCTM cKyna npupoaHux bpojesa N ={1, 2, 3, ...}, Kaga
noApasymeBaMo A3 04, CBaKOr yHanpes Aator npupoaHor 6poja nma sehu, y Pacenosom napagokcy, Aa
Hema CKyna CBMX CKyrnoBa (o4 cBaKor ,yHMBEpP3aaHor ckyna“ uma sehu).

OBaj HauymMH, pasymeBata HEM3BECHOCTM O KOjoj roBOPUM, BUTaH je 3a NoeHTUpake Koje cneau, na gasbe
HacTaB/baM HabpajaTh ca AedPUHMLMjOM HENPEKMAHOCTM GYHKLM]a, UM PELMMO KOHBEPreHLMje H13a
6pojeBa. Kaxkemo ga HU3 a,, KOHBeprupa 6pojy a, ako 3a ceako € > 0 noctoju ny € N TakBO Aa CBaKK

n € Nun > ny nosnaun |a, — al < . AKo je 0BaKaB yCNOB KOHBEPreHLumje ncnyreH, nucahemo nam
lim a, = a, v a,, » a Kagan — o, ogHocHo pehu aa je a rpaHNYHa BpegHOCT (MMMeC) HU3a a,,.

n—oo

Y cBakom o, HabpojaHUx cnyyajeBa NPUMETMMO Aa ,,04 yHanpes, A4aTor Ma Aasbe”. 3aTMm TO OnasmMmo
1y TBphey, peunMo, A4a 3a CBaKy AaTy eHeprujy Teaa NocToju CTaHOBULLTE, AW PENATUBHM NOCMATPaY
Koju he je BuaoetTn sehom. MN3sop ceeTnoctu, potoHa eHepruje E = hf, raeje f = 1/1 dpekBeHumja, a T
je Tpajarbe jegHe ocumnnaumje, Koju ce npubanskasa penaTMBHOM nocmatpady, umahe ysehaHy eHeprujy,
OAHOCHO PpeKBeHLMjy, LWITO 3HAUYM Kpaha Tpajarba ocumnaumja (Doppler effect) u To ckpahmearbe moxke
uhu y Hegornea,. CaMyHo ckpahmBakbe Hala3MMo nocmaTtpajyhu TanacHe ay»uHe gonasehux tanaca. Y
TOM CMUC/Y CYy NPOCTOP U Bpeme 6eCKOHaYHO Ae/bUBU.
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Cnepnehu Kopak, 3a NoYeTaKk, MHOTO je TEXW jep ce TMYe Halux npeapacyga. EBonyumja Hac je onpemunna
yyamma. OHa cy HallKW NPO30pKU Y CBET U CPeACTBa NPEKMNB/bAaBatba Y PAa3HUM OKpYKerbMma. Hama mory
nsrnesaTn 4OBOJbHA 33 OMNCTAHAK, @ OHAA HAM je M 1IaKO NOBEPOBaTM Aa HaM cama Yyna Aajy npeacrasy
o cBemy. Tako HacTajy ngeje aa ¢unsmnka tpeba 6MTK HE3aBUCHA, PELUMO Of IOTUKE, NN MaTeEMATUKE, Te
Aa ce Tpeba ocnarbatv camo Ha Mepersa. LLTtasuwe, aa ns ¢umsmke Tpeba nsbaunti cBe gpyro ocum
HenocpeaHo mepsbmsor (EpHeT Max, 1838—1916, Hemaukun dusndap n ¢unosood).

Kapa je Nlyasur boaumaH (1844—1906) noyeo 3aroBapatv TUTPakbe MOJIEKY/1a Y NPeHocy TonaoTe U
TemnepaType Ha XNaAHWjy OKOAINHY, Ha jeAHOM HEeroBOM NpeaaBatby Max je ycTao U okpeHyT ny6anum
Y3BMKHYO: ,,HemojTe cayliaTi oBor YoBeKa, OBaj YoBeK je byaana, atomu He noctoje!“ Max je 3arosapao
dnnoszodunjy npema Kojoj GM3MYKM HUje peasHOo OHO LUITO HE MOXKEMO BUAETH, YYTWU, ONUNATK, 3 AaTOMM CY
TaKo MasieHu Aa To HMKaga Hehe 6uTn moryhe. 3Hamo Aa je pusMKa y HacTasBKy ,onunnana‘“ aTome, anu u
[a Ce joll YBEK APrKKM ,,4yHe peanHoCTn”, goaywe caga Ha Ayrom wrany.

Bepyjem, Beh npeno3HajeTe Aa OBUM NaKMM YBOAOM HajaB/byjemM peanHocT, uan 6ap nceyao-peanHocTt
H6ecKkoHayHOCTU. AKO je TaKo y NpaBy CTe, aax NPy TOME He MUC/IMM CamMo Ha HEeCKOHAYHOCT NPUPOAHMX
bpojesa, aned Hyna (Xy), Ha T3B. NpebpojuBy GeckoHayHocT, Beh 1 Ha HenpebpojuBy (KOHTUHYYM) cKyna
peanHux bpojeBa, 3a Kojy Cy OCHMBAYM Teopuje ckynosa (npe ceux [eopr KaHTop) foKasanu aa je seha
of npebpojuse. Takohe n Ha octane 6eckoHauyHOCTH, ann oHe Hehe BUTK Tema oBae.

MehyTum, ca cTaHoBULWITA Teopuje MHPopMaLmje peasHoCT je NonyT HEU3BECHOCTU, OHa je Takohe, anun u
Ha CBOj HAYMH CNojeBUTa, penaTMBHa M objekTuBHa. CTasHM TOK CafalwHbocTu, us byayhHocTv nojeamHua
Y H€roBy NpOLW/IOCT, BPCTa je cnojeBntocTu. O NocTojarby CANYHE BPCTe ,MCeyao peaaHocTM noTBpae cy
n fopaTHe aAumeHsuje BpemeHa (Dimensions). O6a npMmepa roBope 1 0 peflaTUBHOCTU PeasiHoCTH, 3aTo
LITO Te/la HeMajy jeAMHCTBEHY CafallHOCT, 360r CBoje Be/IMYMHE U orpaHnyeHe 6p3uHe ceeTiocTu. OBa
penaTMBM3nparba 06jeKTUBHOCTM Pa3ANYUTE PeasHOCTU TPeTMpPa jegHaKo 06jeKTMBHUMA.

Pasnuke nsmehy ,0Be 1 OHe“ peanHOCTM TaKo NPaBe KOMYHUKALMje, Kao M 3aKOH oAprKakba. MpBo Ham

je jacHo, Hagam ce, a 0BO APYro 40/1a3M U3 OCHOBHE pas/iMKke uamehy 6€CKOHAYHOCTM M KOHaYyHOCTU. To
je ocobrHa 6eCKOHAYHOCTU fa HEeH NPaBu Aeo byae jeaHaK LeNMHU, KOjU KOHAYHW CKYNoBKU Hemajy. U3
Tora c/iee 3aKoOHM oaprKatba, Teopema Eme Hetep, cumeTpuje n NpUHLMN Hajmakber AejcTBa.

Ca gpyre cTpaHe, MPUHUUN HajMakber AejCcTBa EKBMBAJIEHTaH je HaYeTHOM MUHUMaNM3My nHbopmaumje,
Aa NpMpoa CNOHTAHO TeXWU Marbe MHOOPMATUBHUM CUCTEMUMA, @ 003 EKBMBAsIEHTA CY NPUHUMNUjENHO
Behoj BepoBaTHohu (Yewhem peannsoBarby BEPOBaTHUjMUX UCXoAa). TaKo A01a3MMO A0 CTAHOBMULLITA A3
Cy ,PeanHoCTU® oCcTpBa KOHAYHOCTM ¥ BecKkoHaYHOCTWU. OHO LUTO CBET HalIWX Nepuenumja ApXU Jasbe o4,
TUX 6ECKpajHUX HEM3BECHOCTU YNPABO CY ,,3aKOHN KOHAYHOCTM®, AaKne 3aKOHW oAprKatba, MHepumja, ToK
Ka MakbOj KOMYHUKALNjK.
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32. beckoHa4HoOCT

YHMBEP3a/NHOCT U Hen3BecHOCT MHbopMauuje pehu he Aa ma Kako BenuKa 6una (3amulLs/beHa) BacMoHa,
OHa je Takohe Heka nHdopmaumja. CBeyKYNHOCT Y Kojy bucmo noBepoBaan Aa NocToju, Uan camo XTenm
43 3aMUCIMMO, ONEeT je jeANHCTBEHA U OTBOPEHA KAaKo NPema yHYTPaLHEM TaKo U Heyem gasbem. OHa
je Hemoryha Kao Kpaj cBera, a moryhHoCT NoKyLlaja 3aMuLL/bakba e CaMo je joLl jegHa NOTBPAA N1aXKK
Kao NpuKpuBeHe, KogupaHe nctmnHe (The Truth).

To ,,oTkpnhe® oBe Teopuje nHopmaLmje 3anpaso M HUje HOBOCT, bap He y matematuumn. Mucanm Ha
lepenose Teopeme o HenotnyHocTu (1931), Aa He NOCTOjU NOTNYH M KOH3MCTEHTaH GOPMaHU CUCTEM
KOju KOPEeKTHO onucyje npupoaHe bpojese U Aa HMjesaH AOBO/LHO CTPOT CUCTEM KOjU MX onucyje Hehe
Mmohu NOTBPAUTMU CBOjYy CONCTBEHY KOH3UCTEHTHOCT. [pK TOMe, y MaTeMATUYKO] nornum, bopmanHu ce
CUCTEM CMaTPa KOH3UCTEHTHUM aKo He cagpXKu KOHTpaAuKumje (3a cBaky Nponosunumjy, He mory 6utu
[OKa3nBe 1 OHa U HbeHa Herauumja), a CUCTeM je NOTNYH KOju je A0BO/baH 33 U3rpagiby LLesie TpaXKeHe
Teopwje.

3aKoH oaprKatba MHPOpMaumje, Nak, cieamn U3 KOHAYHOCTM (Hawmx) onaxkaja. Haume, ako 6u (Ham) 6uno
moryhe 6eckoHayHo aenere nHbopmaumje, oHaa 6u 1 eHa Beha nogena 6una ekBMBaNeHTHA MakOj U
He 61 MOrao BaXXMTU 3aKOH OZp¥Kakba. 3aTo je MHPopMaLmja Kojy onarkamo y naketuma (Packages), mu
Tora 6Man cBECHU UK He. Teopeme M CTaBOBM MaTeMaTUKe Cy AMCKPETHU CKYMOBM, KOpaLM A0Ka3a, Kao
W NpaBHe cTaBKe. Takohe, KBaHTM GU3MYKOT AejCTBa KOjU Cy eKBMBANEHTHM MHOPMALMjama U HajMakbu
HOCMOULM TUX NaKeTa (MHGOPMALLMja je KOIMYMHA), YBEK CY HEKM MaKeTH.

Capga npBo npoyuTajte o Xaptamjesoj MHpopmaumjm [05.], na HacTaB/bamo. Ty je ngeja o moryhHocTMma
npoLmpersa 3aBUcHoOcTM uamehy 6poja jeaHako BepoBaTHux moryhHoctu N = 1, 2, 3, ... u uHpopmauumje
I = log N kojy oHu Hoce. BaxkHe ugeje Feopra KaHTopa y maTemaTnum cy ckynosu u 6eckoHadHoctu. [a
6ecKkoHayHe BeNnYMHe, Ha3BaHe KapAnHaAHUM bpojeBmuma, Tpeba ynopeantm bujekumnjama (oboctpaHo
jeAHO3HAYHUM NpecAnKaBatbUMa), CBOjeBPEMEHO je 610 MHOTO TeXe NPUXBATUTU O CaMUX CKYNOBa.
HakoH ,,PacenoBor napafoKkca®, ga He NocToju ,,CKyN CBUX CKYNoBa“, Koju je NPeTuno 4a ypywn KoHUenT
came Teopuje, npumeheHo je aa ,,04 CBake yHWje cKynoBa Mma Beha“ 1 aa ce ca TMM NOCTY1IaTOM MO3Ke
uhu pasbe, ocTana je npuBpemeHa NomeTHa oko KaHTopoBsor ynopehusara BeanymHa 6ecKoHa4YHOCTH
Kao M TO A HUXOBUX BEIMYMHA MMA pa3HUMX. AKO NocToju Bujekumja namehy enemeHata Asa CKyna, Tagaa
M camo Taga, KaHTop je KOHAYHO YTBPAMO Aa CKYNOBM UMajy jeaHaKe (KapauHanHe) 6pojese enemeHara.

[JeTasbHuje o ynopehumsary 6ecKoHauHOCTU MoXKeTe Hahu M y M0joj (1aKWwoj) Kibnam ,,MHoroctpykocTm

(2018) y Hacnosy ,,PaznnuutocTM Ha cTpaHama 11-14. Nokywajmo caga Te ase (XapTauja u KaHtopa)
naeje yapyutn. Y noraputmy 6ase 2, jeauuuue ,6ut unpopmaumje, 6poj moryhHoctn je N = 2/, To
3Haun gaheyHusy I = 1,2, 3, ... 6bUHapHUX umdapa nucaHmx nsa Hyne u 3anete 0, by b, ... by, rae ceako
b, €{0,1}3acBakok =1,2,...,1,6utnTauHo N = 2! moryhHOCTM 3a 3anuce PasnUUYUTUX NO3UTUBHUX
6MHapHMX 6pojeBa Marbux o4 jeaaH. Hanme, Ha cBakoj oa I no3uumja noctoje ase moryhHocTu, a Aga
nyTa Aga ... I nyta jegHako je 27.

[docnegHo aasbe, Kagda 3a MHGopmMaumjy yamemo KapanHanHu 6poj npebpojuso 6eckoHayHor ckyna
I = X, (aned Hyna), 6poj moryhHocTn Buhe KOHTUHYYM. Moxemo pehn 1 0BaKO: aKO Y MPETXOAHOM,
KOHa4YyHOM pe3ynTaty, nyctumo ga I — Xy oHga N — KOHTUMHYyMm. [pocTo TaKo.
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0OBO ,,jeiHOCTaBHO® yapY»KMBakbe naeja Xaptanja u KaHTopa nooniiuTaBarbe je CBake o4, HMX U CacBUM je
HOBM KOHLLENT aKo ra HaCTaBMMO MHTEPNPETUPaTH Y cKAaay ca (mojom) Teopujom nHpopmaumje. Ha gBa
Ha4YMHA MOXKEMO NocmaTpaTh 6pojese peannsoBaHUX MOryhHOCTM: ca CTAHOBMLUTA CaMo jeaHOr cybjeKTa
M ca CTaHOBULLITA CBMX noctojehux.

Y npeTxoaHOM objalitbaBakby MeToae MHPUHUTE3MMA/IHOT padyHa, Aa ,,04 yHanpea gaTor uMma gasbe”,
Koja omoryhaBa KaKBY-TaKBY HEMPEKMAHOCT NPOCTOpa U BpeMeHa (0 geTa/buma ApYrom NpuiMKom), 4o
npebpojuse 6ECKOHAYHOCTM NPOCTOP-BPeMeHa Majin je KopaK. TO/IMKO LWTO ce TUYe YCUTHaBaka, Makap
[0 AVCKPeTHe MpeXKe MOoJI0XKaja U TPeHyTaKa NonyT cMcTemMa KoopAuHaTa camux paunoHanHux 6pojesa.

Haume, namehy cBaka gBa paumnoHanHa 6poja (a, b € Q) noctoju paunoHanHu 6poj (az;b € Q), kaxkemo

CKyN pauuoHanHux bpojesa je ,,cByAa ryct™, aav HU3 GopmmnpaH og cBe BULLIE KOHAYHO Y3eTUX AeLMmana
6poja m = 3,14159 ... cacTojahe ce camo o paumoHanHux bpojesa u KoHeeprupahe 6pojy 7 Koju Huje
paLMoHanaH. 3a pasnunKy o4 npebpojueo 6eckoHaYyHOr cKyna paunoHanaHux 6pojesa Q, npumep ckyna
YMju CBM HM30BWU KOHBEPIUPAjy YHYTap camor ckyna 61Mo 6 KOHTUHYYM peanHux 6pojesa R.

Ca gpyre cTpaHe, NPOCTMpPakbe NPOCTOPA Ka Aa/bMHAMa U Tpajakbe BpeMeHa, 6eckoHauyHu cy. Yaumajyhu
CTAHOBMLITA PA3/IMYUTUX NOCMATPaYa A0Na3UMO L0 6eCKOHAYHe Ae/bUBOCTM NPOCTOPa U BPEMEHA, Kao
KO paLMOoHanHunX 6pojeBa, ako M CaMo ako MMamMo BeCKOHAYHO NPOCTMPakLe U Tpajakbe, AN J0BO/BHO
moryhux nocmaTpaya. OBux gpyrux mopa buTH ,,40BO/BHO 33 CBaKOT 04, CybjeKaTa AaTe peasHoCTU.

MoHosuhy jolw jeaHOM Aa ,peanHocT y Teopuju nHpopmaumje TpeTupam nomohy KomyHuKaumje. Ako A
MOe HenocpeaHo KoMyHuLmMpaTn ca b, oHaa cy A u b HenocpeaHo y3ajamHo peanHu. AKoO A n b Hucy y
moryhHOCTU Aa KOMyHUUMPAjy HenocpeaHo, anu noctoju L ca Kojum 1o oba og, ux mory, oHga cy An b
nocpeaHo y3ajamHo peanHu. OBO je onnc mpee (UBOpOBa M NOBE3HULA) 33 AedUHMCarbE PeaNTHOCTU.

Ca u3NoXKeHNM NocTaBKkama 4,01a31mo A0 oTKkpuha Aa je peanHocT peannsmeaHa MHGOpPMaLMja OKOTHUX
HeunsBecHocTU. Mcxoam npebpojuBo 6eckoHayHO MOTYhHOCTM ,yHyTap cy*“ OKO/IHOT KOHTMHYYMa. OneT To
je oBAe NOHaB/bakbE, KO Ce CETUMO CUIa HEM3BECHOCTM [27.], Halle peasHOCTM KOojy OKYM/ba MPUHLMUN
MWHMMaNN3Ma — HacynpoT 04,60jHMX BakbCKMX HEM3BECHOCTU. TeXKHba Mah0oj MHbOopMaLMju ynopeansa
je, He NpeBuLLIe, ca NPUBAAYHMM KanMAapHUM cunama 360r Kojux ce Mexyp o canyHuue He pacnaga.

[Ja je Hawa peanHocT peanmsmBaHa MHGOPMaUUja OKONHUX HEM3BECHOCTM BUAMMO Ha joW jefaH HauuH.
MocmaTpajmo HM3 MoryhHOCTM MCX0Aa, Ha Koje Hanaasmmo TOKOM pa3Boja cafallHboCTh, Kao nosumumje
aeummantdor 3anuca 0, dd,d5 ... NO3UTUBHOT peasHor 6poja marber o4, jeaaH. bes 063mpa wto je 6poj
nosuuuja npebpojuso beckoHauaH, 6poj moryhux 3anmca je KOHTUHYYM. Bpoj No3nLMja EKBMBANEHT je
6pojy enemeHata Halle peasHoOCTH, a 6poj moryhHOCTU OCTaTaK je 6-4MM NPOCTOP-BpEMEHA.

PacTko Bykosuh


http://rvukovic.net/blog/2112.html#dimensions

NHPOPMATUYKA TEOPUIA

33. AMOAnUTy4a v TanacHa AyXKUHa

AMNAMTYLa, TaNacHa AyXKMHa 1 6p3nHa dopmanHo geduHuLy Tanac. 3a pasnuKy og, Npoanparba Tanaca
Kpo3 cpeainHe pasnnumtom 6p3mHom (Speed of light), oBae je akueHaT Ha NpBe ABe KapaKkTepuctuke. Ta
6p3uHa 3a ceeTaocT je npnbamxHo ¢ = 300 000 km/s, HopmanHa 6p3nHa 38yka ¢ = 340 m/s, a peummo
6p3nHa BoaeHor Tanaca meTpa AybuHe je ¢ = 3 m/s. KakBa roa, cmatpahemo 6p3nHy HeNnpoMeH/bUBOM,
OAHOCHO Tanac hemo nocmaTpaTu y cpefuHu rae ce OHa He Mekba.

3a Bpeme t Tanac 6p3nHom ¢, kpehyhu ce Hanpepg nan Hasag Ay uctor npeaua, npehe nytx = +ct. Y
No3nTUBHOM cmepy y3eBlwu buhe ctanHo x — ct = 0, y HeratatuBHom X + ct = 0. lpyrum peumma, ako
cy fi v f, npoussosbHe dyHKumje, Taga je f(x,t) = f1(x — ct) + f>(x + ct) KoHCTaHTHO, Kaja je pey o
Tanacuma. Mpema Tome, aKo y3MeMO NpBe U Apyre napunjasHe U3Boae, Haaasmmo:

%f(x,t) = aa—xfl(x —ct) +aa—xf2(x +ct)=f" (x—ct) + [, (x +ct)
%f(x,t) = %fl(x —ct) +%f2(x +ct) = —cf' (x —ct) +cf’,(x +ct)
2
%f(x,t) = %[%f(x,t)] = %[f’l(x —ct) +f',(x+ ct)] =f"1(x—ct) + f",(x + ct)

62 a a a r rn
wf(x, t) = T [af(x, t)] = a[—cf’l(x —ct) +cf ,(x + ct)] = 2[f"1 G — ) + 7, (x + cb)]
Na MoxeMo GOpMMUPaTH NapLmMjanHy AMHeapHy AudepeHLmjanHy jeiHauuHy APYror peaa

0% _10% _
ax2  c?2ot?

To je TanacHa jeaHa4YMHa Ay AaTte x-oce (ancuuce).

TanacHa ¢yHkuuja f(x, t) Kojy cmo ynpaso geduHUcanm Npeacrassba ,MHTEH3NUTET Koju ce Kpehe ca

2 Tanacom ctasiHe 6p3nHe 1 Koju je 3aTO KOHCTaHTaH. Moxemo
| i .

( ra cMaTpaTM NPOU3BO/bHUM Aesiom dase Tanaca, Koju cam no
i cebu HUWTa He roBopu 0 amnanTyam (Hajsehem oactynaky
I 0J, oce KpeTarba).

6 4 W 1 | i T2V 2 i Mehytum, rae je sBpeaHocT Te dyHKUMje Beha, Tanac ce jaue

I [l 1Rl onaka. 3aTo, a HapPOUUTO Y CYYajy MUKPO-YECTULLA, MOKEMO
i | f :; amnanTyay oapehunsati 1 Kao BepoBaTHohy 063epBabne. Ha
v CMUM IeBO BUAM Ce Aa je TaKBa jegHa BepoBaTHoha 3anpaso
o1 ryctTuHa BepoBaTHohe pasmasaHa og -4 Ao +4 ancumce. To ce

yNpaBo 1 Paau y KBaHTHOj MexaHunun. CinuHy aaToj, LpeanHreposy TanacHy jeaHaunHy, AeTa/bHO cam
pelwasao y ,KBaHTHO| MexaHULUM“, TOKOM MHOTUX Ae/I0Ba Khure.

Pewetba TanacHe jeaHauynHe 3a40B0/baBajy aKCMOME BEKTOPCKOT MPOCTOPa, WTO 3HAYM 43 CY U OHA HEKM
BEKTOPCKM npocTop. TanacHe GpyHKLUMje Cy BEKTOPU KOjU Npema ocama KOOPAMHATHOr cucTema BupaHmnm
Aa 6yay o63epsabne 3aTBapajy yrnoBe Ynju je 36Mp KBagpaTa KOCMHyca jeanHuua. Apyrum peuymma, oBu
KBaApaTH KOCMHYCa NpeAcTaB/bajy BepoBaTHoOhe HeKe pacnogene. Y BEKTOPCKMM NPOCTOpMMa CKanapa
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KOMMEKCHMX BpojeBa, KaKBUM NpeaCcTaB/baMo KBAaHTHE CUCTEME, OBU KOCUMHYCK OA4rOBapajy Moaynma
amnauTyaa. To cam y NOMeHYTOj KHU3KM Takohe onmncao HakoH BapagapajaHoBor objawrera bopHoBor
3aKOHa, A4a KBaapaT moay/ia amnauTtyae npeacraB/ba BepoBaTHohy meperba aate o63epBabiie.

Ynora KocuHyca yrnosa nsmel)y BeKtopa (TafnacHe jeaHauMHe) M KOOpAMHATHUX oca (063epBabaun) moxe
ce pasyMeTV 1 Kao Npomn3BoA, NpojeKLuje jeAMHUYHOr A4aTOr BEKTOPA Ha OCY Ca MPOjeKLMjoM jeAUHUYHOT
BEKTpa Ooce Ha Aatu BeKTop. [lpyrMm peumma, TO je CKanapHU NpounsBoa HOPMUPaHOr AaTOr BEKTopa ca
OpTOBMMA (jeaMHMYHUM BEKTOPMMA KOOPAMHATHUX Oca), OAHOCHO BpCTa ,,MHbOopMaLmje nepuenuymje”,
pPeurMo Kao nepuenumja camor cebe y HTepnpetaumjn seposaTtHoha.

[Lpyry BpcTy BepoBaTHoha y Be3u ca TanacMma Aajy TanacHe ayskuHe. Mneaajyhu KOHUEHTpUYHE Kpyrose
WMpetrba Tafaca Ha NOBPLIMHM BOAE BUAMMO KaKo UM amMNInTyAe onajajy, a TanacHe Ay»KuHe ocTajy. To
npe cBera 3HauM Aa cy Te ABe Be/MYMHe oaBojeHe nojase. Mpsa oapehyije ,BuaLMBOCT M BepoBaTHohe
onarkakba Tanaca, a Apyra UxXoBy ,Pa3MasaHOCT Ha MeCTy Onaskakba.

Y UCTOj NOMEHYTOj KHM3M KBAHTHE MEXaHWKe AeTa/bHO caM M3Beo KomnToHoB edekart, y3 npumeady ga
OH He [0Ka3yje caMo YeCTUYHY NpMpPoAay cBeTN0CTH, Beh 1 Buparbe BepoBaTHUje NyTarbe ca CTaHOBULWITA
¢doToHa. O63Mpom Aa pacunarbeM y-3paKe, HAKOH cyapa ca Yr/beHUKOBUM eNEeKTPOHMMA, Npesase Ha
nyTarbe Behux TanacHUX AyXMHa, Aakne Behux pa3amasaHOCTM U Matbux BepoBaTHoha Ha AaTOM MecTy,
TO TanacCHy AyXUHY MOXEMO CMaTpPaTK NoKasaTesbem BepoBaTHohe TpajekTopuje. Behum ce TanacHum
AYXUHaMa NPUAPYHKYjY Makbe rycTuHe BepoBaTHoha nosoxaja ¢poToHa.

Ta je Krbura popmyna KBaHTHe MexaHuKe’ ca peLeH3njama 3asplueHa Ao anpuna 2018. roavHe n umana
je u3pgaBaya v CNoOH30pa, HMKaZA HKUje OTULLAAG Y WTaMMy, jep cam CMATPao A4a je HemMa Ko UnTaTu. BaxkHa
Mu je y nad-dopmaTty, Ha MHTEPHETY, Kao 36MpKa A0KA3a, aNN U CBEA,04AHCTBO O XMNOTE3aMa KakBa je u
0Ba 0 TANIACHUM AYXMHaMma. MIcTo TyMauere TanaCHUX AYKMHA, Y3 MOX A jol MHTepecaHTHUje obpaae,
MorKeTe Hahu 1 y paHujum mojum pagosmma ([poctop-Bpeme, KomnToHOB edeKaT), anu ra HaBOAUM U
0Bfe, jep ce BpeMeHOM NokKasyje cse 60/bOM U joL YBEK je, YNHU MU ce, HENO3HATO Y GU3NLM.

HapaBHo, u3BopHe XajseHbeprose penaupje HeogpeheHoCTH (y UCTUM KibMrama) UMNANLUUTHO KopucTe
OBO CBOjCTBO Ta/flAaCHMX AY*KMHA. M0ON0XKaj YeCTMLE pa3masaH je Nno ,,AyKUHW ocumnaumje’, Kao u cmepy
M MHTEH3UTETY MMNYJICa, TaKo A3 cMakbyjyhu npey BeNMUMHY Aobujamo TauHuje ogpehere nosoxaja
yecTuue-Tanaca, anm yTOAMKO HeTayHMje MEPUMO HEeH UMMYJIC M 0BPHYTO, Npeumsnpajyhu umnync y
mMepery rybMMo Ha NpPeumsHoCTM y ogpehrBarby HeHOr Noa0XKaja.

7 P. Bykosuh: KBaHTHa MexaHWKa — penpeseHTaLmja KOHTUHYYMa, METPUUKON U BEKTOPCKOr npoctopa (2018).

PacTko Bykosuh


https://en.wikipedia.org/wiki/Veeravalli_S._Varadarajan
http://rvukovic.net/knjige/Prostor-Vreme.pdf

34. buHapHe pacnoaene

Kaga 6aummo dpep Hosumh BeposaTHohe Aa nagHe NMCMO UM rnaBa jeaHakecy, p = q = 1/2. Anmu
ako Hosuuh Huje ,bep®, oBe BeposaTHohe cy No3nTMBHM 6pojeBun jeguHUUHOr 36Mpa, Na je camo jeaHo
bauarbe (cnepeha) pacnoaena seposatHohe.

Mpumep 1. MNpocTta buHapHa pacnogena sepoBatHohe:

F, = (A B)
P q
BeposaTHohe cnyyajHux gorahajacy P(A) =pu P(B) = q,raecyp,q =0up+q=1.1

Manio marbe jefHOCTaBHM Cy Cly4ajeBu NoHaB/bakba OBe ,NpocTe BMHApHe pacnogene’ ca HemeraHUM
YCNOBMMA Ha pasnnuuTte HauuHe. Ha npumep, 6auajmo HoBuMh cBe 40K He MagHe ,,MMCmo”. AKo je TeKy
N-TOM MOKYLWajy Aecmo ucxos A, oHga ce y npetxogHux n — 1 gecuno B, na je sepoBaTHoha 6aL Taksor
norahaj p, = ¢ 1p. OHuM cy ANC)YHKTHM 1 36Up UM je jeaaH (p; + P, + p3 + -+ = 1), WTo 3HauM aa je
OBO jowW jeAHa pacrnogena seposBaTHoha.

Mpumep 2. NoHaBbarbe 40 NPBOr Xe/beHor ucxoaa

(A1 AZ ...An ...)
FZ =
P1 P2 Pn

roe je A, porahaj aa he ce y n-Tom noHas/bakby npeTxogHor onuTa (F,) no npsu nyT aecuTn ucxoq, A. U3
Tora cneay BeposaTHoha p, = g™ 1p, ca jeanHNUHMM BeckoHauHum 36upom. [

Cpeatbe BpeaHOCTH, BapujaHce U MHbOPMaLMje OBUX pacnogesa U3padvyHaBao camM y Kibnsm ,, drsnyka
NHbopmaumia“ n Hema notpebe fa Ta u3Bohera caga noHas/bam. OHO WTo 61 morio 6UTK of, 3Hauaja,
a Tamo Huje nomurbaHo, buo 61 cnegehun dopmanHu 3agaTak.

Mpumep 3. Ca BepoBaTHOhOM p cTarbe A npenasu y cTarbe B, a 06pHYTO, ca BepoBaTHOhOM g cTake By
A. MNocTae/ba ce NMTarbe BepoBaTHoha npenasaka A — B — A, 3aTBapatba jegHor LMKAyca Nnpenasaka.
[a nojegHocTaBMmo 3agatakK, ctaBumo g = 1 — p, na npeu npenasak A — B ounrnegHo nocraje cnyyaj
F,, nakne HewTo wTto he ce curypHo Kag-Tag AecuTw, anv Takohe 1 apyrv npenasak. Ma Kako 3a4aBanu
BepoBaTHohe p 1 q yBeK he (40 HaKoH 6eckoHauyHO KopaKa) A noctati B Koje he ce noTom BpaTUTK y
ctare A. 1

OBaj NpMMep je MHTepecaHTaH y Cy4ajy Aa ce Tako GepmMMOHM NpeTBapajy Y 6030He, 04HOCHO YecTuue
CyncTaHLe y Yectuue npoctopa. Herae y mehyspemeHy npumeTnam 6MCcMo ga MMa CBe Makbe CyncTaHUe,
nnn 6ap Aa je oHa cee BULWe pa3peheHa y cee Behem npocTopy. Marbe YecTmua CyncTaHLe He NoBaaYn u
Matby FUXOBY YKYNHY eHeprujy. MehyTum, 3a pasnnky og nocnearer NPUMepa jeHe jeanHe YecTUuue,
noBpaT CBMX Yy Ta4HO NPBOM LUKYCY HUje nssecTaH aorahaj (Growing).

MaTemaTuKa je ancTpaKkTHa, oHa u3aBaja ¢bopmy Koja b1 ce gana MyaTUNAMLMPATH Y, Ha APYre HauyuHe,

HenoBe3aHe Mojase LWITO je ca jeAHe CTpaHe YNMHM BeoMa ,,CYLUTUHCKOM®, a ca Apyre ,,Hey3poyHom®. 3Ham
[la ce o4eKyje ynpaBo 06pHyTa ynoTpeba 0BUX peun, Aa je maTeMaTMKa y3poUHa U Aa Huje cywTuHa, anu

pasmucanumo! AKo ce HeLTo 0AHOCK Ha TOAIMKO MHOTO HEMOBE3aHWUX APYIUX CTBAPU, Ha NYHO HACTaBaKa,
OHAa OHO HMje fobap ,y3poK® 3a npeasuharbe. Takohe, OHO je ,,0CHOBa“ MHOTUX CTBapMU.
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Y 0BOM cMUCAY ,,CYLITUHCKA NpUpoaa‘“ matematmke Tpebana 61 Ham pehu jols mHoro Hosora o ,,406p0
nosHaTomM" 3aKoHy Bennkux 6pojesa [26. ucnepsuje]. Ha npumep, pa3sojem U3 MUKPO CBETA Y MaKpo,
dU3MYKM cUCTEM NOCTaje CBe U3BECHMjU (KaKo ce Bp0oj KOHCTaHTHUX C/ly4ajHUX OMMTa NOHaB/ba, HUXOBA
cpeauHa y30pKa, NpoceK, NpubnKasa ce HhMXOBOj TEOPUjCKoj cpeanHn). buno 6u aa ce nHpopmaumja
Aator nosehaBaHOr cUCTEMA CMakbyje Aa HUje YMHOXKaBaka APYrMx OKOJIHOCTU, Kaxke oBaj bepHynjes
3aKOH (1713), Koju MOXKEeMO NMOTPAXKMUTU U Y CAMOM NPOCTOPY U BpeMEHY.

3Hamo fa ce namherbe NPOLIOCTU Hanasu y MaTepujaiHUM TparoBMmMa cagallbocTh. Ha ocHoBY 3aKoHa
nojeguHux (bopeH3nYKMx) HayKa OTKPMBAMO LITA je 610 U peKoHCTpyuMwemo gorahaj Kora Bulle Hema.
OHO WTO He 3HaMo je Aa 6U ce jow HeKu o WwaboHa U3 Tora Moram u3syhu U reHepasnMsoBaTy, Na eso

npegnora 3a BbUxX HEKOJINKO.

MpBO NWTakbe, NOLITO CYy Y MAKPO CBETY UCXOAM CyYajHUX forahaja M3BECHUjU, MOXKE /i ce J0CNeHO
M HayesiHa TeXKHba Npupoae Ka Behoj BepoBaTHONM, UM Mak0j MHGOPMALU)U, UAN KOMYHUKaLMK, a U
[0ejCTBY, HAa HEKM HA4YMH NojaBUTK y BMAY ,noBehatba” oBor ceeTa? [pyro nutame, MOXKe /i1 Ce C/IMYHA
nojasa 3aTMM jaB/baTh U Kao NPOLEC, Y TOKY BpeMeHa M3 Hallle NPoLnocTu Ka byayhHoctn? Oarosop
61 Morao 6uTK y ,,CNOHTaHOM“ LIMpPeEHY CBEMMPA (OHOIMKO KOIMKO je CMOHTaHA TeXkba GU3NYKMX
cucTeMa Ka Marbe MHGOPMaTUBHUM), Te y oarosapajyhem TOKy cafallhocTv Ka Behoj M3BeCHOCTY.

To cy HeobaBe3He NpeTNOCTaBKe Koje Tek Tpeba pacnpas/baTy, WTo hemo 1 paguti anu jegHom Apyrom
MPUANKOM, a 33 Cafa NPEeNCTajMOo joLl HEKOJIMKO BaXKHUX MO3HATMX CTaBOBa bMHapHMX pacnogena. Haj
nosHaTuja bMHapHa pacnogena CBAaKaKo je 04roBop Ha NuTake, y cepujy og n = 1,2, 3, ... noHaB/barba
cnyyajHor aorahaja U3 npumepa 1, Konuka je seposaTHoha aa ce A gecu TauHo k = 0,1, ..., n nyta?

Mpumep 4. NoHasbamo F; (npumep 1) n nyta. BeposaTHoha aa ce A aecu ceaku nyT je p™, a HUjeaHOM
je g™. Y Husy og n moryhux, k ncxopa moxke ce 0CTBapUTU Ha (Z) HauMHa, a CBaKa oA, TMX KoOMBUHaumja
cacTtoju ce og, k peannsoBaHux u n — k HepeanmsoBaHux gorahaja A. Mpema Tome, BepoBaTHoha fa ce y
HW3Y O 04, 71 MOKYLLAja OCTBAPU WX TauyHO k usHocn Py, = (:)pkq"_k.

Jako je npoBepuTh a ose BepoBaTHohe, Py, YuHe pacnogeny, bepHynanjesy pacnogeny. Haume, ako ce
fecuno k ncxopa oHAa ce HUje fecuno Hekux j ucxoaa (j # k), a LopaTtHo 36mp cBUX je jeaaH:

n
2=
k=0 k

[Jokas fa je ouekunBare oBe pacnogene Y-, kP, = np norneagajte y Teopemu 2.3.1. Kibure , Prsnyka
nHbopmaumia“, aa je BapujaHca 02 = npq y Teopemu 2.3.3, a pusmnuka unpopmaumja L, = nlky, roe je
L, = —plogp — qlog g nHdopmauuja camo jegHor Taksor onuTa.

n

(Z) Pt =(p+qn =1
1

Dedununumja 1. CnyyajHa Bapujabna X nma 6uHomHy pacnogeny B(n, p), ca napametpuma 0 < p < 1wu
n=1,2,3, .., aKko je weHa dyHKUMja BepoBaTHOhe faTa ca Py (x) = (Z)pxq"‘x, raejex =0,1,...,n.

Y uctoj Kinsm Hahu heTe 1 anpokcumaumje ynpaso geduHucaHe BepHyanjese, Tj. GBUHOMHe pacnogene
y yxem cmucay (npumep 4), ca NyacoHoBom 1 MaycoBoM, 3a Koje Aasbe ciegm HEKOJIMKO NpumMepa paau
NakKwer pasymeBatba bUXoBe nosesaHocTu. Ha camum je B(10, 0.3), gator 6poja noHasmawan = 10 u
BepoBaTHohe noBosbHOr ucxoga p = 0.3, aakne HensrnegHoOM.
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Ha rpady ce Buan aa je x = 3 Hajuewhu 6poj *KesbeHmx ncxoda y Hu3y og n = 10 nokylwaja, npw WwWaHcu
p = 0.3 aa ce Takas gecu, ogHocHo WwaHen g = 0.7 aa ce Takas He gecu. To je HEKAKO U O4EKMBAHO T3B.
Louekmnsamwe®, E(X) = np = 3, Koje je rope nomeHyTo 3a bepHyamnjesy pacnogeny. Npocek KsagpaTHOr

pacunama OKO Cpeftbe BpegHoCTn, o = \/npq =+/10-0.3-0.7 = V2.1 =~ 1.45, Takohe je Bua/bus.

Px ()
o
. L ]
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Ha ppyroj cnvum npukasaxa je pacnogena B(20,0.6), roe ce y Hu3y oa n = 20 nokyLwaja, BepoBaTHohe
p = 0.6 Hajuewhe Hanasmio x = 12 )es/beHnx ncxoaa, Takohe oveknsaro, E(X) = np = 20-0.6 = 12.
[ucnepsnja oko ose cpeatbe BpeaHoctTn je 0 = vV20-0.6 - 0.4 ~ 1.55.

Cpeptba, MHa4Ye MakcMMmanHa BpeHocT rpada nomepa ce y fecHo ca noseharwem BeposatHohe p. Kaaa
je Taj makcumym (np) sBehu, ancnepsuja (npq) je marsa, jep je yrynHu 36up ceux osux ,ctybuha“ jepan.

Kako je gucnepswuja napabona, np(1 — p), ca rpaHama OKpeHyTUM Aone U Hynama y Tadkama 0 u n, 7o je
HEH MaKCUMyM 11/ 2, Koju ce nocTuke napametpom p = 0.5. To objalwrasa 3awwTo U Kaga bepHyaujesy

pacnogeny anpoKkcummpamo NyacoHoBom 1 FaycoBom.
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DeduHuumja 2. ChyyajHa Bapmjabna X nma MyacoHosy pacnoaeny P(1), ca napametpom A = np, aKo je
roeHa dyHKUmja BepoBaTHohe aaTa ca Py (x) = e *A% /x|, raejex = 0,1, ..., n.

Ha npBoj oa cnepehux cavka je NMyacoHoBa pacnogena ca napameTpom A = 1, Ha Apyroj ca napameTpom
A =5, a Ha Tpehoj ca napameTpom A = 10, pegom neso u gecHo. OBaj napametap A, Takohe je cpearba
BpeAHOCT BUHOMHe pacnogene, B(n, p), Tj. beHO o4eKkuBatrbe (4 = np).
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Mpumepe cam y3eo ca cajta Special Distributions, rae ce mory Hahu geTa/bHUjM onucK K 0bjallbersa, Na
nx (CNMYHE) He mopam OBZAE NoNMUCcMBaTU. TO Cy LKOACKM NPUMEPU KOje MOXKETE Hanasutu u gpyrae. A
6MTHO 1 OBAE A0BO/LHO je Aa NpUmeTUTE Npubanskasarbe 06AMKy ,,laycoBor 380Ha“, oBe, MyacoHoBe
pacnogene, y ciyyajy Kaga ce lheH MakcMmym, napametap A, nomepa Ka cpeauHu (LomeHa ancuuce).
Taj napameTap je v cpeatba BpeAHOCT M BapujaHca MyacoHose pacnogene, A = E(X) = Var(X). LWTo je
BPX BULLE AECHO — HUXKM je, a rpad oBe pacrnogene n/bocHaThju je.
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35. AnpoKkcumauuje
Moa Hacnosom ,,2.3.1 Anpokcumaumje“ y Krbmsn ,Prsmuka nHpopmaumja“ goKasaH je ammec

lim (Z) plq"r = s

n—oo k!

roe je A = np, Kaga je 4 < 10. To cy cutyaumje manux seposaTHoha, peLnmo y npoToKy Aorahaja Tokom
BpeMeHa KaKBM Cy 3BOHaBa TesiedoHa, Haniasak ayTomobumna, KOCMUYKMX 3paKka. AKO Cy OHM XOMOTeHMU
(pacnopena porahaja 3aBMCKH caMo of, Tpajakba), HE3aBMCHU U cenapabuiHm (He aelasajy ce ABa y UCTO
Bpeme), oHAa MMamo cuTyalmjy 3a MyacoHosy pacnogeny.

Npumep 1. (Bpoj noceta) Heka je Beb nokayuja npumana y npoceky 10 nocetunauya Ha cat. 3a A = 10.0
nx = 3y KymynatmsHum Tabavuama MyacoHose pacnogene Hanasumo P(X < x) = 0.0103, wTo 3Haun
na he TOKOMm jegHor caTta Taj cajT UMaTh He BuLe of 3 noceTmoua ca BepoBatHohom 0.0103. UcTo Kaxke m

KYMYNaTuBHuM Kaakynatop MyacoHose pacnogene. 1

Y KHoU3M je NOMeHYTM IMMeC l0KasaH, a 3a cnegehy je peyeHo je aa ce usBoam cimyHo. Komnnetmparba
paau 3a Ty cnegehy, NaycoBy anpokcumaumjy, eso MyaBp-/1aniacoBux goKasa.

Teopema 1. Y bepHynwujesoj pacnogenun B(n,p), Kaga n — oo Tafa 3a BepoBaTHONhY NPUOIMKHO BaXM

_ . -
P{X = k}~rWe X*/2 rpeje x =\/W75

YHUDOPMHO NO X Y CBAKOM KOHAYHOM MHTEpBany.

Jdokasz: U3k =np +x/npq = onj=n—k =nq—x,/npq = ©,Kagn — o, jep je X y KOHaYHOM

nHTepsany. CtupanHrosa ¢opmyna n! ~v2rnn"e™" paje:

PLX = K} V2nnnte™ K j_ 1 (n (np)k (nq)j
\/27rkkke‘k,/27tjjfe‘fp 1 \V2r |k )
MNopep ToOra,
w=nloe ) )
—=n|p+x |[—]||q—x |—|~npq
n
na umamo

P{X = k}~

ey

2
Nomohylog(1 +t¢t) =t — % + 0(t?) nanasumo:

lOg(kp) (_> _—(np+x\/ﬁ)log 1+x n_ (np—xﬁ)log 1—x P_

nq
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LTOo je U Tpebano foKasaTv. W
NHTerpanehu oBy anpokcumaumjy (cabupajyhu nHpuHuTeaMmanHe Kopake) Hanasmmo cnegehy.

Teopema 2. Y pacnogenun B(n,p), Kaga n — o, 3a UHTErpasiHy BeposatHohy Basu

—np _x?
Pia < <b;->— ] e 2 dx

Jloka3: Pepomzan =1,2,3,..nk =0,1,...,n nuuemo:
k—np
Xnk = —F—
\npq

1

Xnk+1 — Xnk =
\1Pq

} Z PX = k) ~

k:asxy g<b

{ N

T\ 2 T

ka<

ezdx

o)

Q

Yymume je Teopema AOoKa3aHa. |

2
x
Cam pesynTaT, anpoKkcumaumja GBUHOMHe pacnogene — f e 2 dx je nosuTuBaH 6poj, Koju gocTuxe 1

Ca rpaHnuama a = —Ooon b = +00, na ce moxe nOCManaTVl N Kao BepOBaTHOha pacnoaene
( n=—| T dx = o(b)
Pla<Z< =— e 2dx=® — ®(a
) (a)

%2

a MoXe ce foKasaTh (Pusmnuka unbopmaumia, Teopema 2.4.1.) aa je p(x) = e~ 2 ryctuHa pacnogene. A
pacnoaena je HopmanHa, N (i, 02), nnm FaycoBa, ca O4eKMBarbeM [ = Mp W BapujaHCOM 02 = npq.

Tabauue cTaHgapaHe HopMmaaHe pacnogene Aajy BpegHoCcTn pyHKumje

D(z) = e 2 dx

=

Koje ce mory fo6buMTH 1 pasymeTu 1 nomohy KasikyaaTopa HopmasaHe pacnogene. lNpMmeHa je naka.

Npumep 2. Kog 24 400 6auarba dep HoBuMha nmucmo je nano 12 428 nyta. TpaxKMmo BepoBaTHohy Tor u
Beher oacTynara 6poja nagarba nucma og odekmsaHor np = 24400 - 0.5 = 12 200, rae je gucnepsuja
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o = /npq = V24400 - 0.5- 0.5 = V6 100 ~ 78.102. Heka je X 6poj koju nokasyje 6poj nagarba nucma
yn = 14400 6auarba HoBuYMha, a MM TpaXKMMo BepoBaTHohy gorahaja:

P{12428 < X < 0} = P{228 < X — 12200 < o0} =

B { 228 <X—12200
“ 7 178.102 = 78.102

SOO}=P{2.9SZ§oo}z

1
2

~
=~

Q‘

XZ
f e 2 dx = ®(0) —D(29) =
s
2.9

= 0.50 000 — 0.49 813 = 0.00 187
a 7o je NPUAMYHO Masa WwaHca. [

MpumeTMMO fa ce UCTU WaboH MoXKe NPUMEHUTH 3a fobujarbe oBae paHuje AoKasaHor [26. Mpumep 1]
BepHynunjesor 3aKkoHa BeMKUX 6pojeBa, caga Ha ApYyravmjyu HauuH.

Mpumep 3. (BepHynnjeB 3aKOH BeANKKUX BpojeBa) Kaga n — oo, Taga penaTMBHa y4ecTanocT x /n nocraje
cse 61m1ka BepoatHohu p. To NnposepaBamo. OBze je x 6poj peann3oBaHUX Ke/beHUX Ucxoaa, a n bpoj
CBUWX OMWTA, AOK je p BepoBaTHOha aaTor ncxoaa. 3a ceako € > 0 6uhe:

P{|%—p|£e}=P{—e§%—pgg}=

—&'n _x—n e'n
P{—neSx—npSne}=P{ < P }

Jnpq — npq — /npq

’n fn n n
=P{—¢" | —<Z<¢e' | —=D|le* | = |—-DP| —¢- |—
pq pq pq pq

. . 1 .

Kaflan — o, jep ¢y &,p, q duKcmpaHu 6pojesu, a (o) = > [akne, ca nosehaBatbem bpoja onuTan,
X

BepoBaTHoha Aa 61 pasnnKa penaTmBHe y4ecTanocTu —u BepoBaTHohe p morna npemawmnTi yHanpes,

AaTu, NPon3Bo/bHO Manu 6poj € > 0, Texkn Hyaum. [

Mpumep 3 nojalrbasa 3alITo 2. Npumep Aaje seposatHohy oa camo 0.00 187. Ta ,,HeouyeKknBaHo“ mana
BepoBaTHoha 3a ckpomaH 6poj oa, 228 nnu suwe npebavaja cpeare BpeAHOCTU, HAKOH YnTaBux 24 400
MOKyLaja, MOXKe HaM Ce YYMHUTU 3HAYajHO NpemaneHoMm. TO je 3aTO LUTO KMBMMO ,,XOPU3OHTANHO®, UK
OKOMMTO Ha ,,BepTUKaNy“ AenoBatba 3aKoHa BEMKUX BpojeBa, Kaga je pasyMemMo Kao AnHujy noseharba
M3 MMKPO Y MaKpo cBeT pusnke. Mu HUCMO rpaheHmn 4a Nako BAaAamMo NPaBLMMa NPOMEHa HacTajanmx
npenacumma nus ManobpojHor y MHOrobpojHo.

[a Huje Tako He 6K xunoTesa Aa GM3NYKM He NOCTOjM HELUTO MaEHO NOMYT aTOMa, OHO LITO HE MOXEMO
BuaetTu unm ocetutu (EpHct Max) Hawunm yynnma, yonwte 6una npuxsaheHa n He 61 6Mna Tako KunaBo
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6parbeHa y Bpeme camor noyeTka 20. Beka. He 6UCMO GpM3MKOM Ha3MBaAM CaAMO OHO LUTO je HenocpeaHo
063epBabuaHO 4a NPO30P Yy/a KOja MMamMo He NMoKasyje A0BO/bHO cBeTa. A/ Ty je U maTemaTuKa 4a Aa
npeaHOoCT CBOjoj cneunduyHOj IoTULM Hacnpam onwTe npnuxasaheHUx BepoBarba, Na MNaKk pasmaTpamo u
,MHTYUTUBHO HENPUXBaT/bUBE" CTaBOBE.

Y cnyyajy Bennkunx bpojesa, dpekBeHUMje AOCTUIHYTE KPO3 Ayri HM3a MNoKyllaja, popmyne BepoBaTHohe
Kao Aa rosope o HeKoj Bpctu ,namherba®. Mpupoaa yauma y 0631p 1 NPOLLIOCT Y OLLEHW CafallHoCTH, a
noaceham, To ce BUAKU He camo y Teopuju BepoBaTHohe. MpaTtehu nonoxaje 3se3na Ha Heby, APEBHU cy
HapoAM 3Ha/IM Kaga NoYukbe HoBa rogMHa. HaumH xoga, AHEeBHE PYTUHE Kao M NOTMMC, KapaKTepuLly Hac
nojeAnHaYHo. Yecto cmo y CTamy NpouermBaTti WwTa he 6UTK Ha OCHOBY OHOra WTA je 60, a mogen 3.
npumepa Ha HEKe HayMHe roBOpPM Ham Aa AyrMM XO4,0M BpeMeHa (caaallrbOoCcTu) Te NpoLeHe NocTajy cee
n3BecHuje.

M3 oro/beHor 3akoHa BeanKkux bpojesa, camor no cebu, OHaKBOr Kako ra BUAM ,4MCcTa maTemaTmKa®, He
cneam v passoj PU3NYKKUX cucTema y BepoBaTHUje. [pupogHe cy nojaBe CA0XKeHUje. 3aKOHM O BEJIMKUM
6pojeBMMa Cyyaja Kaxy 4@ NOHaB/bakbeM ,MEPEHA YYeCcTaNoCT NocTaje cBe 6amKa BepoBaTHOhM”. OHM
CYy HEOOMYHM KOZIMKO M PacT 3anpemuHe ca Kybom BUCMHE Hacnpam nopacTta NoBpPLUMHE Ca KBAAPaTOM U
YCNOPEHOCT, UM TPANaBOCT, KPYMHUX XUBOTUHA HAacnpam penaTMBHOj 6p3nHM (y 04HOCY HA HUXOB CBET
BE/IMYMHA) M KMBAXHOCTM Mannx. Heke pasnmke namehy cBETOBa Manor U BEJIMKOT, @ HAIWK 2. Npumepy,
MOKa fa/be npenosHajeTe n camu. OHe cy Ham HeOBUYHE KOIMKO U HEUCTPAXKEHE.

BepoBaTHuje jecTe Marbe MHPOPMATMBHO, Na UhK Ka n3BecHMjem 3Haum Mhi Ka marbe MHGOPMATUBHOM.
Y YKYMHOj CYNCTaHLM KOCMOC TaKo NOCTaje Makbe MHPOPMaTUBaH, Makbe HensBecTaH. To je CMMCao ToKa
eHTponuje us marbe y Behy, T38. TEpMOAMHAMUYKe CMPTU BacuoHe. MehyTum, Tonehu ce u3 cyncraHue

nHdopmMaumja npenasu y NpocTop 1 BacMoHa ByKBaHO nocTaje cee Beha, cBe peha cyncTaHuom.

To Huje HoBOCT 3a ,Teopujy nHpopmaumje®, nako he 61UTK 3a HayKy. Anu y Toj ,,CTapoj“ NPUYM HOBOCT je
[a Yy 3aKoHy BeanKux bpojesa nocToju WwabnoH 3a cAnyHe Hanase (Hagam ce Aa ux uma suwe). TUNUYHO
MaTeMaTUUKM ancTpPaKTHU MOLEeN ca KaKBUM paamMmo Kaga cabupamo ,48a Nayc ABa je YyeTnpn” jeaHako
payvyHajyhu jabyKe Kao M KUNOMETPE, MAKO 3HAMO Aa Cy TM 06jeKTU PpU3nKanHO Beoma pasnmunTtu, Tpeba
Hahu 1 pa3snTK®. Yak 1 NOjMOBHO, Na M ancTpaKkTHO, M3BECHO je Aa oapeheHn pasnnumti 06jekTn mory
MMaTu ncte matematmdke popme.

BennKkn matemaTtmyapu 3HaaM cy onNmncaTi MaTemMaTUKy Kao ,BELUTUHY AaBatba UCTUX MMEHA PasNNYUTUM
nojaBama“. Ca aKLEeHTOM Ha BELUTUHM, Ty KapaKTEPUCTUKY ,,NPENno3HaBakkbe UCTOT y pasanyntom” Tpeba
Pa3yMeTH Kao TeXUHY ymeha nav nocna oTKpuBakba maTemaTuKe.

8 CaBeT MeHM 33 KacHuje.
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36. Pacnname
HajonwTmnju 06amk ryctuHe HopmanHe N (u, 62), unm Faycose pacnogene (e = 2.71828 ..) je

1 _*k-w?
e 202
oV2m

rae cy 4 (MaTemMaTUuKo) oueKkuBatbe, a o2 BapujaHca [35. Teopema 1]. NMpomeHsbusa k 061yHO je x. Y
NHbopmaumiv Mepuenumie, y Hacnosy ,,3.2 MHpopmaumja“ nspavyyHasao cam

p(k,p,0) =

(I) = — f pCx,u,0)Inp(x,u,0) dx = ln(a\/ﬁ)

WITO je cpeatba BpeAHOCT XapTanjese MHGOpMaLmje oBe ryctuHe, ogHocHo LLleHoHoBa MHbopmaumja. To
je pesynTat Koju je oHAa 610 Telw Ko NpoHahu y iMTepaTypu, 33 Pas/nKy o4 AaHaLlHbUX F4e ce OH jaB/ba
CBYKyAa. BaxkaH Ham je fa npumeTumo ga ce uHpopmaLmja HopmanHe pacnoaesne, HAaKOH UHTErpupara,
cabuparba CBUX MHPUHMTE3MMANIHUX KOPaKa, oneT npukasyje y o6anKy Xaptauvjese.

Cpeparba BpeAHOCT KOHTUHYyanHe uHdpopmaumje, (I), Koja anpokcMmmpa BUHApHY y CayYajy BENMKOT H13a
NoHaB/bakba, HMje ball TayHo jeaHaKa XapTauvjesoj. MNpBo, rycTMHa HOpMasiHe pacrnogesie HUje N jeAHaKo
BEPOBAaTHMX UCx0Aa, Aa bu XapTaujesa nHbopmaumja nsHocuna log n, ca usbopom 6ase noraputma Koju
pedbvHuwe jeguHnLy mepe nHpopmaumje. Anv 3Hamo 43 ce TakaB 6poj yBEK MOXKE MeHaTh PUKTUBHUM
NCTUM, 3aMEHEH ,,KOHCTAaHTHUM CpeaMM“ BpeLHOCTUMA.

. 1 . .

Opyro, ca gucnepsnjom g < = 0.24197 Taj noraputam nocraje HeraTMBaH, a Ha cAnLM neBo rpad
A . . .

i3 je rpaHuyHor cnyyaja av2me = 1, rgejex = o, a

cpeptba BpegHocT u = 0. 3a gucnepsuje mare og,
0Be, HOPMasIHa Pacrnojena MYmn Ha TpoyraoHy® u,
HapaBHO, Ca CBE BULL/bUM LUN/BKOM.

MehyTum, 3Hamo 4a 3a 1 BeAWKo, peunmo n > 50
amano p,y3np < 10, bepHynunjesa (6bMHapHa) ce
pacnogena ceogm Ha lyacoHoBy. MHaye TayHuja je
laycoBa (HopmanHa) pacnogena. Anpokcumaumja
bepHynnjese MNaycosom gaje:

0% =npq =np(1—p)
a Mane BpegHOCTM ce NocTuKy 3a p — 0, uam nak
p — 1. Npema Tome, Te mane gucnepsunje oHga 1
HUCY 3a oBY, Hero 3a lNyacoHoBy pacnogeny.

Tpehe orpaHuyerse je cama KOHTUHYanHocT. OHa
ce onpesHo 1 ca pesepBom Tpeba KOPUCTUTU Y KPAjHOCTMMA, jep CBU HaLLM OnaKaju KoHayHu cy. CKyna,
CBa TPM OrpaHMyYera Hac yno3opasajy Aa He Tpeba Xyputu ca 06pHYTOM NPUMEHOM, FeHepaan3aLmnjom
npocte Xaptavjese nHdopmauuje [05.].

° P. Bykosuh: ®usuyka MHpopmayuja, EKoHoMCcKM MHCTUTYT Barba Jlyka, 2019. Hacnos , TpoyraoHa pacnogena“.
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MehyTum, pacunarbe o Kojem hemo oBZie FOBOPUTM HE TUUE Ce CaMO HOPMaJIHe pacnogene. 3aHUM/bUB
Ham je n KomnTtoHoB edekar (Scattering). Kao wTo moxkemo sngetn y ,Teopmjn nibopmaumje” (He u BaH

He), HaKoH cyaapa ¢poToHa ca enekTpoHom (Compton Effect), poToH jeaaH aeo cBoje eHepruje npenaje
e/IeKTPOHY, TaKo Aa ce eHepruja ¢oToHA Cmakbyje, a TaNacHa Ay»KuHa My ce nosehasa.

Kog obuuHe andpakumje, Ha canum aecHo, Tanacu ckpehy He merbajyhu TaslacHe Ay*KMHEe, OCUM Kaga ce
pazu o0 Nponacky cpegrHama Kpos Koje ce Tanac Kpehe
npomereHom 6p3unHom. Tako he y ,rywhoj cpegmnu, I
Mambe bp3nHe, TaNlacHe ay»KuHe 6uTK Kpahe, a y Behoj vl
6pP3nHKN 1 TanacHe ayxuHe 6uTH Behe (CHeNoB 3aKOH).

\ 4

Y KomntoHoBom edeKTy ckpehyhu ¢poTtoH aobuja sehe \
TanacHe Ay»KWHe, anv BP3MHA CBETIOCTU Y BaKyyMy He ' N
MeHba Ce, Te ce CBET/IOCT Ty He NMoKasyje Kao Tanac Beh 4
Kao yectnya (Kopnyckyna). OaaBHO Toj NojaBu Aoaajem
LSMHPOPMaTUUKO Tymauerbe. Oabujajyhu ce og enekTpoHa GpoToH npenasu Ha nyTakby yBehaHe TanacHe

OYXKMHE U cmatbeHe eHepruje. Nonoxkaju My Taga nocTajy BULIe pasmasaHu, HeogpeheHunju.

®usmKa ce Ty 3aycTaB/ba, HEMA ,,BULLE Pa3masaHuMX“, anM MHGOpPMaTUUYKa Teopuja pasmaTpa cUTyaLujy 1
Zasbe, NPBO Kao Hafa3 fa Ce aKTyesIHe MyTakbe MOry MoCMaTpaTh U Kao HajBepoBaTHMje (ca CTaHOBULITA
yecTuua-Tanaca Koje ce Kpehy). 3aTUm 1 Kao HacUIHO cKpeTarbe POTOHa (CyAapom) Ha Marbe BEpOoBaTHY
TpajekTopujy, WTO je Hanas otnopa Behoj HeM3BECHOCTWN, OAHOCHO NPUCYCTBA CMOHTAHOr Pa3Boja CTakba

Yy Matbe MHPopmaTMBHaA. Tpehe, yTanare y HEM3BECHOCT KOMNeH3yje AoAaTHY 6p3nHy GoTOHa.

®OTOH Ha HEM3BECHMjy NyTakby He Uae CNoHTaHo. Taj Npenasak cnpeyasajy ,cuie HEM3BECHOCTM, a TeK

apyre cune (cygap) To My ckpeTarbe omoryhyjy, Hagenagasajyhu otnop. JogatHo npumehyjemo, GoToH

Kao fa TOHe Yy HEM3BECHOCT NoMnyT ,,UCTUHE®, OA4HOCHO ,,PeasiHOCTM Koja C/IMYHO TaKo baeaun, CKpuBa ce,

nocrajyhu ,nax", ogHocHO Koja oanasu y ,nceyao peanHoct” (The Truth). To noTUCKMBaHE NOTNOMaXKe

npuBAaYHoCT paspeheHe MHPopMaLmje, a OHAA HEKe UCTE MaTeEMATMUYKe GOPME KPUjy Ce YaK U Y TaKBUM
ABema pasIMynTMM nojaBama.

CKpuBakbe Y HEKOj 1aXKHO] peanHocTH 3anpaso Buhamo ceyrae oko cebe. OHO je y MonNyapHOCTU Naxu,
duKLMje nnm pomaHa Behoj o, AO0Ka3a MaTeMaTUYKMX CTaBOBA M CYBOMAPHMX UCTMHA, Na A0 Ucnajatkba
M3 UCTE CaJallhbOCTH YAa/beHUX AeN10Ba UCTOT Tena (cBeTnocTy Tpeba Heko Bpeme aa npehe nyT). Anm m
NPOLLUNOCT je BpCTa Nceyao-peanHocTu. Jow eKCTpeMHMja TakBa BPCTa je Ae0 COMCTBEHOr NOKPETHOr Tena
KOju penaTMBHM NOCMaTpay He MOXKe HerocpeaHo B1uhaTtu, Na OHO WTO MOMKe OMnaka Kao ycrnopasarbe
TOKa BpemeHa (KonuuunHa gorahaja gepuHuie speme).

Heke of Tx deHoMeHa ocTaB/bamM He0BPLUEHUM, 33 CaZa, jep MMamo BULLIE OMNUMja 04 YBPCTUX MecTa.
AnTepHaTMBHe naeje u Teopuje u gasbe cy moryhe, a Bepyjem Te CTBapw Cy joll KOMNJIMKoBaHUje. Huje
HU MeHaesbej Hala cMcTem efleMeHaTa OHAKO jeHOCTAaBHMM KaKo Cy ra APeBHM HApPOAM 3aMULL/bAU
(3emsba, BaTpa, Basayx, BOAa), HUTM Cy aTOMM MCNaaM Tako NpocTe rpahe Kakeoj cy ce Haganu (Jleykun n
JeMoKpuT), na He XKypum.

Enem, GOTOH cnpeyeH KOHTAaKTOM Ca e1eKTPOHOM A3 040U CTapy NyTakby, peummo ,yoehusarbem®,
WA KOMYHMKaLMjOM, pasmeHom MHOopMaLMja, 43 HE KaxKeM Camo MHTepaKLumMjom, GOTOH npeysmma
nyTakby Behux TanacHUX AyxuHa. [locneaHo Teopujn nHbopmaumje, 6uno 61 ga enekTpoH HacTas/ba
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nyToBarbe Ha TPajeEKTOPUjU MakbUX rycTMHa BeposaTHoha. Ca ctaHOBMLWTA ,,cUa HenssecHocTH™ [27.],
$OTOH TamMo Mae NPUCUIIHO, jep pasmasaHe No3mumje Kojuma Aasbe Kopada Make Cy U3jallHbeHe,
HeoapeheHuje cy. MocebHo je nuTare, Kako GOTOH OMNcTaje y TOM 04060jHOM OKpYKeHy?

CBeT ce cacToju oA, peasHux 1 nceyao-peanHux nHpopmaumja. Kaga bucmo npse Ha3Baiu jacHUM, UK
anconyTHMM UCTUHaMa, OBe Apyre buae 61 NOTUCHYTE UCTUHE UK NaxKN. UCTUHE cy jaye, ayTEeHTUYHEe
peanHocTu, Naxu cy npusnavHuje (The Truth). laxku aenom cmarbe 0460jHOCT HEM3BECHOCTU KOjoj nay
$OTOHM HAKOH pacunarba OKo eneKkTpoHa. Jakne, PoToH ckpeTatbeM Ha Behe TaslacHe AYKUHE N Makbe
eHepruje HakoH oabujarba 04, e/1eKTPOHA Ae/IOM NocTaje ,MOTUCHYTa PeanHocT , Hejaun y cmucay 6aehu
y ofHOCy Ha buBLer 1 yTonsbeH y Behy HeogpeheHocT nosoKaja. Bugsensa eHepruja u umnync ¢oToHa
npeaarta e/fIeKTPOHY, TAYHO CY jeAHAKM eHepruju U UMNYJICY eNeKkTpoHa npeaaTnx ¢poToHY, a Nceyao 4eo
$OTOHA MUK Ha KOAMPaHY, NOTUCHYTY, MW NPUKPUBEHY UCTUHY Y IAXKMW.

Teopuja nibopmaumje npeasuha pasnmumTe BpPCTe CAUUYHUX ,,MOTUCKMBAbA . CynpoTaH Npumep Hejakoj
aNn NPUBAAYHO] NaXKM je HENpPUBAAYaH CUCTEM Yy PeTAaTUBHOM KpeTakby Yy Kojem ce eHepruje Buhajy sehe
(3a KMHETMYRyY eHeprujy). leo NOKPETHOr CMCTEMA BUA/bMB CAMO COMCTBEHOM NOCMATpaYy je y nceyao
peasiHOCTM 3a peslaTUBHOT, Ma OBaj APYIM KOjU ONaka KpeTare MOXKe CaMo NMPeTnocTaB/baT NOCTojakbe
[oaaTHe MHbOPMaUmje, TaKo ONaXKaTv HEM3BECHOCT M He NPeNlasuTU y TO CTakbe KpeTakba. OBO je caga
objawmere ca CTAaHOBULITA Y NPETXO4HUM HaC/IOBMMa AMCKYTOBAaHUX ,,CUNa HEM3BECHOCTH®,

Moaceham, Taj BULWAK MHPOPMaLMje pesaTMBHO ONaxKaH 3HauYM U Makbak penaTMBHe eHTponuje U oneT
04,60jHOCT HanyLWTaka CTakba MUPOBaka (Y CBOM CUCTEMY) peslaTUBHOT NOCMaTpaya. 3aKoH UHepumje
npema ToMe c/egm U3 BULLKA NCeya0-pPeasHOCTV Kojy Teslo Byye 3a cobom, a npema 0Bom objallirbemsy,
13 OTMNOpa Koju Nceyao-BULIAK CTBAPA KAo ,0MnaxeHa“ (cekyHaapHa, NpeTnocTaB/beHa) HEM3BECHOCT.

Teno y jauem rpaButauMoHom nosby BuheHo us cnabujer Takohe nma cnopujm ToK BpemeHa. Mo ucroj
nornum (fa KonnumHa gorahaja AedpuHuLe BpemMe), OHO je fenom y nceyao peanHocTu. MpasuTaymja
3aKkpwuBssbyje 4-[ npocTop-Bpeme y HeKom Wwnpem b6ap 6-[ yHuBep3ymy (ca ABe AMMeH3Mje BpeMeHa
BMLWKa). OHO 3aTO MMA yBehaHy Macy U eHeprujy — ca CTAaHOBULUTA PeNaTUBHOM NOCMATPaYa, jep My je
3aTO J1JaKO NPEeTNOCTaBMUTU NPUCYCTBO Aea BULLKA Tesa y nceyao peasHocTu. HenssecHocCT 3anpaBo 1
HWje Apyrayuje ,,BUA/bMBA“ CEM NOCPEHO.

Opbwjarbe Tena og Tena Huje UCTo WTo U KOMNTOHOBO pacunarbe GOTOHA OKO eNIeKTpoHa. To npe cBera
360r KOHCTaHTHe Bp3nHe CBETIOCTY, a Aasbe jep POTOHM Hemajy concTeeHo Bpeme. OHU He mory 6UTK
»AEN0M Y Nceyao peanHocTn®, 36or yera v Kao ogbujeHn Tanacu rybe eHeprujy Kao LenmHa. Tena umajy
BULLAK BPEMEHA U HEM3BECHOCTM Ca KOjUM MOTY 4043aTHO MaHUMyAUCaTU.
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37. Penpe3seHTaTnBaH y30paK

HeobuyHa je 1 MHTepecaHTHa cama uaeja o ,,MPUTUCKY HenssecHocTn™ [27.]. OHa HeHagaHo AocneaHo
noaaje Heke popmanuame GuUsnMUKKUX ,,cnna“ obnactm seposatHohe. MoTtephyje 06jeKTUBHY cayyajHOCT 1
KOHLLENT cuae y Teopuju nHpopmaLmje, Makap Ha KpHeM HMBOY KaKBOM ra AaHac BUAMMO. 3aHUM/bUBO
je NpoBepPUTU NMpyXKa N Ce OHa TAKO LMPOKO KPO3 HACYMUYHOCT, Kao U Y AUHAMULW.

Y Bpeme Kaga cam nucao ,MHbopmaumjy Mepuenumje, (EKoHomcKor nHcTuTyTa barbanyka, 2016) camo
cam nomeHyo Taga nosHar ,lpobaem cekpetapuue®, anm tek y Mpunosuma |l (noyetkom 2021), Hacnos
, 1. PenpeseHTatneaH y30pakK®, cagp:asao je HewTo oa Ay6/buX MOTMBA M jacHMju uu/b Te Teme. CTapa
Tema, HoBa AoMyHa.

(Mpobnem cekpeTapuue: Ha pacnonarary je jeAHO pagHO MecTo 3a cekpeTapa/cekpetapuuy. Komucnja
3Ha 6poj NogHoOCKMNALA 3aXTeEBA U MHTEPBjyULLE UX CAYYajHUM Peaocnenom, jeaHor no jegHor, He
3Hajyhu Ko je cnepgehu. PaHrmpatse 3aMHTEpPEecOBaHMX AOBO/LHO je AeTa/bHO Aa He byae 3HavajHor
Aynanparba cKkopa Hajbosbux, a o4nyKa 0 M3bopy 3aCHMBA Ce CaMO Ha NMPETXOAHUM pe3ynTaTMma. HakoH
onbwjarba Tekyher KaHAMAaTa KacHMje ra Huje moryhe no3mnBaTtu, a HAKOH NPUXBaTakba Aasba NpeTpara
ce obyctaB/ba. Kako n3abpaTtu Hajbosber KaHamaaTta?)

lpy60 peyeHo, paau ce o TpehMHU CYYajHO PaACYTMX UCXOAA KOjU ,,HEKAKO™ NOCTajy penpe3eHTaTMBaH
y3opakK. To peluaBa ,,cekpeTapuuy”, aam yHoCu 1 nojalikberbe 06amnKa ,,faycosor 38oHa". TpehuHa rpada
Cajp¥Ku yrnaBHOM cBe BUTHO 33 pacnogesy, a HeobMYHO je LWTO ynpaBo YMCTa CIYYajHOCT rypa AOBOJbHY
rNIAaBHUHY OKOJI0 cpeatbe BpeaHoCTU. JoaaTHo, rpad uae Tako ,,HesrogHom  iMHujom aa he nokywaju
cMMynaumje HeM3BeCHOCTW, PeuuMo HanamerT, U3 rnase HaBogehw ,,cnyyajHe” 6pojese, Na M 6o/bUM
HalTMMaBatbeM pesynTata (1yTpuje), eHy IMHKUjy 3HaYajHO NPOMaLLMBATH.

TecToBU cnydyajHOCTM (Teopuje BepoBaTHOhe) 3acHMBajy ce Ha TOj He3roau KpuBuHe ,FaycoBor 3BoHa“.
CKopo je Hemoryhe UMUTUPATH je, TAKO Aa M TECTOBM 3a OTKPUBAHbE EBEHTYA/IHUX NPEBapa y Urpama Ha
cpehy Buwe Bpeae. [aycoBa KpMBa, Ha CANLM NEBO, NOKasyje joww jeaHy onwTy ocobuHy. ObnaacT yHyTap

Gaussian or avcnepsuje o, Konunka rog oHa 6una, nokpusahe oko
ouélﬂgl"f.gn TpehuHe (£0.34) none BaxkHor gena ryctmHa. Ctojehu
|
(%) Ha CTaHOBULITY ,,CM/1a HEM3BECHOCTU  peKknn Bcmo aa
g OKO 2/3 HensBecHOCTU ypaBHoTexyje 1/3 nssecHoctu.
To 61 Morao 6MTK LEHTPaHKN 4Ee0 0BAKBUX NpuUYa.
0214 ' 0214 MehyTim, HopmanHa pacnogena ca csoje cTpaHe uma
00135 ¢ 1359 | 3413 | 3413|1359 "< 00135 i ) X i
s ‘ : A o anpokcumaumjy. Pa3Boj ekcnoHeHuujanHe GpyHKumje y

3¢ -20 -0 0 o 20 3o
X pen n npyumeHa Ha ryCtuHy BepOBaTHOhe, p,ahe Ham

NPBUX HEKOJIMKO HEeHUX cabupaKa 3HaYajHUX 3a YKYMHKU 36up:

k 2 x3 x4-

ex=zx—=1+x+x—+—+—+---
! 2 6 24

( ) 1 x? 1 - (1) x?k 1 ( x? x* x®
= x‘ :0’0'21 :—e_Tz—z —1 = — —_ —_+
y =Pk V2m Vom & 2k \2m

278 1
To je (npubnnkHO) napabona
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)
N 2

Y okonuHu Hyne (x = 0) 4OBO/BHO je y3eTu NpBa ABa cabupka pa3soja Maycose rycTvHe, jep cy YeTBPTU U
BULUM CTEMNEHW X-a Tafa 3aHeMapsbuBK. [pad nocTaje napabona, AoHa LpBEHA MHM]jA Ha canuun. JInHKja
n3Hag, (nnasa) je rpad TauHMX BpegHOCTU rycTuHe. OKO HYATe, Cpeate BPeAHOCTH, NOKIanake 0Ba 483
rpada je 3HayajHO, WTO 3HAYM A3 Yy TOM gomeHy oba onazajy ca KBagpaTom ancumce.

J.‘*

15 1 05 o 03 I 1?\{'

MpMMeTUMO Aa cu/e Koje onaaajy ca KBagpaTom yaasbeHocTy Beh nocToje y ¢pusmum (rpasButaLmoHa un
KynoHoBa), Aa cy KoHMKe nyTarbe Haboja Koje TakBe nokpehy (Kao pacnogene y Hacnosy [28.]), a Aa um
ce fejcTBa NpocTupy 6p3vHOM CBETNOCTM (LUTO Ce NoapasyMeBa U 3a CydajHe UCXoAe).

Ca 0BMM ce He UCLpn/bYjy aHanorvje pusmKke cuia u HeM3BecHoCTH. Y KrbMan ,[1poctop-Bpeme, yHyTap
GM /rc?

HacnoBa ,1.2.8 BepTukanaH nag”“ Hahu hete nssohere m = mye , TAe je m penatmBHa maca Tena
Koje naga y rpaBuMTaLMOHO Nosbe mace M, Kaga je OHO Ha yAa/beHOCTU T O, LLeHTPa, My CONCTBEHA Maca
Tena, G je rpaBUTALLMOHA KOHCTaHTa, a ¢ 6p3nHa cBeTN0CTU. [lasbe ce MOXKe BUAETU A3 je 0Baj EKCNOHEHT
noTeHuUMjanHa eHepruja, Koja ce y cnobogHOM Nagy NpeTsapa y KMHETUYKY, a A3 jefHauyMHa NoAe/beHa

KBagpaToM 6p3unHe ceeTnocTH, 36or E = mc?, noctaje ogHoc eHepruja Tena. Mpehrmo Ha dppekseHLmje
W HaNa3nMo JIOKA/IHO Tpajarbe jeaHe dase Tanaca eHepruje T = 1, g=GM/rc?

Tpajatre.

Y O4HOCY Ha, Tp, CONCTBEHO

ConcTBeHO Tpajambe je BPCTa KOHCTaHTe, jep NpeAcTaB/ba YHMBEP3a/IHM Nepuoa, na je nocnegHun nspas
dopmanHo jegHak ryctuHu Faycose pacnogene. Hanme, ycnopaBambe TOKa BpeMeHa PpyHKUuja je 6poja
NCX0Aa, a KUHETUYKA eHepruja ce Mmerba ca KBagpatom 6p3mHe v. OBa Y EKCNOHEHTY Kao NPOMEH/bMBA
(x = v) paje ynpaso Taj HesroaHW ekcnoHeHT Maycose dopmyne. Ca Apyre cTpaHe, OBAaKBa KaKBa je, Ta
dopmyna, o ycnopasakby peflaTMBHON BPEMEHA Y rpaBMTaLMOHOM NOoJbY, NpeacTas/ba U Besy nsmehy
BepoBaTHohe u (XapTauvjese) nHdopmaumje.

TonMKo 3a caga o ,,4yAHOM® NUTakby, A3 U Ce Y Typakby Cy4ajHOCTU Ka CpeaHboj BPeAHOCTM MOXKAa He
CaKpMBa M joL NOHEKM Heno3HaTu popmanmsam Ppusmke cuna. T Gopmanmamm cy Ham NO3HATK, LITO Ce
TU4ye Teopuje nHdopmaumje 6apem. OHM NOCTOje Y CNOHTAHOM Pa3Bojy Matbe MHGOPMATUBHUX CTakba, Y
TOKY Ka Marb0j KOMYHUKaLMjU, UK MakbeM AejcTay. M3parkaBajy ynpaso ,,MpUHLMN Hajmakber AejcTea’,
0/,aBHO MO3HAT, M3 Kojer Teopujcka GpM3nKa n3Boam cBe, aam H6alw cBe Hama AaHac Baxkehe TpajekTopuje,
MHaye HacTajane noA AejcTBMMa cuna.
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38. BupTtyenHe coepe

Y HacTaBKy ,0460jHY cMAY“ HEM3BECHOCTM NOAPA3yMEBaMO, @ KaKo O H0j Masio 3HAaMO NPETNOCTaB/bamo
HeKe teHe dUu3MKanHe KapakTepucTuke. MNpe cBera To je HEKM 3aKOH ofpxKatba (Conservation) Koju Tek
Tpebamo oTKpMBaTW. AKLLEHAT je Ha ancTpakLumju Kojy bucmo (MorKaa) mornm Hahu y KOHKpeTHOM.

3a noyeTak NPMMETUMO A2 HEM3BECHOCT BPLUM NPUTUCAK Ha U3BECHOCT, Te A4a Ce OBa Apyra ApXu nonyT
mexypa oj, canyHuue Texxehr KOHLEHTPaLMjU, TOKY Ka Marbe MHGOPMATUBHOM CTakby. MehyTum, KaKkBa
rof 6buna BeposatHoha fa ce gorahaj secn (0 < p < 1), yBek nocToju BepoBaTHOha Aa ce UCTU He Aecu
(g = 1 —p), wro he pehn ga 0 Ma KaKkBOj KOJIMUMHU HEU3BECHOCTU NPUYAN, Y H0j MOCTOjU U KOJIMYUHA
nssecHocTu. MpeacraBucmo pedeHo chepom (mexypom) ca rywhom yHyTpawHom nssecHowwhy.

PasmaTpamo paHuje NOCTaB/bEHO NUTAHE O PABHOTEKM U3BECHOCTU U HEM3BECHOCTM, NPBE YHYTap AaTe
obnactu (chepe), a gpyre nssaH. FoBOPMMO, HapaBHO, O ANCTPAKTHUM CUIAMA, CKYM/bakba U LIMPEHA, A

Koje peduHUWwy rpaHnly nsmehy ase obnactu. [la Hema nNpee, TEXKHE Ka Makb0oj MHOPMALMjK 1 NpemMa
TOME KOHUEHTpaLMje Ka YHYTpawHocTh chepe, Hazsraaana bu apyra, BakCKo ryparse o cebe, Tako aa
rpad HopmanHe pacnogene sepoBaTtHoha ycrnesa 6UTK 3BOHACT, He NPeTBapa ce Y YCKU BePTUKaaH CTy6
Ha cpeaH0j BPeLHOCTH.

MpomeHe 0BUX yTWLLAja, KOHLLEHTpaLuje NPOTMB HagMpakba, Ha CNojeBMMa KOIMUYMHA YPABHOTEXKY]Y ce
3aBMCHO 0f, cafpikaja. Kaga KoHLeHTpaLmMja M3BECHOCTU ca Aa/bMHOM T 0, CBOT LieHTpa onaza, Taja caB
cuctem moxke yhi y paBHOTEXKY TaKo Zia je Ha CBaKOj O, TUX KOHLLEHTPUYHMX cdhepa UCTU NpUTUCaK obejy
CTpaHa. To je MOoXKe PayYyHCKM NOKa3aTh y PasinuMTUM METPUYKUM CUCTEMMMA, @ HUje TELLKO pasymeTu
HW UHTYUTUBHO Y €YK/IMACKOM.

Hanme, Kafa je jeAHOM ycnocTaB/beH CUCTEM ONafatba HEM3BECHOCTU Ca yaasbeHowhy oA LeHTpa, oHAa
chepa cse Beher nonynpeyHnKa MoxKe 3aTBapaTh CBe BULLIE M3BECHOCTH, @ Ha cebn MMaTU Matby U Matby
FbEHY FYCTUHY NO jeaMHULM NoBpLUIMHE. Pa3znnka nsmehy ryctTuHe HeEM3BECHOCTU Aena chepe U BakbCKOr
$pOoHTa MoXKe BUTM KOHCTaHTHA. JeAHO 04, pellerba Tor 3a4aTKa ynpaBo cy chepe obUUHe reomeTpumje ca
NoBpLIMHaMa Koje pacTy ca KBaZpaToOM nonynpeyruka (4r2m), a Taga rycTvHe Aena nospLuMHe onaaajy
Ca KBaZpaToMm yAas/beHOCTU. Pe3ynTaT je 3anpaBo jeaHaK OHOME KOju CMO pacnpaB/bajn y NPeTXo4HOM
Hacnosy [37.]. UMam 1 HE3HATHO Apyraymju NPUCTYN UCTOM, aav NPBO BUANMO LUTA je Ca AEjCTBOM.

Bp3uHy ceeTnoctu (¢ = 300 000 km/s) Tpebamo y3eTu y 063up, jep ce oBe cTaTUUHe chepe Wupe Tom
6p3nHOM Yy 0 HOCY Ha (Npou3BO/bHOr) NocmaTpaYva. Hanme, oHe cy 6e3BpemeHcKe, NOCMaTpPaHo Yy caMo
jeaHoOM TpeHYTKy (610 Koje nojeaAnHe) caaalHoCTU, ann CagallHboCT KAn3n Ka byayhHocTn 6p3nHom
cseTnoctu. To je jeaaH og ctaBoBa Teopuje MHPopmaumje, objacHuhy.

MpocTop-Bpeme je Hajmarbe 6-AnMMeH3noHanHo. O WecT, TpU AUMEH3K[e cy NPOCTopHe, a ciegehe Tpu
cy BpemeHcKe. Cee jeaHaunHe pU3MKe, Nnpema 0Boj Teopuju, Tpebane 61 6UTK MHBapUjaHTHE Ha n3bope
YETVMPU OZ TAaKBUX LECT AMMEH3WM]a, O KOjUX Cy TPM MPOCTOPHE KoopAUuHaTe (MonyT X, Y, Z) a YeTBpTa je
Bpeme, OHO MHOXEHO MMarMHapHOM jeanHULOM (i2 = —1) 1 6P3MHOM CBETNOCTM Aaje AyxuHy. OnwTe
jeaHaunHe penatuBHocTM Beh cy TakBse, a M penlaTMBUCTMYKA KnajH-FopaoHoBa KBaHTHe mexaHuKe. Cau

06jeKTH Koju Hemajy concTeeHo Bpeme, nonyT ¢poToHa, Aobujajy ra og nocmatpada. lMpema Tome, CBU ce
Taksu ,Kpehy“ 6p3nHOM cBeTN0CTH.
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Moaceham, oBAe je BasKHO HarNacuTK Aa KBaHTHA CPEerHyTocT A4,0/1a3mM 0/, UCTOBPEMEHOCTH, Takohe y
3BaHNYHOj GU3MLM joll yBEK HEMO3HaT AeTasb. OBe NOKpeTHe chepe Tako NocTajy BUPTYeHe, TPEHYTHE,
WM UCTOBPEeMeHe, 3a B0 Kojer mocmaTpaya, Te cy 06jeKTUBHE 1 KBAHTHO CriperHyTe.

OcTaTak cBeTa, BaH NoBpLwu chepe, y 04HOCY Ha MPOU3BO/bHON NOCMATPaYa HUje KBAaHTHO CNPErHyT 1
noanexe WnMpeky AejcTBa He 6pke of cBeTaoCTU. Y cnegehem npumepy aHaAM3MpaHa je Takea jegHa
Be/MKa chepa ca LeHTPoM S Ha uYnjoj je noBpLIMHM LeHTap O MHOro makse cdepe. JJocneaHa ropkoj,
caja je NpeTnocTaBKa Aa YHYTpawhocT Behe chepe y Makb0oj MMa jeiHaK yTULAj KAao M CNo/ballbOoCT,
MaKo je 3anpemMmnHa yHyTpaLlHber Aefla Makba Of, CNoJballkber.

Npumep 1. [aTa je nonta L ca ueHTpom S 1 nonynpeyHnkom R v nonTta I ca ueHtpom O Ha cdhepu npse

= el Iy W nosynpeyHuKka r. CMKa J1eBo je NpeceK JIoNTu

2 L W paBHWU KOja cafpKu LeHTpe oBux cdhepa. Tako

D OHe nocTajy KpyKHuue K u k, pesom Tux ontu,

Z I\ = _ Beha n marba. Mpeceun KPyKHULA Cy ABe TauKe

A7 [ A\ \ A, B € K Nk, npecek Beher nonynpeyHuka SO

\ N Makbe KpYrKHMLE je Tauka D. MNpecek TeTuse

| AB vt nonynpednuka OD je Tauka C.

._ NS S Takoje R = SA = SO = SP,raeje PO = 2R

N S npeuHuk Beher kpyra, 3atumr = 0A = 0D, a

¥ <t H=0Cwh=CD.Tpoyrnosu POAwn AOC cy
s M R 2 camyHmn, naje H = r?/2R, anHaue h = r — H.

Tpaxknmo 3anpemMuHy gena Matbe JIonTe Koja npunaga sehoj. OHa je 36Mp ABa IONTMHA OACEYKa:

h’m H?m
Vi=V,+ Vg =T(3T—h)+T(3R—H)

CpehuBarbem v yBpwTaBakem H n h nako Hanasumo:

12R
3

v, = (8R +3r)
V2 =13z "

{(Vl = 1'3—”(8R - 37‘)

4r3m

raejeV, =V, =V, = — V1. OpgHoc 3anpeMuHa aena make IonTe Koja npunaaa sehoj je:

3r

 _8R-3r l-gp (1 3r)2_ 3r+(3r)2 3r
"V, 8R+3r 3" 8R) ~° 4R "\8R/ T~ 4R
8R

roe je NpubAMMKHOCT YTONMKO TauyHMja WTO je gpyra onTa makba o4, npse. [

Mpecek Behe 1 marbe nonTe MMa 3anpemuHy V;, a octatak marbe nonTe 3anpemuHy V,. MHTYUTUBHO, Kao
W 13 pesyaTtaTa y NPMMeEpY, jacHO je Aa cy oBe 3anpeMuHe HejegHake, V; < V,. Pasnunka Tmx 3anpemumHa
CMmakbyje ce 1 ucyesaBa Kaga R — oo. Nosehasarem Behe chepe, marba ce He merba (1 = const). Matba
npeAacTaB/ba ONcer HenmocpeaHor yT1uaja Ha okoAnHy Tadke (0) Ha Behoj chepu, aejcTBOM Koje ce wupu

KOHCTaHTHOM 6P3MHOM CBETNIOCTMH.
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MpeTnocTaB/bamo Aa je noteHuujan, yHyTpawmer (V) u Barbckor (V,) aena mare nonte y sehoj, jeaHak,
na 3aK/by4yyjemo fa OH onaaa ca yaasbeHowhy. Koanko nyTa je marba 3anpemmHa npee TO/IMKO NyTa je
Behu tbeH noTeHuMjan, ga 6u ase cune 6une y paBHoTexu. [pomeHa NoTeHUKWjana je Ha HaunH Kao Kog,
OUBNUYKMX CUNa, Npe cBera MMCANM Ha rpasutaumjy (Mpoctop-Bpeme, 1.2.10 LLsapuwinnaoBo pellere)
n enekTpo (Coulomb Force).

OBakBe BupTyenHe coepe moryhe je goaatn n PejHmaHoBuM anjarpammma (MHoroctpykoctu, KBaHTHa
cnperHyTocT). Ha npumep, eNeKTPOHN UX EMUTY]Y Kao ,.BupTyesnHe GoToHe . Fbuma ce TanacHe AyXuHe

He MeHbajy, a aMNnTyae cy cBe mambe. [TpBe 61 3HaYMIe NPeHoC eHepruje, MMMyJsica 1 CNMHa ca jeaHor
e/1IeKTpoHa Ha Apyru, a gpyre BepoBaTHONhyY TaKBOr NpeHOoca Y Wnpery chepe NPeKo APYror eNeKTPoHa.

HbuxoBo Wwupetrse, ca Tpehe cTpaHe reaaHo, nae ca usjalllbeHUX HEM3BECHOCTU NPemMa HensjallhbeHUM,
M3 YHYTPALLIHOCTU IONTK Ka BaHW. [yCTMHA U3jallbeHuX (peannsoBaHux ncxoaa) seha je yHyTpa, Wwto je
Ha/IMK KpeTaky CafallhbOCTU U3 NPOLWIOCTM Ka 6yayhHocTn. OBO BaXu 33 NPOU3BO/bHOr MOCMaTpaya, Te
je 0bjeKTMBHO. 3aMUCIMMO I NOCMATPaYa KojeM BpemMe uae yHaTpaLlKe y 0AHOCY Ha Hale, kemy he ce
ose cdepe onet wuputn. Chepe 3anpaso u He UAY, OHe CToje, a ,MoKkpehe” nx ToK BpemMeHa nocmataya.

[a 6u yonuwrTe nocTojane nHpopmaumje HEONXOAHO je Bpeme 1 06jeKTU Kojuma Bpeme He CToju. Hame,
Apyrv nyTa caonwTeHa ,,BeCT BULLE HUje BECT, Na Cy U CyBjeKTH KOju HELUTO OMarkajy yBEK Yy HEKOM TOKY
BpemeHa. OHuM cy TM 360r Kojux ce cagawmrocT Kpehe Ka byayhHocTu, nocebHo 360r KOjux ce cBeTnoCT
Kpehe. Mpema Tome, aHanorMja pa3Boja CafallbOoCTM Ca KpeTakbeM BUPTYeNHMX chepa ma jow aybroe
3HaYerbe, 3HaYajHu1je 3a PU3NKy Hero WTo BUCMO NOMUCAUAN Ha NPBY Noriea,.

Mwu He MOXKeMo OCTajaTH y UCTOj CafallHOCTU, HEKOM 3-AUM NPOCTOPY, NPOCTO 3aTO LWTO je pa3BOjHOCT
HeonxogHa. MHbopmaLmja je TKMBO NPOCTOPA, BPEMEHA U MATepUje, @ HEM3BECHOCT je HeHa CYLUTUHA U
3aTo TOK gorahaja nae Ka hUXo0BOM U3jallbaBatby. YnopeheHo ca Hauenom WKpTapera MHopmaLumje,
TOK gorahaja Ham roBopu o ,,HamBHOCTU® PUBUYKMX CUCTEMA, O HUXOBOM ,HECXBaTaky™ Aa 61 TaMo Ka

6yayhHOCTM MOXKAa MOro 6MTH BULLe Tora 3a M3beraBarbe HEro y NPOLWAOCTU. Man, nak, o ,,cxBaTamy”

Aa Beh camum M3bopom cmepa KpeTarba OHO FAe ce nae Noctaje CMpomallHuje HGopMaumnjama.

Mapadpasmpam 1 NpeHarnawasam ga 6Mx Hekako NpeHeo NoeHTy. Kamo rog aa ce gorahaju passujajy,
YBEK ce uae 13 npowsoctu y byayhHocrt, 13 rywhux Ka pehum msjawreHnm nHpopmaumjama. To gaje
moryhHocT pa3Bojy goraha BaH Hawer Toka, na v ,,0KoMUTo“ (y IMHeapHoj anrebpu oBo je U ByKkBanHo, a
HbeHa penpeseHTaLmja je KBaHTHa MeXaHMKa) Ha Hbera, LWTO je U HEONXOAHOCT YKO/IMKO CYy C/Iy4ajHOCTHU U
onuuje objeKkTnBHE. KOHAYHO, OBO TPaXKM U 6-4MM NPOCTOp-Bpeme rae 61 n3bop YeTMpu AMmeHsnje 6Mo
NpPoun3BO/baH, 04, Kojux 6u jeaHa 6una Bpeme (MHOMKEHO ca ic).
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39. lNpumapHa cmna

Y 0BOM TpeHYTKy U3rnega HeBepoBaTHO, a/in YNpaBgo je Tako, Aa ce pacnoaesie sepoBaTtHoha Kao 1 cune
dun3MKe noaBprasajy MCTUM 3aKOHMTOCTMMA. OBe NpBe, anCTPakTHE MaTeEMATMUUKe, HeBe3aHe cy 3a buno
Koje oapeheHe dusnuke nojase, a Apyre, NOMYT rPaBUTALLMOHE, ENEKTPO M CBAKAKO YOMLUTE 3aMUCAUBUX
KOHCTaHTHMX LeHTpasIHMX Cuia. MHaye To ycnyT usnaxem y oBoj ckpuntu ,MHpopmaTuuke Teopuje®, aa
OCTaHe, Aa CYyTpa MOXAda HEKO NPUMETU KaKO CMO U MU AaHAC A0CerHy/n Te anctpaktHe BUCUHeE.

Mopa Hacnosom ,,38. BupTtyenHe coepe”, peunmo, Hahu heTe ga ce MNaycosa pacnogena seposatHoha
noHauia ,,Kao Aa“ nocToju HeKn noTeHuujan ,,dusnyKke cune” Koju cnydajHe ucxoae Tepa y rpad nosHaTor
3BOHacTor o6mKka. HaBogHMUMMa HarnawaBam Aa cy TW NoTeHLMjaIM BULLE O OHOra Ha LWTo 6BUcMmo ce
NNTaKo HAaBWMKAK, Aa je hnXxoBa 06jeKTMBHOCT U3HaA, TOra LWTO BUCMO Ha NPBU NOrae O4eKMBaAn U 4a je
OHa 3ajeHUYKO T/10 je 3a MHOre ,,npaBe cune”.

Mog Hacnosom ,,28. LleHTpudyra Hem3BecHOCTN”, y CBOM ancCTPaKTHOM NPOCTOPY Bapmjaban, Hanasm cy
43 cnyyajHu ncxoam b6erke o HEM3BECHOCTU TpajeKTopujama Koje cy xunepbone. MHaye ce N0 KOHMKama
(enunce, napabone, xunepbone) kpehy Haboju ByYEHN UM TYPAHN KOHCTAHTHUM LeHTPa/IHUM CU1ama
(npmuBnayHe no npse gBe, ogb60jHe no Tpehoj).

Mog Hacnosom ,,24. Mpumepw perpecuje II“ Hanasm ce noTBpaa Aa cayyajHu ncxogm cneae Kennepos
APYrv 3aKOH (NoTer cyHue-naaHeTa y jeAHakum BpeMmeHuMa npebpuile jeaHaKe NoBpLIKHE), Ha HAUYWH

Koju he ce noKasaTu Aa je BULWe o4 aHanoruje.

YKpaTKo, NpuMHUMNMjenHa Texta Npupoae Aa vewhe peanvsyje BepoBaTHUje UCXOAE HE CaMO A3 HA
npBu Nornea Aenyje Kao Heka (ancTpakTHa) cuna, Beh je oHa TO M Ha Apyru u Tpehu nornes,. TauyHuje
peyeHo, cune Koje CMaTpamo ,,GU3NUKMM” camo Cy jeiHa O BPCTa TUX anNCTPAKTHUX NPUTMUCAKa, HUXOB
n3pas, eKBUBANEHT, uan nocnegmua. locneaHo Tome nokasahe ce Aa jeAHavymHe onwTe PenaTMBHOCTU
MOKEMO M3BECTU M U3 3aKOHa BepoBaTHONE, Kao LWITO Ce MOry U3BECTU M3 MPMHLMNA HajMmatrber AejcTea.
[oKas oBor gpyror nornegajte y Kiwmsum ,,MuHumanvsam MHbopmaunie”, y Hacnosy ,,2.5 AjHwTajHoBe
onuwTe jeaHaymMHe".

LLUTo je gorahaj BepoBaTHWjU Matba je BECT, Na ,,MPUHLUN MaKcMMaiHe BepoBaTHohe” (aa ce yewhe
forahajy BepoBaTHUjM UCXO4M) TaKo NoCTaje ,,MPUHLMNOM MUHUMANHe MHPopMaumje” (cnoHTaHo ce
cucTeMu passujajy y Mmarbe MHdopmaTtneHe). Obaasa gasbe CBOAMMO Ha ,NMPUHLMM Hajmakber AejcTBa”,
WMHaye No3HaT M Npu3HaT y ¢pusnumn. Mpeu og HaBeseHUX (0 BepoBaTHONM) HMje HEKa Hama YyaHa Nnojasa,
LUTaBULIE CBU KOju cy ce 6aBUIM NPMMEHOM WM Pa3Bojem Teopuje BepoBaTHohe Nnoapasymesanu cy je,
a/M He 3HaM [1a je HEeKO TaKo UCTMLA0 M KopucTho. Apyru (o nHpopmaumjm) je notnyHo HenosHaT™,

[a oBe ,,ancTpakTHe cuie”, Koje oBae ycnyT OTKPUBAMO, HUCY CMOPEeAHA MK IOKAIHA NojaBa MOXKe ce
AEMOHCTPUPATU U HUXOBUM MPUCYCTBOM Y MATEMATUYKO] TEOPWUjU Urapa. Mornepajte NpPBo Moj KPaTKK
npunor ,Win Lose” (n3 debpyapckor 6nora 2022) ga 6ucrte ysenu y o63up 1 pasniMke, TadyHuje goaaTak
Mmoje Teopuje Toj. MpouunTtajte 3aTum n npunor ,Loss The Winning Strategy”, nnmn cnuuaH, ga osge

CKpaTUM Npunyy Ha AeTasbe CBaKOgHEBHULLE.

AKo Teopuja urapa Kaxke ga cTpaTeruja ,,rybutak-rybutak” (3kptsom go nobesae) ckopo ysek nobehyje
,A06UTaKk-0o0buTak” (NpetepaHy ogaHocT 4obpoTu), 3awTo he ce oHAA MHOMU CNOXUTU Aa ,YBeK Tpeba

10 No6ujam n nobpoHamepHe NopyKe 04 ,,NO3HaBaoLa” Aa Taj NPUHLMN HUje TayaH 1 Aa ra nsbauum.
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6uTn nobap. bes 063npa aa m he Bam ce HEKO 3aXBaIUTU MU HE, MAMTUTU UK He, Aa an he Bam
y3BpaTUTU Man He. Herae ce cee To nuwe.” — MNuta me jegaH u 3ak/bydyje — ,,3HayuM HUCK y NpaBy?”

Jbyau umajy aBep3njy npema rybutky — oarosapam. — Kaga mucne aa um je gobpo, Hepago ce nogmehy
n ,He cTpagajy 6e3 pasnora“. Kaga 3710 Hagupe npujatHuje je n gasbe Beposatu ga he 1o n camo npohu,
na hemo pehu: ,,Cnajaj Aobpo ca gobpum u nowe cTtBapu he ce HEKMM Yya0oM peLnTy bes meHe”. 3aTnum
je nako urHopucaTu ctaBoBe 0 NOTPebW HeNpPMjaTHOT aHraXKoBakba, MOrOTOBO 3aTO LUTO Cy PYXKHE paghe
(ynpaBo 3a TakBe) cmapajyhe nam npekomnankoBaHe.

OBe npumeabe LuUTUpPaM ca CBOjUX jaBHUX 0bjaBa (ApyWITBEHUX MpesKa), ogakne Ao0bujam n KOMeHTape,
KPUTMKE UM HOBa NUTakba, MoHeKaa. Og Takeux je u cnegehe: ,,Mima nn Herae jol KakBUX Npuaora o
Hawoj oabojHoCTU Npema pu3nKy? Bepyjete iy To? Mmate M cBoje AMYHO objawrbere?”

[a, 3anpaBo u Te nojase uctpaxyjem. — Ogrosapam — EBo jegHor ctpaHor npunora ,Why People Don't
Take Risks” (npeBoa;: *MBOT je naK Kafa ce Urpamo masamm. J1ako je paguTi OHO LUTO CBU OKO Bac paje.
MrpaTu Ha CUrypHO, OCTaTh y KYTUjuU — Yynu cTe Kamwee. Kaga He NOCTaHEMO HalKW CHOBW, 3aNpaBo
nocrajemo MakbM...). Yecto Hac MHoru ybehyjy Kako ysek Tpeba cnajati 4obpo ca 4o6pum, HUKaZa He
OTNOPOM Ha HenpujaTHe MHULMjATVMBE, @ MOrOTOBO He y3BpahaTu 31Mm Ha 3/10. TaKBMM 3aroBaparuma
nonyLwTarba, CTaBOBa Aa yBekK Tpeba uhu ,,Kao Knaguh HM3 BOoAy", HE N31a3UTK M3 CBeTa CBOI Komdopa,
He noamnasu (ako umal cHare). Mpupoga ycnexa je HewWwTo Apyro.

LLIto ce Tnye Tpeher nuTarba, MMam Tora 404aTH, HapasHO. HensBecHocT je oa60jHa cnna, He camo ,,Kao
Aa je“ Beh je oHa To 1 3ancTta. OTNOP HEM3BECHOCTU, AU PELMMO HE-BO/bEHE PU3MKA, HMjE CaMOo NyKa
€BOJIyLIjOM CTBOPEHA EMOLM]jA, HETO je HEeLLTO LWTO je eBo/yLMja NoOKynuaa y emoumje ns dpmsmykor
cBeTa. AIM TO je gpyra v Ayra npmya — Kakem y TOM TeKCTy.

AncTpaKTHa npupoga ,,cuia HemssecHocTn” nojasuhe ce U y KacHMjUM oTKpuhuMa, y Hamsrnez ganekmm
MeCTMMA 0BUM, jep je MHPopmaLMja CBENPUCYTHA NOjaBa, OHa je TKMBO CBETA OKO HAC M TaKO eKCTPEMHa
02 je HaNasMmo 04, HajKOHKPETHMjUX A0 HAjanCTPaKTHUjMX MNOjaBa M NpoLueca Koje Hawum nepuenuujama
MOXEeMO NOjMUTH, @ UMa je 1 aasbe o Tora.

HewnseecHocT noctoju u ocehamo je. To HUje UCTO Kao Kada (He)BUAMMO HEKE eNeKTPOo MarHeTHe Tanace,
KOju Ham mory 6MTK HebuTHKU. MHPOpMaLMja je KoIMuMHa HEU3BECHOCTU, onunja namn GuUsnMYKor AejcTea
1 XKKMBa cMo 61ha 3aBUCHO 04, TOora KOJIMKO je UMaMo y OA4HOCY Ha MPTBY TBap OZ Koje ce cactojumo. LLTo
CMO BUTA/IHUjU fJa/be CMO O, NPUHLMNA HajMakber AejcTBa Kojer ce A0oCneHO NpUAp»KaBa HEXKUBU CBET
du13mnKe, ann He U3BaH yA0bHe 30He HalMX eMoLMja Koja je nojac o4 MUHUMAIIHE 40 MAKCMManHe aaTe
Ham BnacTute nHbopmauuje.

MpuHLUMN MUHUMaNU3ma 61 Aa Taj BUWaK nHdopmaumje oa6aLMmMo, aim U OKOJIMHA je home NonyHeHa
M TEXKM UCTOM, a 3aKOH OAprKakba Hac CBe 3aje4HO0 Y TOMe OMeTa. 3aTO Hac Naluy BULLAK HEM3BECHOCTH,
jep OH 3HauuM onuMje ca Kojuma ce He YMEMO HOCUTM WM TPaXKM 04, Hac A0AaTHY armaHocT. M3uKcKyje o
Hac HenpupoaHe paatbe, NPOTUBHE MHEPTHOCTH, WITO Ha CBOj HaYMH Npumehyje 1 pelwasa NcMxonoruja
(Dealing with Uncertainty). Ca gpyre cTpaHe cy notpeba 3a c106040M U CTPax 04, CMPTHU.

PacTko Bykosuh


https://everydaypower.com/2-reasons-why-people-dont-takes-risks/
https://everydaypower.com/2-reasons-why-people-dont-takes-risks/
https://www.helpguide.org/articles/anxiety/dealing-with-uncertainty.htm

NHPOPMATUYKA TEOPUIA

40. HenpeknaHe nepuenumje

3Hamo aa nHdbopmaumja nepuenumnie S = a - b 4OCTUNKE MaKCUMYM Kaga cy HM308K a = (a4, ..., a,) v

b= (b4, ..., by) ncte moHOTOHOCTH, 06a pactyha nam oba onagajyha. Y kpajrbem Apyrom cayuyajy, Kaga
je jeaaH pactyhu a gpyrv onagajyhu, nHpopmaumja nepuenumje je MMHMMaAHA. HaBogMo cam TO MHOTO
nyTta [12. EKcTpemu], anu yrnaBHOM 3a AUCKPETHe ciydajese (HM3oBe). Mehytum, ncte ocobuHe Baxke 1
3a HeMnpeKkugHe nepuenuuje, WTO ce MoXKe BUAETU U3 cnesehe Teopeme.

Teopema 1. Heka cy f u g peanHe, HenpeknaHe GyHKUMje, Takse Aa je f_+c:° flo)dx = f_zog(x)dx > 0.
AKO je nHTerpan — fj:: f(x)log g(x) dx koHauaH, Taga — fjozof(x) log f (x) dx kKoHBeprupa u Bpeam
HejeIHaKoCT — f_:zo fl)log f(x) < — f_+c:° f(x)log g(x) dx, npu uemy jeaHaKOCT BaXku ako M CaMO aKo
f(x) = g(x) 3a cBako peanHo x. basa noraputma je npomssosbaH peasnaH 6poj b > 1.

Joka3s: Nonasumo og nosHate [14. Npumep 1] HejegHakoctn logt < t — 1, rae 3HaK jeaHAKOCTM Bpeau
aKko 1 camo aKo je t = 1. Heka je, 3a gato x: f(x) > 0u g(x) > 0. CmeHom t = g/f pobujamo:

gx) _gk)
logm < m -1

f()logg(x) — f(x) log f(x) < g(x) — g(x)

Osa HejegHakocT Bpeau n y Tadkm [ (x) = 0, uam g(x) — 0. HenocpeZHo uHTerpuparbe AoKasyje cTas
Teopeme. W

Tepherbe Teopeme cneam 1 MHTYUTUBHO, jep je nuterpan — [ f(x) log f(x) dx nHdMHUTEIMMaNHM 361
npoussoaa GyHKuMje u noraputma GyHkumje, Te (HenpekmnaHa) MHdopmaumja nepuenumje. Kaga je osa
byHKUVMja BpeaHOCTU Marbux of jeaaH, oHaa je f pactyha kaga je — log f onagajyha n o6pHyTo. A ako je
dyHKumja Beha og jesaH, oHAa je oHa pacTtyha kaga je + log f onagajyha u 06pHyTo. [lakne, oHe cy yBeK
CYyNpPOTHE MOHOTOHOCTM, LITO 3HAYM MUHUMaNHY MHGOopMaLmjy nepuenuumje. OHa je 3aTo Makba o 6uno
Kojer Apyror uHTerpana npounssoaa f ca noraputmom GpyHKUMje g 1 HapyLlaBakba OBE MOHOTOHM]e.

Kagaje 0 < f < 1tapaje—logf > 0,akagaje f > 1Tapaje +logf > 0.3aTto npomeHoM npeasHaka
OBe TeopeMe NpenosHajemo 1 TBphere 0 MakcuMymy MHbopMaLmje nepuenuuje, Aa ce Takas NOCTUKE

Kaga cy paKkTopu UCTe MOHOTOHOCTU. HbeH cneunjanHu cnyyaj je LleHoHoBa MHbOpMaLMja HEMPEKUaHE

pacnogene BepoBaTHoha.

Npumep 1. Hahumo LLleHoHOBY MHPopMaLmjy FaycoBe pacnogene [36.], rycTuHe

22
p(x) = ——e 27
oV2m
2
cpeatbe BpegHoctu 1 = 0 u aucnepsuje o. JloraputmoBatse aaje In p(x) = —Inov2rw — ;7 Ca apyre
CTpaHe, NapumnjaHOM UHTErpaLynjom Hanasmmo:
2
e x2 xe_;? to0 1 e xz x2

1 _xT
1= ercrzdx=
oV2an

—00

—e 20%2(dx
o2
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MpBsu cabupak y obe rpaHNYHe BpPeaHOCTH je HyNa, a APYrv, UHTerpas, ca NpeTxogHUM orapuTmom 36or
HOpMe aaje

+00
S=- f plnpdx =Inov2me

n 1o je LWeHoHoBa nHbopmaumja MNaycose pacnogene. Pe3ynTar je Ta4yHO jeaHaK paHuje [36.] nssegeHom
Ha Mano gpyraymjn HaumH. 1

EKcnoHeHUM|janHa pacnogena cayyajHe Bapmjabne X aata je GyHKLMjOM rycTUHE

_(Ae™™*, x>0
p(x)_{ 0, x<0

Foe ce KoHcTaHTa A > 0 HasuBa ,napameTap 6p3unHe”. OHa ogpehyje cpentby BpeAHOCT OBe pacnogene,
1 . 1

EX) = < = M, ¥ BapujaHcy Var(X) = z= 0. Ha npBv norneg, oHa nnun Ha MyacoHOBY ryCTUHY, MaKo
je noTtorba BpcTa cTeneHe pacnogene [34. AeduHuumja 2. u 35.]. CimyHo ce n npumensyje. Ha npumep,
Tpollere HOBLA Kynaua y 06uaacky TproBmHa nNpaTtn eKCnoHeHumjanHy auctpubyumjy. Buwe he bygm
TPOLIMTM Mano, a Mano mx he TpownTN BENMKe KoAMYMHE HOBLA. TakBa je U pacnogena BpeMeHa Koje
CNy>K6eHVK NPOBOAM Ca KAMJEHTOM, MW TPajarbe Aea KOMNjyTepcKe onpeme 40 KBaperba U CIMYHO.
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Ha rpady suammo Tpu dyHKUMje rycTMHe eKcnoHeHumjanHe pacnogene (peaom3a A = 0.5, 1, 2). LWto
je Behu A owTpuju je rpad, cpestba BpegHOCT U = %61114)«3 je Hynn, a gucnepsnja g = %Mal-ba. Cpeama

nHdopmaumja 61, npema Tome, Tpebana 6uTK onagajyha PpyHKuunja napametpa 6psuHe A.

Mpumep 2. N3pauyHaBamo LLleHOHOBY MHPOPMaLMjy eKCNOHEHUMjanHe pacnogene:
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[ee)

S = —f plnp dx = —f Ae ™ In(le™™) dx =
0 0

= f et In(1et) dt = f et(InA+t)dt
0 0
oo oo o -
=ln1f et dt+f tet dt = (In Vet | +f tdet
0 0 0 3

—00
=—ln/1+<tet—fet dt) . =—ln/1—f et dt
0

MpemaTtome S = 1 — In A. To je cpearba XapTanjesa nHdpopmaumja ose pacnogene. 1

EkcnoHeHUMjanHa pacnoaena je pacnogena BepoBaTHohe Koja ce NPBEHCTBEHO MOXe KOPUCTUTK Kaaa
M3payyHaBamo BpemeHa gorahaja. OHa je BpcTa KOHTUHYMPaHe AUCTPUBYLMje Koja MoMaKe Y NPOoLEeHM
BPEMEHCKOT Tpajarba, 04HOCHO BpemeHa Kaaa he ce oapeheHun gorahaj BepoBaTHO gorogmtu. YcnewHa
je y npahery MHOro manux BpeLHOCTU Ca Mano BEIMKUX. Y TOME je C/IMYHA CTeneHoj pacnoaenu. BaxHo
CBOjCTBO eKcrnoHeHuUujanHe anctpmbyumije je Henamheme, Tj. 04CYCTBO yTULLAja OBUBLIEr Ha BepoBaTHOhy
byayher porahaja. Caga BUAUMO 1 keeH jeaaH npobaem ca LLleHoHoBOM MHpOpMaLmjom.

Haume, 2. npumep possosbasa moryhHoct, S = 0, a uHPopmaumja ucyesHe Kaga je napametap 6p3nHe
A =e = 2.71828 ..., wto 61 6una Hemoryhe mana BpeaHOCT, YNPKOC TEOPUjCKU A03BO/bEHE BPeaHOCTU
ouYeKunBakba U gucnepsuje ose pacnogene, 4 = o = 1/e. To je 610 jefaH o4, CBOjeBpeMeHUX pas/iora 3a
cymiby y LLleHoHOBY MHbOPMaUmjy 1 paj Ha Kibuan ,dusnuka nHdbopmaumjal”, rae cam nokasao aa 6u

MHpOPMaLMja 3a KOjy BaXKM 3aKOH opiKarba Mopana 6utu mano seha. HaBeo cam Tamo Heke nNpumepe,
npeag/ore TakBMX 3aMeHa.

WHaue, HopmanHa (In o+v/2me) v osa pacnogena (In oe) umajy Beoma camuHe LLieHoHoBe nHbopmaLyje,
LUTO HaM LWTO Ham rOBOPU O HUXOBO]j 3ajeLHUUYKO] MPobAEMATULM Y KOHTUHYYMY. MehyTum, pacnogene
rycTuHa seposaTHoha ca oBakBom geduHUUMjom MHPopmaumje nmajy npobieme 1 ca ,,ropke” cTpaHe,
Y AOMEHY ,,61MCKOM” BECKOHAYHUM BPeAHOCTMMA CyYajHUX Bapwujabau.

Npumep 3. Cneaeha PpyHKUMja MOXKe BUTK T'yCTUHA pacnogene BepoBaTHoha

— x=e€
p(x) ={xl%2x' x < e

jepje @(x) = 0 3a cBako x, a y3 TO je U HOpMMpPaHa:

To(p(x) dx = f(p(x) dx +To px) dx =

1 https://www.scribd.com/document/406574702/
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+ 0o + oo

_0+f dx _fdlnx_ 1°|°_1
N xIn2x In2x lnxe_

e e

MHTerpan oBe rycTvHe KOHBEPrMpa, aiun teHa LleHoHoBa MHpOpmaumja amBeprupa:

+o00 + o0
1 1
S(p) = — x)Inp(x) dx = — In =
@ == [ e@new [ G
oo 5
+o00 + o0
In(x In? x) Inx + 2In(In x)
= ——dx = dx
xIn% x x1n? x
e e
+ o0 +o00 + o0
dx In(In x) dx +o
= + 2 s—dx>| ——=In(lnx) | =+
xIlnx xIn% x xInx
e e e e

KoHauHa ryctnHa BepoBaTHoha uma 6eckoHauyHy LLleHoHoBY MHdopmauumjy. [

Mpumep 4. Y HacnoBy 0 METPUYKMM NpocTopuma, osge [19. Mpumep 4], NOMeHyT je npocTop lp HM30Ba

X = [[ 5,{]], TaKBUX [a pes, Hopma BekTopa ||x|| = Z,‘f’=1|(§k|p KoHBeprupa. Y [, pactojarbe je yBeseHo ca

00 1/p
dx,y) = (Zl%gk - §k|p>
k=1

anoa l nogpasymesamo [;. CanyaH je npoctop Ly, (a, b) dyHkumja x(t) ca fflxlp dt < +oco Hopme
1/p

b
lxll = f (O de

ca napameTpom p = 1 v rpaHMnuama nHtepsana a < b.
Npumep 5. Heka je y(t) nponssosbHa dpurcmpara dyHKumja u3 npoctopa Ly (a, b). Tapa ns Xenaepose
1
. " b o[ rb q 1,1 .
HejeaHaunHe cneam |x*(x)| < (fa ly|? dt)p (fa |x|4 dt)q = llyli, llxll,, x € Lg, St = 1, Teje
NMHeapHa GyHKLUMOHEeNa Ha Tom npocTopy x*(t) = f; y@®)x(t)dtwm |[x*]| < IIyIILp orpaHuueHa.

OBakBM npumepn GYHKLMOHANHE aHaAM3e NaKo ce NpeHoce Ha ,MHpopmMaumjy npepuenumje”, paam
Aybsber pasymeBarba U reHepanucarba LleHoHoBe MHbopmaLmje.

PacTko Bykosuh
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41. OrpaHuyema
Buaenu cmo [40. Npumep 1] aa HopmanHa pacnogena, ryctuHe py (x) = exp(—x2/202) /(\/chr), nma
LLleHoHOBY UHpopmaumjy Sy (o) = ln(\/Znea). 3atum [40. Mpumep 3] Aa eKcnoHeHUMjanHa pacnoaena,

ryctuHe pg(x) = %exp (— g) 3ax = 0upp =03ax <0, uma lWeHoHoBy nHdopmaumjy Sy = In(eo).
Mpumep 1. YHndopmHa (paBHomepHa) pacnogena Ha uHtepsany (a, b) 3apata je ryctTuHom

, xe(a,b)

pu(X) = {b 6’(1 xe(a,b)

NHTerpan ryctuHe rpadunykmn npeactas/ba NoBpLInHY nsmehy dyHKUMje rycTMHe u ancumce, Koja je 36or
HOPMUWPAHOCTM pacnogene, yBek jeauHuyHa. LLleHoHoBa nHopmaumja oBe pacnogene je:

+o0 b
In(b — a)

Sy =— f py(x)In py(x) dx:fﬁdx=b—a

—00 a

MpumeTmo aa oBa MHGOPMaLMja, 3aBUCHO O AYXKUHE UHTEPBaNa, MoXe 6UTK cBaKM peanaH 6poj na u
HeraTtmsHa. 1

Y cBa Tpu cnyyaja cnegehe Teopeme, Koja rosopu o LLieHoHOBOj MHPOpPMaLMjU KOHTUHYYMA, KOPUCTUMO
npeTxoaHy Teopemy [40. Teopema 1].

Teopema 1. Heka je gata ryctuHa BepoBaTHohe f(x) ca HENpPeKMgHOM peasHOM NPOMEH/bUBOM X.

i. Ako je f(x) = 0 ceyrae ussaH untepsana (a, b) < [0,1], Taga nocroju nHGopmaLmja 3a Kojy Basku
S < log(b — a), npu yemy Bpeam je/HAKOCT aKO M Camo aKo je f yHupopmHa Ha (a, b).

ii. Ako je f(x) = 03ax < 0 1 aKo NOCTOjU KOHAYHO OYEKMBAKLE [ TaZa NOCTOjU UHPOPMALLMja 1
Baxkun S < log(ep), npn yemy jefHaKOCT BPEAM aKO M CaMO aKo f MMa eKCMOHEHLMjaHy pacrogeny.

iii. AKO NOCTOjM KOHauYHa BapujaHca o2, Tafa nocToju MHGopMaLmja Taksa Aa je S < log(\/Znea),
npy YemMy jeJHaKOCT Bpeayu ako U CamMo aKo f Mma HopmasiHy pacrnogeny.

Zokas3: i. Yamnmo 3a g yHudbopmHy pacnogeny us 1. npumepa. Taga je:

S=- f fO)Inf(x) dx < — f f)Ing(x) dx =

=— f f)[-In(b—a)]dx =In(b —a)

Mocnesra jefHAKOCT [,0/1a3U 04, HOPMUPAHOCTH f. TUMe je foKa3aH NpBuM Aeo Teopeme (i).

ii. Y3aMnmo 3a g ekcnoHeHumjanHy pacnogeny [40.]. Taga:

PacTko Bykosuh
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__+oo _+00 :_+00 B _E _
S = E!f(x)lnf(x) dx < E)ff(x)lng(x) dx 0Jf(x)( Inpu M> dx

+ 00

1
=lny+ﬁf xf(x)dx=Inu+1=Inu+Ine =In(ew)
0

MHokehu ca KoHcTaHToM log), e npenasnmo Ha NpoursBosbHY 6a3y orapuTma. Tume je gokasaHo (ii).

iii. Y3amumo 3a g HopmasiHy pacnogesny, Takohe U3 npeTxogHor HacnoBa:

+00 +00 +00 2
S=—f fO)Inf(x) dx < — f f)Ing(x) dx = — f f(x)(—lnm/%—r‘z> dx =
0 —0o0 —00

+00
1
=lnoV2m +ﬁ f x f(x) dx =InoV2m + 0.5 = InoV2me

Tume je gokasaH u Tpehu geo (iii) Teopeme. B

Ca pgotbe CTpaHe orpaHunyersa je cBeT MHPUHUTE3UMMAA. MPeTnocTaB/bamo Aa je X-0ca Noge/beHa Ha
mane uHtepsane Ax;, > 0 ca seposaTHohama P(Ax;) = 0 Koje Ha3MBamo efieMeHTMMa BepoBaTHohe.,
JacHo je na 3a enemenTe BeposatHohe Bpeam )., P(Axy) = 1. [lasbe NpeTnocTaBumMo Aa Cy TauKe yHyTap
MHTEPBA/a jepHaKo BEpOBaTHE, y TOM CMUCAY Aa Mokemo aeduHncatv p(x) = P(Axy), 3a x € Axy.

BepoBaTHOhe pasMUUTUX MHTEPBANA MOTY BUTU PA3IMYNUTE, a/v TaYaKa YHYTap KX He. 3a Nojallberbe
rycTuHe BepoBaTtHohe gedpuHuwemo Ax ,cTaHAapaHy AyXKUHY“. Ta OCHOBHA AyKMHA MHTepBana je n-tm
A€o jeanHunYHe ayxu, Ax = 1/n, rae je n Hekn npupogaH 6poj. NycTuHa BepoBaTHohe NoCTaje rpaHnYHa
BPEAHOCT KOJIMYHMKA eflemeHaTta BepoBaTHohe U cTaHZapAHe AyXKUHe

rae je npounssosbHO 6upaHo x € Ax. OBa ,ryctuHa BepoBaTHohe” aHanorHa je ,,ryCTMHM cyncraHue”, y
ousnum y = m/AV, Koja je KONMYHWUK Mace m M OCHOBHe 3anpemuHe AV Kojy Ta maca 3ay3unma.

OpHoC ABe rycTMHe BepoBaTHOha y OKOIMHM TauKe X je 04HOC HUXOBUX BepoBaTHoha MHTepBana ucte

aysune, pq(x): po(x) = py(x): p2(x). CraBumo nm 4a je Apyrv o4 MHTEpPBana OCHOBHM ca YHUGOPMHOM
pacnogenom, p, = 1, kaga je p, = Ax, osa nponopuuja gaje p(x) = p(x) Ax, Ax — 0. Cabupajyhu cse
oBe BepoBaTHOhe, y3umajyhu camo no jeaHy TauKy M3 NojeAUHOr MHTepPBana, y rPaHMYHOM cayyajy 6uhe

+o0

j p(x)dx =1

—00

HopmupaHoCT rycTMHa pacnogene BepoBaTHoha aHaNOrHa je HOPMUPAHOCTK pacnogene AUCKPETHUX
BepoBaTHoha Ha HauMH Koju Ham oaroBapa.
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l'ycTWHa HKje 6ykBanHO BepoBaTHoha 1 NoTpebHO Ham je heHOo ycKknahuBarbe ca NPBMM pa3maTparbuma.
[ocneaHo, HacTajy pasnuKe y MHTEpPNpeTaLmMju OCHOBHUX NOjMoOBa Teopuje nHpopmaumje, of, Kojux cam
Heke Beh nomurbao y3 LeHoHoBY MHPopMaLmjy. Jasbe pasivKke NOTPaXKMMO NyTEM IOrapUTMOBaHba
pedbuHnumje ryctnHe

—logp = Alaicr—I)lO(_ logp + log Ax)

Ty je ,— log p“ uHbopmaumja gator MHTepBana, 3aTum ,,— log Ax“ nHPopmaLmja OCHOBHOT MHTEPBAA, a
»— log p“ je pasnuka npetxogHe ase nHdopmaumje. Cpeatba BpegHOCT (MaTEMATUYKO OYEKUBAHE) OBE
rycTuHe je

+ 00

S0 = — f p(0) log p(x) dx

—00
M TO je ,MHbOpMaLMja KOHTUHYYMA".

AunckpeTHa nHdopmaumja S je MaTemMaTMUKO OYEKMBake (cpestba BPeLHOCT) MHPOopMaLmje efeMeHaTa
AMCKpEeTHOr cKkyna. MHpopmaLmja KOHTUHYYMa S je MaTeMaTUUYKO O4YeKnBakbe pas/ika MHPopmaumja
eflemeHaTa aTe M OCHOBHE pacrnoesie KOHTUHYyMa. Mornesajmo To getasbHuje.

Mpumep 2. Cpearva BpeaHocT p(x) = p(x) Ax, kaga Ax — 0, aaje AUCKPeTHY MHOPMaLM]y:

S(x) = —Z[p(x) Ax]loglp(x)Ax] =

=~ ) [p() log p(0)] Ax = Y p(x) Axlog Ax

rae yaumamo no jegHo X M3 CBaKor of, HTepBana. MNyctumo v ga Ax Texku Hyau, npeu 36up nocraje
NPeTXo4HN MHTerpasn, a Apyru noctaje MHTerpan npe Tora, Tj.

S(x) = S*(x) — log Ax

kKaga Ax — 0. Ta je penaumja nucaHa HegoBpLLUEHO, jep log Ax — 00, ann Ham y 0BOM 06/1IMKy NoKasyje
03 OUCKPETHY MHPOPMALMjy MOXKEMO PacTaBUTK Ha ABa cabupKa, o4, Kojux je npeu nHpopmaumja
KOHTUHYYMa (yrnaBHOM) KoHadaH 6poj, a popmanHo jako noaceha Ha AnCKpeTHY nHdopmaumjy. 1

To je (jeaaH oa) npenas ca AUCKPETHE Ha KOHTUHYaNHY MHPOPMaLMjy, Ca YyBartbemM UHTYUTUBHE Be3e
mef)y OCHOBHMM MOjMOBMMa. YKATKO, U3 NPETXOAHOr Cheau:

S* = lim (S + log Ax),
Ax—0

li S =

A% logAx

M3 npBe jegHakocTu cneau ga Hpopmalmja KOHTMHYYMa He 3aBUCK o, Ax, Na je MOXKeMo nucatn y
. S S*

061Ky lim ( +1-

Ax—0 \log Ax log Ax

AYKUHA UMa UHOUMHUTE3UMANHY UHbOPMaLUjy UCTOT peda ca AUCKPETHOM M KOHTUHYa/IHOM.

PacTko Bykosuh
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42. MNpeHoc Bapujabne

Pa3maTparba WMPMMO Ha 2-AWMEH3NOHA/HY HEenpeKkuaHy pacnogeny, apskehu ce noctojehe Teopuje
BepoBaTHohe. CnyuajHy NPOMEH/bUBY HE MOCMATPaMO CamMo Kao NpocT 2-Aum ckyn HeogpeheHocTy, Beh
Kao npeHoc ca jegHe 1-aum Ha gpyry 1-amm HeoppeheHOCT KOHTUHYYMa.

KaHanom K:X — Y npeHocu ce Tauka x € X y Tauky y € Y ca BepoBatHohom p(x,y). Kagacy X nY
JVCKPETHM CKYMOBM, TaZla Ce KaHa/l MOXe OMMcaT MaTpuLoM K Kako CMO To paauau y NpBOM ey oBe
KHoMre, ann ako je 6ap jeaaH o4 Ta ABa ckyna Henpebpojue cyoumhemo ce ca Hyna BepoBaTHohama u
TpeTnpahemo 1Mx Ha HauyMH obpaheH y NPeTXOHOM HacnoBy.

MpeTnocTtaBmMmo Aa cy ynasHu (X) v usnasuu (Y) gorahaju Henpebpojuemu CKynoBm Tayaka ancumce u
opauHarte. Noaennmo oBe oce Ha MHTepBae AyuHa Ax n Ay, Tako aa fobujamo npebpojuse ckynose
WHTEpBasa M AUCKETHO Npec/nKaBare BepoBaTHoha. AKo younmo jegaH nap uxutepsana (Ax, Ay)
moryhe je rosoputh o BeposaTtHohu P(Ax, Ay) fa ckyn Tayaka us Ax 6yae npecivkaH yHyTap Ay.

Heka cy 0BU MHTEpBA/IM BEOMA Ma/IMX AYKMHA U A3 NOCTOjU IMMEC

. P(Ax, Ay)
kCoy) = iy ay
Ay—0

rae x € Ax ny € Ay. ®dyHkumja k(x, y), ako nocroju, npeacrassba ryCTMHy pacnogesa seposaTHoha
KaHana K. Noapasymesa ce ga cy MHTepBaan mehycobHo gUCjyHKTHU 1 Aa HbUX0oBa yHUja aaje X n Y ocy.

36u1p cBUX BepoBaTHoha MHTepBana Ay y-oce (04HOCHO X-0Ce), Y Koje ce NpeHocKn AaTh uHTepsan Ax
(Ay), npeacTtaBs/ba BepoBaTHoOhy peanusaumje uHTepeana Ax (Ay):

p(Ax) = z P(Ax, Ay)

YEAy

q(dy) = z P(Ax,Ay)

XEAX

Y 361py y3Mmamo No jeAHy TauKy yHyTap cBaKor og uHTepsana Ay (ogHocHo Ay). lobuja ce guckpeTHa
MapruHanHa pacrnogena x-oce (y-oce). CMeHOM NpeTxo4He jelHaKoCTH 0BAe, fobnjamo:

p(Ax) = Z k(x,y) AxAy

YEAy

q(Ay) = Z k(x,y) AxAy

XEAx

a y3mMemo i y 063up NpeTxogHy AedUHULMjY T'YCTUHE, NTPeNackom Ha iumec 6uhe

oy () = j k(x, ) dy
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px(y) = f k(x,y) dx

Ako je k(x,y) nHterpabunHa ¢yHKuUMja, Tafa NoCToje OBe NyCTUHE, HEMPEKUAHA MaprMHaaHa rycTuHa
pacnogesne ancumce (x-oce), 04HOCHO opauHaTe (y-oce).

MNMohemo nun oneT of UcTe ropkbe BepoBaTtHohe, 360r HOPMUMPAHOCTM MHTEPBAAA, UMAMO

Z Z P(Ax,Ay) =1
y

X

+00 +00
f f k(x,y)dxdy =1

oBe MHTerpase f0bujaMo CMEHOM ryCTUHE U Npeaackom Ha iumec. HopmupaHocT ryctuHe k(x, y) caga
NOB/IAYN HOPMMUPAHOCT IYCTUHA P:

+00 +00 +00

[ = [ kwpay=1

—00 —00 —00

+ o0
naHanorHo [__ p,(y) = 1. Ca apyre cTpaHe, 3601 HeHeraTMBHOCTH BepoBaTHoha, rycTuHe k, p, v py
Takohe cy HEHEeraTMBHE 3a CBaKo X 1 Y.

Npumep 1. (LpHa KyTnja) Heka je KaHan npeacTaB/beH ryCTUHOM KOjU Ce MOXe UCKa3aTu NPpon3Boaom
ase 1-aum ryctune, k(x,y) = f1(x) - f2(y). Taga cy npema npeTxoaHOM, ryCTUHE Pacnogesne yaAasHUxX
O/IHOCHO M3N1a3HWX CUTHaNa AaTor KaHana py (x) = f1(x) n p,(y) = fo(¥). U3nasHa uudpopmaupuija, Kojy
»npeHocn” osaj kaHan (k:x — y) He 3aBucy og nocnate, aam u 06pHyTo (k~1:y — x) nocnata He
3aBMCK 04, NpMM/beHe. TakaB KaHan He NpeHocK HPopmaLmjy yonwTe. 1

MorKaa 1 3aHMM/bUBKje o4, ,LipHe KyTuje” buno 6u pactaB/bambe ryctuHe BepoBaTHohe Ha cabupke. Yak
¥ ca camo Tpu Takee KomnoHeHTe, k(x,y) = k1 (x,y) + k,(x,y) + k3(x,y), rycTuHa BeposaTHohe 6una
61 npelwmMpoKa Tema 3a OBaj KOHUENT ,Teopuje nHbopmaunje”. Ha npumep, kBagpatHa dopma, Koja je
NoSIMHOM APYror CTeNeHa OZ, N NPOMEH/bUBUX, MOXKE Ce NUCATU Y 06MKY:

b

a Y - -

Ky) = af2 ) +bAWEM +ef W = |, 2| (1) =Faf
- C

2

rae ce pasmatparbe KOHTUHYanHux dyHkuuja, f1 = f1(x) u f, = f,(y), Aarbe je v ANCKPETHU 3aaaTak
Koju ce obpahyje peLlMMOM HaYMHVMMa ONMUCAHUM Y MPBOM A€y OBE CKPUNTE.

PacTko Bykosuh
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43.YcnosHe BepoBaTHohe
BepoBsaTHoha Aa NnpomeHs/brBa X NPUMM BpeaHOCT U3 uHTepBana (x, x + dx), 6e3 063upa Kojy BpegHocT
npu TOMe NpUMK NPOMEH/bUBA Y, jeiHaKa je enemeHTy BeposaTtHohe p,, (x)dx. 3aT0 je BeposaTHOha aa
y byne y untepsany (y,y + dy), ako je x 6uno y uatepsany (x, x + dx), jeaHaka
kOybody = LB
py(x)

O6paTHo, BepoBaTHoha Aa x nagHe y uHTepsan (x, x + dx), Kaga je ussecHo y € (y,y + dy), je

B k(x,y)dx
k(x|y)dx = —py(x)

OBe aBe pyHKUMje NpeacTas/bajy rycTMHe pacnogena ycnoBHUx BeposatHoha. Cneaehu npumep camyaH
je HepasHu [41. Mpumep 2].

Npumep 1. Monasehu oa anckpetHe (LLleHoHoBe) MHbOPMaLMje KaHaNa MO UHTEePBAIMMa:

SX,Y)=— Z Z k(x,y) AxAy -log[k(x, y)AxAy] =
Xy

= Z Z k(x,y) AxAy -log k(x,y) — log(AxAy)
x

Y nocnegtem cabupky je yseta y 063mp HopmupaHocT pacnogene k(x,y). Npenasehwu Ha rpaHuyHe
BpegHoctn, Ax = 0un Ay — 0, npsu 36up noctaje MHPopmaLmja HeNpPeKMAHOT KaHana

+00 400

S*(X,Y)=f fk(x,y)logk(x,y)dxdy

Npu tome je S(X,Y) = S*(X,Y) — log(AxAy), rae Ax —» 0, Ay —» 0.1

Pasnunka ANCKpeTHe n HenpekngHe MHGopMaumje KaHana pacte ca CMakbMBatbeM CTaHAAPAHUX AYHKUHA,
7. S — S§* = —log(AxAy) — +0o. lpyrum peunma, Kako je HenpekmaHa nHbopmaumja KaHana KoHauHa,
S§* =5 4+ log(AxAy), cneav aa je auckpeTHa S UcTor pefia BENMUYMHE Kao v (XapTauvjesa) MHPopmaumja
»CTaHAapaHe nosplunHe”, —log(AxAy).

[OuckpeTHa ycnosHa (LUeHoHoBa) nHdopmaumja X-oce 3a aato Ay je

S(X|Aay) = —z k(x|Ay) Ax - log[k(x|Ay)Ax]

Cpeatba BpegHOCT 0BUX bpojeBa Ay Y-oce je:

SAKIY) = ) pey) Ay - S(X1ay) =
y

=— Z Z k(x,y) Ax Ay -log k(x|y) — log Ax

Yy x
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Mpenackom Ha AMmec, NpBuM 36Up NocTaje nocTaje ycNoBHa HenpekuaHa nHpopmatmja

+00 400
S*=—f f k(x,y)logk(x|y) dxdy

MpUMeTUMO Aa Cy AMCKPETHA U HenpeKkngHa oBa MHbopmauuja Takohe y penaunju
SX|Y) = S*(X|Y) —log Ax
Kaga Ax — 0.

CnnyHo, nonasehu og AnckpeTHe ycioBHe MHpopmaLmje Y-oce, npenackom Ha ammec gobujamo

+00 400

S*(YIX)=—f fk(x,y)logk(ylx)dxdy

OBae nmamo penauujy
S(Y1X) =S*(Y|X) — logAy

kaga Ay — 0. 3a pasnuky og MHpopmauuje kaHana, rope nomeHyTe S(X,Y), oBa ycnosHa nidopmaumja
S(Y|X) nedununwe ,wym“ (X — Y) kaHana. MoHas/ba ce Aa ce v AUCKPETHU LWYM Of, HEMPEKUAHOT WyMa
pasnukyje 3a (XapTaunjesy) MHGOPMALMjy CTaHAApAHE AyKUHEe Ay, Uan HGUHUTE3MMaNHOT aena Y-oce.

OBe ucTe pas3nunke usnasHe nHoopmaumje auckpetHux uHTepsana S(Y), a ca gpyre cTpaHe HenpekuaHe
uHdopmaumje S*(Y) rope nomeHyTe, cy

S(Y) — S(Y1X) = S*(Y) — S*(Y|X)

W MHBapwujaHTHe cy Ha Ay — 0. OHe uay y NpuUIor U30KEHOT Npesiacka ca ANCKPeTHe MHPopmaLmje Ha
HenpeknaHy.

Apxumo v v gave aa je S*(Y|X) wym HenpeknaHor KaHana, a y3ajamHa MHpopmaLmja HenpekuaHor
kaHana S*(Y,X) = S*(Y) — S*(Y|X), Taga uHpopmaumjy 131a3a MOXKEMO Yy NOTNYHOCTU PacTaBUTK Ha
361p y3ajamHe nHbopmaumje 1 LymMa KOHTUHYYMa

S*(XY) +S*(Y|X) = S*(V)
Mpu Tome cy Wym AnckpeTHor (S) n wym HenpekuaHor (S*) kaHana (Ay — 0) y penaumjm
S(X,Y) =S*(X,Y) —logAy

[LOK je y3ajamHa MHpOopMaLmja Npema NPeTXo4HOM MHBapmjaHTHa, S(XY) = S*(XY). Norneaajmo oo
Ha NOMEHYTOj ,,upHOj KyTnju“ [42. Mpumep 1].

NMpumep 2. KaHan uma ryctuny k(x, y) = f1(x) - fo(y). TyctuHe ycnosHux pacnogena cy k(y|x) = f2(y)
nk(x|y) = f1(x), jep NnpomeH/bUBA Y HE 3aBUCK O X, HUTU OBPHYTO. [lpyrM pednma, u3 npUM/bEHOr
CUrHaNa y He MOXeMO Ca3HaTh 6110 WTa O Y1a3HOM CUTHaY, HUTU 0BPHYTO, y3ajamHe uHpopmaumje
Hema, S*(XY) = 0, 8ok je wym KaHana jeaHak nHpopmaumjm usnasa, S*(Y|X) = S*(Y).
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s*(YIX)=—f fk(x.y)logk(ylx)dxdy=
- f f £, fo) log f5(v) dxdy

=— [ rwar [ po0gLOYAY =5 )

Jame je ounrnegHo S*(X,Y) = 0.1

lope cmo BMAenn aa je ysajamHa nHdopmaumja MHBapMjaHTa AUCKPETHOr U HeNpPeKNaHOr KaHana. Apyry
BPCTY UHBAPMjaHTK Aajy mehycobHN 0AHOCU HEKUX AUCKPETHUX MHDOPMALMjA, KAo Ha Nnpumep:

{s(x, Y) = S(Y) + S(X|Y)
S(X,Y) = S(X) + S(Y|X)

a oTyga v oarosapajyhu ogHocu HenpekMaHux nHbopmaumja:

{5*()(, Y) = S*(Y) + S*(X|V)
S*(X,Y) = S*(X) + S*(Y]X)

JegHakocTu ce pobujajy kpahersem 3a log Ax v log Ay, anu ucte ce, HapasHO, MOry AOKasaTu U
Mpumep 3. N'ycTMHA KaHana je Aata HOPMaJIHOM pPacnoaenom

WHTerpuparbem.
1 1 e ooxy (v
k(xr)’)= eXpy\— =< (—) —Zp__+(_>
210,04/ 1 — p? 2(1—p2)|\oy o0y \0y

l'yCcTMHa pacrnogene ynasHUxX, O4HOCHO M3/1a3HUX CUTHANa, Y 03HaKama [42.], cy y Teopuju BepoBaTHohe
nosHaTe mapruHasaHe pacnogene:

i 42} =iz 32

x) = expi—=(—] ¢, = expy—=|=—

Py o,V2m P12 Ox Pty oyN2m P72 ay

Mo3HaTo je Takohe /1a je 3a CBaKkM PpUKCMPaH X NPOMEH/bMBA Y HOPMAHO AUCTPUBYMpPaHa 1 TO ca
KOHCTaHTHOM (YC/IOBHOM) AMCNEP3Mjom

— _ 52
Oylx =0y 1—p
1 OYeKMBareM Koje 3aBUCU JINHEeapHO 04, X-a:

0.
- 5.2
lly|x p Oy

1 1(y =ty
k(y|lx) = ———ex ——(—ylx>
Y 0'y|x\/27'[ p{ 2 Oy|x
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NMpumeTMmo aa koeduunieHt kopenaumie (0 < |p| < 1) ogpehyje 3aBucHocT n3nasa (y) oa ynasa (x).
Kaga je p = 0 umamo gy, = 0y, W [iy), = 0, naje k(y|x) = p,(¥), 7j. u3nas He 3aBncK of ynasa, Ta je
[aTv KaHan ,upHa Kytnja“. Kaga |p| = 1 npomeHs/bmBe X 1 y cy y IMHEapHOj GYHKLMOHAIHOj BE3W U
umamo ,,6eny KyTnjy“. Y octanum cnydajesuma (0<|p| < 1) uspauyHasamo y HaTuma:

S*(X,Y) = In(o, 0y, 2me)
S*(Y) = In(a,V2me)
S*(Y1X) = In(ay,V2re)
S*(XY) = In(oy/0y)x)

Y cBakom cayyajy 36up cpegtbe y3ajamHe nHbopmaLmje 1 Wyma gaje usnasHy nHbopmaumjy
HenpekWaHOr KaHana:

S*(XY) +S*(Y]X) = S*(V)

npu yemy je 0 < S*(XY) < 400, —00 < §*(Y[X) < +00 1 0 < gy < 0,. Kapaje oy = 0y TapaS* =0
W KaHan je HenponycTaH (upHa kyTuja). Kaga oy, — 0 mamo S* — +0o n §*(Y|X) — —oo. OTyaa cnean
[a je ,KkanauuTeT” HEeNPeKNAHOr KaHana HeorpaHUYeH 1 Aa je 6ena KyTuja HeNnpPeKNAHN KaHan ca MUHYC

6eCKOHauHO BeIMKMM lWymom. [

OBum MHbopmauujama Tpeba gogatm MHGopmMaLmjy nepuenumie, Koja x 4e0mM 1 NOOMNLWTaBa, a Koja y

CBOM OCHOBHOM 06/1IMKY roBopu o cnpesun S = a - E,u,Ba Hu3a, a = (a4,ay, ..., ay) U b= (by, by, ..., by),
cybjeKToBMX CNOCOBHOCTM U 06jEKTUBHUX OKONHOCTU. Ma Koja meTpuKa [19.] npocTopa BepoBaTHoha aa
je y nutamy, moryhe je gebmHncaTm HOpMUpaHy, jeaHUYHY MHbOopMaUMjy nepuenumje

a*b

= =ulr
llall||b||
Koja je HeHeraTuBaH 6poj He Behu og jegaH, 0 < S“ < 1. NpepacTaB/beH y paBHM Napasenorpama Koju

pa3anuiby AaTM HM30BM, OBO je KOCMHYC yrna nsmehy mux, S| = cos «(a, b).

Npumep 4. Y 3-[ npocTopy BepoBaTHoha [38. Mpumep 1] BepoBaTHUjU UCXOAMN FPYNULLY Ce YHYTap fonTe
nonynpeyHuka R, ca Taukom Ha HeHoj chepm unju pagmjyc aejctea je r. Maru nonynpedyHmMK cmaTpamo
3aHeMap/bMBUM Y OAHOCY HA BEIMKMU M HANA3MMO OAHOC 3ajefHUYKe 3anpemuHe makoe 1 Behe fonTe ca
npeocranum genom marbe nonte V;:V, =1 — I/R, rae je | = 3r /4 koHcTaHTHO. OBaj 04HOC TYyMaunam
CMO ,,MOTeHLMjaNoOM” KOju YHYTPaLWHOCT Behe fIonTe Ap»Ku Aasbe 04 BakCKe HEU3BECHOCTY.

OBaj je noTeHUMjan, Kao U HopmuMpaHa MHpopmaumja nepuenumje, 6poj nsmehy 0 n 1. 3aTo moxKemo
nucatm 1 — % = £5)| TAe je € HeKa KOHCTaHTa Koja usjeaHa4aBa pusnuke gumersuje. OTyaa, y3nmajyhu
N3BOZ, N0 BPEMEHY U KopucTehu roptbM KOCUHYC, pefom Ao06Uujamo jeAHaKoCTH:

— =&, = —

R? ot 1+ ecos<x(a,b)

MpBa rosopu o ,cMnama“, a Apyra o KOHMKama no Kojuma 6u oHe nokpertane ,Haboj”. 1
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[Mpnno3n

Y nporpamckom je3unky Python 3.9 paauo cam moayne ca dyHKLUMjaMa TOKOM TecTUpatba Tes3a y TEKCTY,

0/, KOjuX camM HekKe cauvyBao. MpBa GpyHKuMja (povrsl) reHepuLLe Cy4ajHN BEKTOP X U HbEMY OYEKUBAHE

BEKTOP Z, 33 AaTi 6poj M noHas/bakba OMNUTA, U U3padvyHaBa NOBPLWKHY M Napanenorpama Koju BEKTOpK
pasanumy. Hy Hekonmko nyTa nosmuea cneaeha ¢yHkumja (lineal) koja Tako popmupa napose (M, M) n
3a HbMX M3payyHaBa AnHeapHy perpecujy (y = a + bx).

CnnyHo ce noHaesba ca cnegehe ase dyHKUMje, NpBa (povrs2) Koja 33 M noHas/batba ONMTa reHepuLle
BEKTOP X M 33 KOpak BuLe (3a dM) reHepuiLe cycenHU CyYajHU BEKTOP Y, Te U3pavyHasa noBpLumHy M1
KOjy OHM pasanumy. HapepgHa ¢dyHKumja (linea2) kopuctu oy ga popmupa HM3 naposa (M, M) u Hahe

NiMHeapHy npoueHy (y = a + bx) Kao perpecujy naposa ciyyajHux Bapujabaun. Cee yeTupm oBe GyHKUMje
CNY¥UNe cy My 3a M3padvyHaBaka Nnpumepa perpecuje [23-24 n 27.] .

# D:/Python/reg - modul sa funkcijama slucajnih varijabli

import sys
sys.path.append('D:\Python"')
#sys.path.insert (0, "D:/Python")
import reg

def povrsl (brl=100, br2=1):
# Unesi dva broja brl i br2, inace brl = 100 i br2 =1
M = brl
import random
import math

x1l = x2 = x3 = x4 =0

#verovatnoce

pl = 0.27 # 0.6 # 0.4

p2 = 0.26 # 0.2 # 0.3
#0.2

pd = 0.23 # 0.
for m in range (M) :
r = random.random()
if r <= pl: x1 = x1 + 1
if r > pl and r <= pl + p2: x2 = x2 + 1
if r > pl + p2 and r <= pl + P2 + p3: x3 = x3 + 1
if r > pl + p2 + p3 and r <= pl + P2 + pP3 + pd: x4 = x4 + 1

6
2
p3 = 0.24 # 0.1
1
(M

ml = M*pl
m2 = M*p2
m3 = M*p3
m4 = M*p4

stampal = "M = %2d, x = (%2d, %2d, %24, %2d), z = (%1.1f, $1.1f,
$1.1f, %1.1f£)" % (M, x1, x2, x3, x4, ml, m2, m3, m4)

xz = x1*ml + x2*m2 + x3*m3 + x4*mé

x0 math.sgrt (x1**2 + x2**2 + x3**2 + x4**2)

z0 math.sgrt (m1**2 + m2**2 + m3**2 + m4**2)

stampa?2 = "x.z = $1.2f, |x| = %1.2f, |z| = %$1.2f" % (xz, x0, z0)

kosin = xz/ (x0*z0)
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sinus = math.sqrt(l - kosin**2)

# povrs = x0*z0*sinus

povrs = math.sqgrt (x0*z0)*sinus # 1. zamena

stampa3 = "cos fi = %1.5f, sin fi = %1.5f, povrs = $1.2f" %

(kosin, sinus, povrs)
if br2 ==
print (stampal)
print (stampa?2)
print (stampa3)
return povrs

def lineal (brl1l=100, br2=1):

x1 = brl # Uneti startni broj brl, inace brl = 100. Drugi broj,
ako je 1 dodatna stampanja

dx = 10 # Korak uvecanja broja

k = 4 # Broj koraka

yl = povrsl (x1,br2)

x2 = x1 + dx

y2 = povrsl (x2,br2)

X3 = x2 + dx

y3 = povrsl (x3,br2)

x4 = x3 + dx

y4 = povrsl (x4,br2)

sx = x1 + x2 + x3 + x4

sy = yl + y2 + y3 + vy4

SX2 = X1**2 + x2**2 + x3**2 + x4**2

sxy = x1*yl + x2*y2 + x3*y3 + x4*y4

brojnikl = sy*sx2 - sx*sxy
brojnik2 = k*sxy - sx*sy
nazivnik = k*sx2 - sx**2

a = brojnikl/nazivnik
b = brojnik2/nazivnik

stampal = "sum x = %1.2f, sum y = %1.2f, sum x2 = $1.2f, sum xy =
%$1.2f" % (sx, sy, sx2, SXY)

stampa?2 = "a = %$1.5f, b = %1.5f" % (a, b)

if br2 ==

print (stampal)

print (stampa?2)
print ("regresija: y = a + bx")
return a, b

def povrs2 (brl=10000, br2=1):
# Unesi dva broja brl i br2, inace brl = 10000 i br2 =1

Mx = brl
PacTko Bykosuh
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import random

import math

xl = x2 = x3 = x4 =0
vyl = y2 = y3 =y4 =0

#verovatnoce
pl = 0.4 # 0.6 # 0.27
p2 = 0.3 # 0.2 # 0.26
p3 = 0.2 # 0.1 # 0.24
p4d = 0.1 # 0.1 # 0.23
for m in range (Mx) :
r = random.random ()
if r <= pl: x1 = x1 + 1
if r > pl and r <= pl + p2: x2 = x2 + 1
if r > pl + p2 and r <= pl + p2 + p3: x3 = x3 + 1
if r > pl + p2 + p3 and r <= pl + p2 + p3 + pd: x4 = x4 + 1

for m in range (My) :
r = random.random/()
if r <= pl: yl =yl + 1
if r > pl and r <= pl + p2: y2 = y2 + 1
if r > pl + p2 and r <= pl + p2 + p3: y3 = y3 + 1
if r > pl + p2 + p3 and r <= pl + p2 + p3 + pd: y4 = y4 + 1
stampal = "Mx = %2d, x = (%2d, %2d, %2d, %2d), My = %2d, y = (%2d,
%2d, %2d, %24d)" % (Mx, x1, x2, x3, x4, My, vl, y2, y3, v4)
Xy x1*yl + x2*y2 + x3*y3 + x4*y4
x0 = math.sgrt(x1**2 + x2**2 + x3**2 + x4**2)
y0 = math.sqgrt (y1**2 4+ y2**2 4+ y3**2 4+ y4**2)
stampa?2 = "x.y = %2d, |x| = %1.2f, |y| = %1.2f" % (xy, x0, y0)
kosin = xy/ (x0*y0)
sinus = math.sqrt(l - kosin**2)

# povrs = x0*yO*sinus

povrs = math.sqgrt (x0*y0)*sinus # 1. zamena

stampa3 = "cos fi = %1.5f, sin fi = %1.5f, povrs = %1.2f" %
(kosin, sinus, povrs)

if br2 ==

print (stampal)

print (stampa?2)

print (stampa3)
return povrs

def linea2 (brl1=10000, br2=1):

x1 = brl # Uneti startni broj brl, inace brl = 10000. Drugi broj,
ako je 1 dodatna stampanja

dx = 1000 # Korak uvecanja broja

k = 4 # Broj koraka

povl = povrs2(xl,br2)

x2 = x1 + dx
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pov2 = povrs2(x2,br2)

X3 = x2 + dx

pov3 = povrs2 (x3,br2)

x4 = x3 + dx

pov4d = povrs2(x4,br2)

sx = x1 + x2 + x3 + x4

sy = povl + pov2 + pov3 + povié

Sx2 = X1**2 + X2**2 + x3**2 + x4**2

sxy = x1*povl + x2*pov2 + x3*pov3 + x4*povd

brojnikl = sy*sx2 - sx*sxy
brojnik2 = k*sxy - sx*sy
nazivnik = k*sx2 - sx**2

a = brojnikl/nazivnik
b = brojnik2/nazivnik

stampal = "sum x = %1.2f, sum y = %1.2f, sum x2 = %1.2f, sum xy =
%$1.2f" % (sx, sy, sx2, SXy)

stampa?2 = "a = %$1.5f, b = %1.5f" % (a, b)

if brz ==

print (stampal)

print (stampa?2)
print ("regresija: y = a + bx")
return a, b
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